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the value of qx would be smaller for the plastic than for the metal. This suggests that the
proportionality may be converted to an equality by introducing a coefficient that is a measure
of the material behavior. Hence, we write

where k, the thermal conductivity (W/m ! K) is an important property of the material. Evalu-
ating this expression in the limit as !x l 0, we obtain for the heat rate

(2.1)

or for the heat flu

(2.2)

Recall that the minus sign is necessary because heat is always transferred in the direction of
decreasing temperature.

Fourier’s law, as written in Equation 2.2, implies that the heat flux is a directional quan-
tity. In particular, the direction of is normal to the cross-sectional area A. Or, more
generally, the direction of heat flow will always be normal to a surface of constant tempera-
ture, called an isothermal surface. Figure 2.2 illustrates the direction of heat flow in a plane
wall for which the temperature gradient dT/dx is negative. From Equation 2.2, it follows that

is positive. Note that the isothermal surfaces are planes normal to the x-direction.
Recognizing that the heat flux is a vector quantity, we can write a more general state-

ment of the conduction rate equation (Fourier’s law ) as follows:

(2.3)

where is the three-dimensional del operator and T(x, y, z) is the scalar temperature field.
It is implicit in Equation 2.3 that the heat flux vector is in a direction perpendicular to the
isothermal surfaces. An alternative form of Fourier’s law is therefore
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qx

A
 # $k 

dT
dx

qx #  $kA 

dT
dx

qx #  kA 

!T
!x

2.1 ! The Conduction Rate Equation 69

T(x)

x

T1

T2

qx''

FIGURE 2.2 The relationship between coordinate system, heat flow
direction, and temperature gradient in one dimension.
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Cylindrical Coordinates When the del operator ! of Equation 2.3 is expressed in 
cylindrical coordinates, the general form of the heat flux vector and hence of Fourier’s
law is

(2.24)

where

(2.25)q"r # $k 

!T
!r   q"" # $ k

r 

!T
!"

  q"z 

# $k 

!T
!z

q" # $k!T # $k!i !T
!r %  j 1r  

!T
!"

% k 

!T
!z"
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FIGURE 2.12 Differential control volume, dr ! r d" ! dz, for conduction
analysis in cylindrical coordinates (r, ", z).

FIGURE 2.13 Differential control volume, dr ! r sin# d" ! r d#, for 
conduction analysis in spherical coordinates (r, ", #).
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Equations 2.18 into Equation 2.17 and dividing out the dimensions of the control vol-
ume (dx dy dz), we obtain

(2.19)

Equation 2.19 is the general form, in Cartesian coordinates, of the heat diffusion equa-
tion. This equation, often referred to as the heat equation, provides the basic tool for
heat conduction analysis. From its solution, we can obtain the temperature distribution
T(x, y, z) as a function of time. The apparent complexity of this expression should not
obscure the fact that it describes an important physical condition, that is, conservation
of energy. You should have a clear understanding of the physical significance of each
term appearing in the equation. For example, the term !(k!T/!x)/!x is related to the net
conduction heat flux into the control volume for the x-coordinate direction. That is,
multiplying by dx,

(2.20)

with similar expressions applying for the fluxes in the y- and z-directions. In words, the
heat equation, Equation 2.19, therefore states that at any point in the medium the net
rate of energy transfer by conduction into a unit volume plus the volumetric rate of ther-
mal energy generation must equal the rate of change of thermal energy stored within
the volume.

It is often possible to work with simplified versions of Equation 2.19. For example, if
the thermal conductivity is constant, the heat equation is

(2.21)

where " ! k/#cp is the thermal diffusivity. Additional simplifications of the general form of
the heat equation are often possible. For example, under steady-state conditions, there can
be no change in the amount of energy storage; hence Equation 2.19 reduces to

(2.22)

Moreover, if the heat transfer is one-dimensional (e.g., in the x-direction) and there is no
energy generation, Equation 2.22 reduces to

(2.23)

The important implication of this result is that, under steady-state, one-dimensional condi-
tions with no energy generation, the heat flux is a constant in the direction of transfer

.
The heat equation may also be expressed in cylindrical and spherical coordinates. The

differential control volumes for these two coordinate systems are shown in Figures 2.12
and 2.13.
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are heat flux components in the radial, circumferential, and axial directions, respectively.
Applying an energy balance to the differential control volume of Figure 2.12, the following
general form of the heat equation is obtained:

(2.26)

Spherical Coordinates In spherical coordinates, the general form of the heat flux vector
and Fourier’s law is

(2.27)

where

(2.28)

are heat flux components in the radial, polar, and azimuthal directions, respectively. Apply-
ing an energy balance to the differential control volume of Figure 2.13, the following
general form of the heat equation is obtained:

(2.29)

You should attempt to derive Equation 2.26 or 2.29 to gain experience in applying conser-
vation principles to differential control volumes (see Problems 2.35 and 2.36). Note that the
temperature gradient in Fourier’s law must have units of K/m. Hence, when evaluating 
the gradient for an angular coordinate, it must be expressed in terms of the differential
change in arc length. For example, the heat flux component in the circumferential direction
of a cylindrical coordinate system is , not .

EXAMPLE 2.3 

The temperature distribution across a wall 1 m thick at a certain instant of time is 
given as

where T is in degrees Celsius and x is in meters, while a ! 900"C, b ! #300"C/m, and
c ! #50"C/m2. A uniform heat generation, q. ! 1000 W/m3, is present in the wall of area
10 m2 having the properties ! ! 1600 kg/m3, k ! 40 W/m ! K, and cp ! 4 kJ/kg ! K.
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Regardless of the nature of the convection heat transfer process, the appropriate rate
equation is of the form

(1.3a)

where , the convective heat flu (W/m2), is proportional to the difference between the sur-
face and fluid temperatures, Ts and T!, respectively. This expression is known as Newton’s
law of cooling, and the parameter h (W/m2 ! K) is termed the convection heat transfer coeffi
cient. This coefficient depends on conditions in the boundary layer, which are influenced by
surface geometry, the nature of the fluid motion, and an assortment of fluid thermodynamic
and transport properties.

Any study of convection ultimately reduces to a study of the means by which h may be
determined. Although consideration of these means is deferred to Chapter 6, convection
heat transfer will frequently appear as a boundary condition in the solution of conduction
problems (Chapters 2 through 5). In the solution of such problems we presume h to be
known, using typical values given in Table 1.1.

When Equation 1.3a is used, the convection heat flux is presumed to be positive if heat
is transferred from the surface and negative if heat is transferred to the surface

. However, nothing precludes us from expressing Newton’s law of cooling as

(1.3b)

in which case heat transfer is positive if it is to the surface.

1.2.3 Radiation

Thermal radiation is energy emitted by matter that is at a nonzero temperature. Although
we will focus on radiation from solid surfaces, emission may also occur from liquids and
gases. Regardless of the form of matter, the emission may be attributed to changes in the
electron configurations of the constituent atoms or molecules. The energy of the radiation
field is transported by electromagnetic waves (or alternatively, photons). While the transfer
of energy by conduction or convection requires the presence of a material medium, radia-
tion does not. In fact, radiation transfer occurs most efficiently in a vacuum.

Consider radiation transfer processes for the surface of Figure 1.6a. Radiation that is
emitted by the surface originates from the thermal energy of matter bounded by the surface,

q! " h(T! # Ts)

(T! $ Ts)
(Ts $ T!)

q!

q! "  h(Ts #  T!)

8 Chapter 1 ! Introduction

TABLE 1.1 Typical values of the 
convection heat transfer coefficient

h
Process (W/m2 ! K)

Free convection
Gases 2–25
Liquids 50–1000

Forced convection
Gases 25–250
Liquids 100–20,000

Convection with phase change
Boiling or condensation 2500–100,000
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In many engineering problems (a notable exception being problems involving solar radia-
tion or radiation from other very high temperature sources), liquids can be considered opaque
to radiation heat transfer, and gases can be considered transparent to it. Solids can be opaque
(as is the case for metals) or semitransparent (as is the case for thin sheets of some polymers
and some semiconducting materials).

A special case that occurs frequently involves radiation exchange between a small sur-
face at Ts and a much larger, isothermal surface that completely surrounds the smaller one
(Figure 1.6b). The surroundings could, for example, be the walls of a room or a furnace
whose temperature Tsur differs from that of an enclosed surface . We will show in
Chapter 12 that, for such a condition, the irradiation may be approximated by emission from
a blackbody at Tsur, in which case . If the surface is assumed to be one for which

(a gray surface), the net rate of radiation heat transfer from the surface, expressed per
unit area of the surface, is

(1.7)

This expression provides the difference between thermal energy that is released due to radi-
ation emission and that gained due to radiation absorption.

For many applications, it is convenient to express the net radiation heat exchange in 
the form

(1.8)
where, from Equation 1.7, the radiation heat transfer coefficient r is

(1.9)

Here we have modeled the radiation mode in a manner similar to convection. In this sense we
have linearized the radiation rate equation, making the heat rate proportional to a temperature
difference rather than to the difference between two temperatures to the fourth power.
Note, however, that hr depends strongly on temperature, whereas the temperature depen-
dence of the convection heat transfer coefficient h is generally weak.

The surfaces of Figure 1.6 may also simultaneously transfer heat by convection to 
an adjoining gas. For the conditions of Figure 1.6b, the total rate of heat transfer from the
surface is then

(1.10)

EXAMPLE 1.2

An uninsulated steam pipe passes through a room in which the air and walls are at 25!C.
The outside diameter of the pipe is 70 mm, and its surface temperature and emissivity are
200!C and 0.8, respectively. What are the surface emissive power and irradiation? If the
coefficient associated with free convection heat transfer from the surface to the air is
15 W/m2 ! K, what is the rate of heat loss from the surface per unit length of pipe?

SOLUTION

Known: Uninsulated pipe of prescribed diameter, emissivity, and surface temperature in
a room with fixed wall and air temperatures.

q " qconv # qrad " hA(Ts $ T!) # !A"(T 4
s $ T 4

sur)

hr ! !"(Ts #  Tsur)(T 

2
s  #  T 2

sur)

qrad " hr 

A(Ts $  Tsur)

q%rad "
q
A

" !Eb(Ts) $ #G " !"(T 

4
s $ T 

4
sur)

# " !
G " "T 

4
sur

(Tsur ! Ts)
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where T!,1 ! T!,4 is the overall temperature difference, and the summation includes all
thermal resistances. Hence

(3.15)

Alternatively, the heat transfer rate can be related to the temperature difference and resis-
tance associated with each element. For example,

(3.16)

With composite systems, it is often convenient to work with an overall heat transfer coeffi
cient U, which is defined by an expression analogous to Newton’s law of cooling. Accordingly,

(3.17)

where "T is the overall temperature difference. The overall heat transfer coefficient is related
to the total thermal resistance, and from Equations 3.14 and 3.17 we see that UA # 1/Rtot.
Hence, for the composite wall of Figure 3.2,

(3.18)

In general, we may write

(3.19)Rtot # !Rt # "T
q # 1

UA

U # 1
RtotA

# 1
[(1/h1) $ (LA/kA) $ (LB/kB) $ (LC/kC) $ (1/h4)]

qx " UA "T

qx #
T!,1 ! Ts,1

(1/h1A)
#

Ts,1 ! T2

(LA/kAA)
#

T2 ! T3

(LB/kBA)
# …

qx #
T!,1 ! T!,4

[(1/h1A) $ (LA/kAA) $ (LB/kBA) $ (LC/kCA) $ (1/h4A)]
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FIGURE 3.2 Equivalent thermal circuit for a series composite wall.
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generally placed on the gas side, which is the side of lower convection coefficient. A common
example is the tubing in an automobile radiator. Fins are applied to the outer tube surface, over
which there is flow of ambient air (small h), and not to the inner surface, through which there is
flow of water (large h). Note that, if !f ! 2 is used as a criterion to justify the implementation
of fins, Equation 3.87 yields the requirement that (kP/hAc) ! 4.

Equation 3.87 provides an upper limit to !f, which is reached as L approaches infinity.
However, it is certainly not necessary to use very long fins to achieve near maximum heat
transfer enhancement. As seen in Example 3.8, 99% of the maximum possible fin heat
transfer rate is achieved for mL " 2.65. Hence, it would make no sense to extend the fins
beyond L " 2.65/m.

Fin performance may also be quantified in terms of a thermal resistance. Treating the
difference between the base and fluid temperatures as the driving potential, a finresistance
may be defined as

(3.88)

This result is extremely useful, particularly when representing a finned surface by a thermal
circuit. Note that, according to the fin tip condition, an appropriate expression for qf may be
obtained from Table 3.4.

Dividing Equation 3.88 into the expression for the thermal resistance due to convection
at the exposed base,

(3.89)

and substituting from Equation 3.86, it follows that

(3.90)

Hence the fin effectiveness may be interpreted as a ratio of thermal resistances, and to
increase !f it is necessary to reduce the conduction/convection resistance of the fin. If the
fin is to enhance heat transfer, its resistance must not exceed that of the exposed base.

Another measure of fin thermal performance is provided by the finefficienc "f. The
maximum driving potential for convection is the temperature difference between the base
(x " 0) and the fluid, #b " Tb – T!. Hence the maximum rate at which a fin could dissipate
energy is the rate that would exist if the entire fin surface were at the base temperature.
However, since any fin is characterized by a finite conduction resistance, a temperature 
gradient must exist along the fin and the preceding condition is an idealization. A logical
definition of fin efficiency is therefore

(3.91)

where Af is the surface area of the fin. For a straight fin of uniform cross section and an adi-
abatic tip, Equations 3.81 and 3.91 yield

(3.92)

Referring to Table B.1, this result tells us that "f approaches its maximum and minimum
values of 1 and 0, respectively, as L approaches 0 and !.

hf "
M tanh mL
hPL#b

" tanh mL
mL

"f ! 
qf
qmax

"
qf

hAf#b

!f "
Rt,b
Rt, f

Rt,b " 1
hAc,b

Rt,f "
#b
qf
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Comments:
1. The foregoing results suggest that the fin heat transfer rate may accurately be predicted

from the infinite fin approximation if mL ! 2.65. However, if the infinite fin approxi-
mation is to accurately predict the temperature distribution T(x), a larger value of mL
would be required. This value may be inferred from Equation 3.84 and the requirement
that the tip temperature be very close to the fluid temperature. Hence, if we require that
!(L)/!b " exp(#mL) $ 0.01, it follows that mL % 4.6, in which case L! ! 0.33, 0.23,
and 0.07 m for the copper, aluminum alloy, and stainless steel, respectively. These
results are consistent with the distributions plotted in part 1.

2. This example is solved in the Advanced section of IHT.

3.6.3 Fin Performance

Recall that fins are used to increase the heat transfer from a surface by increasing the effec-
tive surface area. However, the fin itself represents a conduction resistance to heat transfer
from the original surface. For this reason, there is no assurance that the heat transfer rate
will be increased through the use of fins. An assessment of this matter may be made by
evaluating the fineffectiveness "f. It is defined as the ratio of the finheat transfer rate to the
heat transfer rate that would exist without the fin Therefore

(3.86)

where Ac,b is the fin cross-sectional area at the base. In any rational design the value of "f
should be as large as possible, and in general, the use of fins may rarely be justified unless
"f %" 2.

Subject to any one of the four tip conditions that have been considered, the effectiveness
for a fin of uniform cross section may be obtained by dividing the appropriate expression for
qf in Table 3.4 by hAc,b!b. Although the installation of fins will alter the surface convection
coefficient, this effect is commonly neglected. Hence, assuming the convection coefficient
of the finned surface to be equivalent to that of the unfinned base, it follows that, for the infi-
nite fin approximation (Case D), the result is

(3.87)

Several important trends may be inferred from this result. Obviously, fin effectiveness is
enhanced by the choice of a material of high thermal conductivity. Aluminum alloys and
copper come to mind. However, although copper is superior from the standpoint of thermal
conductivity, aluminum alloys are the more common choice because of additional benefits
related to lower cost and weight. Fin effectiveness is also enhanced by increasing the ratio of
the perimeter to the cross-sectional area. For this reason, the use of thin, but closely spaced
fins, is preferred, with the proviso that the fin gap not be reduced to a value for which flow
between the fins is severely impeded, thereby reducing the convection coefficient.

Equation 3.87 also suggests that the use of fins can be better justified under conditions for
which the convection coefficient h is small. Hence from Table 1.1 it is evident that the need 
for fins is stronger when the fluid is a gas rather than a liquid and when the surface heat transfer
is by free convection. If fins are to be used on a surface separating a gas and a liquid, they are

"f " # kP
hAc

$1/2

"f "
qf

hAc,b!b
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A common thermal energy generation process involves the conversion from electrical
to thermal energy in a current-carrying medium (Ohmic, or resistance, or Joule heating).
The rate at which energy is generated by passing a current I through a medium of electrical
resistance Re is

(3.42)

If this power generation (W) occurs uniformly throughout the medium of volume V, the
volumetric generation rate (W/m3) is then

(3.43)

Energy generation may also occur as a result of the deceleration and absorption of neutrons in
the fuel element of a nuclear reactor or exothermic chemical reactions occurring within a
medium. Endothermic reactions would, of course, have the inverse effect (a thermal energy
sink) of converting thermal energy to chemical bonding energy. Finally, a conversion from
electromagnetic to thermal energy may occur due to the absorption of radiation within the
medium. The process occurs, for example, when gamma rays are absorbed in external nuclear
reactor components (cladding, thermal shields, pressure vessels, etc.) or when visible radia-
tion is absorbed in a semitransparent medium. Remember not to confuse energy generation
with energy storage (Section 1.3.1).

3.5.1 The Plane Wall

Consider the plane wall of Figure 3.10a, in which there is uniform energy generation per
unit volume ( is constant) and the surfaces are maintained at Ts,1 and Ts,2. For constant
thermal conductivity k, the appropriate form of the heat equation, Equation 2.22, is

(3.44)d2T
dx2 !

q̇
k

" 0

q̇

q̇ ! 
Ėg

V
"

I2Re

V

Ėg " I2Re

3.5 ! Conduction with Thermal Energy Generation 143

TABLE 3.3 One-dimensional, steady-state solutions to the heat 
equation with no generation

Plane Wall Cylindrical Walla Spherical Walla

Heat equation

Heat flux ( )

Heat rate (q)

aThe critical radius of insulation is rcr " k/h for the cylinder and rcr " 2k/h for the sphere.

(1/r1) # (1/r2)
4 !k

ln (r2 /r1)
2!Lk

L
k A

4!k $T
(1/r1) # (1/r2)

2!Lk $T
ln (r2 /r1)

 k A 

$T
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k $T
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2[(1/r1) # (1/r2)]
k $T

r ln (r2 

/r1)
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q!

Ts,1 # $T " 1 # (r1/r)
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)#Ts, 2 ! $T 
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resistance (Rt,cond)
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Adiabatic tip with a corrected fin length Lc = L + (t/2) (rectangular fin) and Lc = L +(D/4) (pin fin). 
s = 5.67 X 10-8 W/m2K4 

 
Rt,conv = 1/hA  Thermal resistance of convection

 

Using this expression with Equation 3.74 to solve for C1 and C2 and substituting the results
into Equation 3.71, we obtain

(3.80)

Using this temperature distribution with Equation 3.76, the fin heat transfer rate is then

(3.81)

In the same manner, we can obtain the fin temperature distribution and heat transfer rate
for Case C, where the temperature is prescribed at the fin tip. That is, the second boundary con-
dition is !(L) ! !L, and the resulting expressions are of the form

(3.82)

(3.83)

The very long fin Case D, is an interesting extension of these results. In particular, as L l !,
!L l 0 and it is easily verified that

(3.84)

(3.85)

The foregoing results are summarized in Table 3.4. A table of hyperbolic functions is provided
in Appendix B.1.

qf ! !hPkAc!b

!
!b

! e"mx

qf ! !hPkAc!b 
cosh mL " !L /!b

sinh mL

!
!b

!
(!L /!b) sinh mx # sinh m(L " x)

sinh mL

qf ! !hPkAc!b tanh mL

!
!b

!
cosh m(L " x)

cosh mL

TABLE 3.4 Temperature distribution and heat loss for fins of uniform cross section

Tip Condition Temperature Fin Heat
Case (x ! L) Distribution !/!b Transfer Rate qƒ

A Convection heat
transfer:
h!(L) ! "kd!/dx"x"L (3.75) (3.77)

B Adiabatic:
d!/dx"x"L ! 0 M tanh mL

(3.80) (3.81)
C Prescribed temperature:

!(L) ! !L

(3.82) (3.83)
D Infinite fin (L l !):

!(L) ! 0 e"mx M(3.84) (3.85)

! # T " T! m2 # hP/kAc

!b ! !(0) ! Tb " T! M # !h$P$kA$c$!b

M 

(cosh mL " !L/!b)
sinh mL

(!L/!b) sinh mx # sinh m(L " x)
sinh mL

cosh m(L " x)
cosh mL

M 

sinh mL # (h/mk) cosh mL
cosh mL # (h/mk) sinh mL

cosh m(L " x) # (h/mk) sinh m(L " x)
cosh mL # (h/mk) sinh mL
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Equation 4.19 is a convergent series, from which the value of ! may be computed for any
x and y. Representative results are shown in the form of isotherms for a schematic of the rec-
tangular plate (Figure 4.3). The temperature T corresponding to a value of ! may be obtained
from Equation 4.2, and components of the heat flux may be determined by using Equation 4.19
with Equation 2.6. The heat flux components determine the heat flow lines, which are shown in
the figure. We note that the temperature distribution is symmetric about x " L/2, with
!T/!x " 0 at that location. Hence, from Equation 2.6, we know the symmetry plane at x " L/2
is adiabatic and therefore is a heat flow line. However, note that the discontinuities prescribed
at the upper corners of the plate are physically untenable. In reality, large temperature gradients
could be maintained in proximity to the corners, but discontinuities could not exist.

Exact solutions have been obtained for a variety of other geometries and boundary 
conditions, including cylindrical and spherical systems. Such solutions are presented in
specialized books on conduction heat transfer [1–5].

4.3 The Conduction Shape Factor and the Dimensionless 
Conduction Heat Rate

In general, finding analytical solutions to the two- or three-dimensional heat equation is
time-consuming and, in many cases, not possible. Therefore, a different approach is often
taken. For example, in many instances, two- or three-dimensional conduction problems
may be rapidly solved by utilizing existing solutions to the heat diffusion equation. These
solutions are reported in terms of a shape factor S or a steady-state dimensionless conduc-
tion heat rate, q*ss. The shape factor is defined such that

(4.20)

where #T1$2 is the temperature difference between boundaries, as shown in, for example,
Figure 4.2. It also follows that a two-dimensional conduction resistance may be expressed as

(4.21)Rt,cond(2D) " 1
Sk

q " Sk#T1$2
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Evaluating the integrals, it follows that

(5.5)

or

(5.6)

Equation 5.5 may be used to determine the time required for the solid to reach some tem-
perature T, or, conversely, Equation 5.6 may be used to compute the temperature reached
by the solid at some time t.

The foregoing results indicate that the difference between the solid and fluid tempera-
tures must decay exponentially to zero as t approaches infinity. This behavior is shown in
Figure 5.2. From Equation 5.6 it is also evident that the quantity (!Vc/hAs) may be inter-
preted as a thermal time constant expressed as

(5.7)

where, from Equation 3.9, Rt is the resistance to convection heat transfer and Ct is the
lumped thermal capacitance of the solid. Any increase in Rt or Ct will cause a solid to
respond more slowly to changes in its thermal environment. This behavior is analogous
to the voltage decay that occurs when a capacitor is discharged through a resistor in an
electrical RC circuit.

To determine the total energy transfer Q occurring up to some time t, we simply write

Q !! t

0
q dt ! hAs! t

0
" dt

#t ! " 1
hAs

#(!Vc) ! RtCt

"
"i

!
T " T!

Ti " T!
! exp$" " hAs

!Vc# t%

!Vc
hAs

  ln 
"i

"
! t

282 Chapter 5 ! Transient Conduction

FIGURE 5.2 Transient temperature
response of lumped capacitance solids for
different thermal time constants #t.
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Substituting for ! from Equation 5.6 and integrating, we obtain

(5.8a)

The quantity Q is, of course, related to the change in the internal energy of the solid, and
from Equation 1.12b

(5.8b)

For quenching, Q is positive and the solid experiences a decrease in energy. Equations 5.5,
5.6, and 5.8a also apply to situations where the solid is heated (! ! 0), in which case Q is
negative and the internal energy of the solid increases.

5.2 Validity of the Lumped Capacitance Method

From the foregoing results it is easy to see why there is a strong preference for using the
lumped capacitance method. It is certainly the simplest and most convenient method that
can be used to solve transient heating and cooling problems. Hence it is important to deter-
mine under what conditions it may be used with reasonable accuracy.

To develop a suitable criterion consider steady-state conduction through the plane wall
of area A (Figure 5.3). Although we are assuming steady-state conditions, the following cri-
terion is readily extended to transient processes. One surface is maintained at a temperature
Ts,1 and the other surface is exposed to a fluid of temperature T! ! Ts,1. The temperature of
this surface will be some intermediate value Ts,2, for which T! ! Ts,2 ! Ts,1. Hence under
steady-state conditions the surface energy balance, Equation 1.13, reduces to

where k is the thermal conductivity of the solid. Rearranging, we then obtain

(5.9)
Ts,1 " Ts,2
Ts,2 " T#

$
(L/kA)
(1/hA)

$
Rt,cond

Rt,conv
$ hL

k
 ! Bi

kA
L

 (Ts,1 " Ts,2) $ hA(Ts,2 " T!)

"Q$ %Est

Q$ ("Vc)!i !1 " exp"" t
#t#$
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FIGURE 5.3 Effect of Biot number on steady-state temperature
distribution in a plane wall with surface convection.
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The quantity (hL /k) appearing in Equation 5.9 is a dimensionless parameter. It is
termed the Biot number, and it plays a fundamental role in conduction problems that
involve surface convection effects. According to Equation 5.9 and as illustrated in Figure
5.3, the Biot number provides a measure of the temperature drop in the solid relative to the
temperature difference between the solid’s surface and the fluid. From Equation 5.9, it is
also evident that the Biot number may be interpreted as a ratio of thermal resistances. In
particular, if Bi ! 1, the resistance to conduction within the solid is much less than the
resistance to convection across the fluidboundary layer. Hence, the assumption of a uni-
form temperature distribution within the solid is reasonable if the Biot number is small.

Although we have discussed the Biot number in the context of steady-state conditions,
we are reconsidering this parameter because of its significance to transient conduction
problems. Consider the plane wall of Figure 5.4, which is initially at a uniform temperature
Ti and experiences convection cooling when it is immersed in a fluid of T! " Ti. The prob-
lem may be treated as one-dimensional in x, and we are interested in the temperature varia-
tion with position and time, T(x, t). This variation is a strong function of the Biot number,
and three conditions are shown in Figure 5.4. Again, for Bi ! 1 the temperature gradients
in the solid are small and the assumption of a uniform temperature distribution, T(x, t) !
T(t) is reasonable. Virtually all the temperature difference is between the solid and the
fluid, and the solid temperature remains nearly uniform as it decreases to T!. For moderate
to large values of the Biot number, however, the temperature gradients within the solid
are significant. Hence T # T(x, t). Note that for Bi $ 1, the temperature difference across
the solid is much larger than that between the surface and the fluid.

We conclude this section by emphasizing the importance of the lumped capacitance
method. Its inherent simplicity renders it the preferred method for solving transient heating
and cooling problems. Hence, when confronted with such a problem, the very firstthing
that one should do is calculate the Biot number. If the following condition is satisfied

(5.10)

the error associated with using the lumped capacitance method is small. For convenience, it
is customary to define the characteristic length of Equation 5.10 as the ratio of the solid’s

Bi #
hLc

k
 " 0.1
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FIGURE 5.4 Transient temperature distributions for different Biot numbers in a plane wall
symmetrically cooled by convection.
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volume to surface area Lc ! V/As. Such a definition facilitates calculation of Lc for solids of
complicated shape and reduces to the half-thickness L for a plane wall of thickness 2L
(Figure 5.4), to ro /2 for a long cylinder, and to ro /3 for a sphere. However, if one wishes to
implement the criterion in a conservative fashion, Lc should be associated with the length
scale corresponding to the maximum spatial temperature difference. Accordingly, for a
symmetrically heated (or cooled) plane wall of thickness 2L, Lc would remain equal to the
half-thickness L. However, for a long cylinder or sphere, Lc would equal the actual radius
ro, rather than ro/2 or ro/3.

Finally, we note that, with Lc ! V/As, the exponent of Equation 5.6 may be expressed as

or

(5.11)

where

(5.12)

is termed the Fourier number. It is a dimensionless time, which, with the Biot number, char-
acterizes transient conduction problems. Substituting Equation 5.11 into 5.6, we obtain

(5.13)

EXAMPLE 5.1

A thermocouple junction, which may be approximated as a sphere, is to be used for tempera-
ture measurement in a gas stream. The convection coefficient between the junction surface
and the gas is h ! 400 W/m2 ! K, and the junction thermophysical properties are k ! 20
W/m ! K, c ! 400 J/kg ! K, and ! ! 8500 kg/m3. Determine the junction diameter needed for
the thermocouple to have a time constant of 1 s. If the junction is at 25"C and is placed in a
gas stream that is at 200"C, how long will it take for the junction to reach 199"C?

SOLUTION

Known: Thermophysical properties of thermocouple junction used to measure tempera-
ture of a gas stream.

Find:
1. Junction diameter needed for a time constant of 1 s.
2. Time required to reach 199"C in gas stream at 200"C.

"
"i

!
T # T!

Ti # T!
! exp(#Bi ! Fo)

Fo ! #t
L2

c

hAst
!Vc

! Bi ! Fo

hAst
!Vc

! ht
!cLc

!
hLc

k
 

k
!c 

t
L2

c
!

hLc

k
 

#t
L2

c
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5.5.1 Exact Solution

Consider the plane wall of thickness 2L (Figure 5.6a). If the thickness is small relative to the
width and height of the wall, it is reasonable to assume that conduction occurs exclusively in
the x-direction. If the wall is initially at a uniform temperature, T(x, 0) ! Ti, and is suddenly
immersed in a fluid of T! " Ti, the resulting temperatures may be obtained by solving Equation
5.37 subject to the conditions of Equations 5.38 through 5.40. Since the convection conditions
for the surfaces at x* ! #1 are the same, the temperature distribution at any instant must be
symmetrical about the midplane (x* ! 0). An exact solution to this problem is of the form [4]

(5.42a)

where Fo ! !t/L2, the coefficient Cn is

(5.42b)

and the discrete values of "n (eigenvalues) are positive roots of the transcendental equation

(5.42c)

The first four roots of this equation are given in Appendix B.3. The exact solution given by
Equation 5.42a is valid for any time, 0 $ Fo $ !.

5.5.2 Approximate Solution

It can be shown (Problem 5.43) that for values of Fo % 0.2, the infinite series solution,
Equation 5.42a, can be approximated by the first term of the series, n ! 1. Invoking this
approximation, the dimensionless form of the temperature distribution becomes

(5.43a)

or
(5.43b)

where #*o ! (To & T!)/(Ti & T!) represents the midplane (x* ! 0) temperature

(5.44)#*o ! C1 exp (&"2
1Fo)

#* ! #*o  cos ("1x*)

#* ! C1 

exp (&"2
1Fo) cos ("1x*)

"n 

tan "n ! Bi

Cn !
4 sin "n

2"n ' sin (2"n)

#* ! "
(

n!1
Cn exp (&"2

n Fo) cos ("nx*)
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FIGURE 5.6 One-dimensional systems
with an initial uniform temperature 
subjected to sudden convection 
conditions: (a) Plane wall. (b) Infinite 
cylinder or sphere.
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Graphical representations of the one-term approximations are presented in Section 5S.1.
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an infinite convection coefficient, in which case the Biot number is infinite (Bi ! !) and
the fluid temperature T! is replaced by the prescribed surface temperature Ts.

5.6 Radial Systems with Convection

For an infinite cylinder or sphere of radius ro (Figure 5.6b), which is at an initial uniform
temperature and experiences a change in convective conditions, results similar to those of
Section 5.5 may be developed. That is, an exact series solution may be obtained for the
time dependence of the radial temperature distribution, and a one-term approximation may
be used for most conditions. The infinite cylinder is an idealization that permits the
assumption of one-dimensional conduction in the radial direction. It is a reasonable approx-
imation for cylinders having L/ro " 10.

5.6.1 Exact Solutions

For a uniform initial temperature and convective boundary conditions, the exact solutions [4],
applicable at any time (Fo# 0), are as follows.

Infinite Cylinder In dimensionless form, the temperature is

(5.50a)

where ,

(5.50b)

and the discrete values of !n are positive roots of the transcendental equation

(5.50c)

where Bi ! hro /k. The quantities J1 and J0 are Bessel functions of the first kind, and their
values are tabulated in Appendix B.4. Roots of the transcendental equation (5.50c) are tabu-
lated by Schneider [4].
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an infinite convection coefficient, in which case the Biot number is infinite (Bi ! !) and
the fluid temperature T! is replaced by the prescribed surface temperature Ts.

5.6 Radial Systems with Convection

For an infinite cylinder or sphere of radius ro (Figure 5.6b), which is at an initial uniform
temperature and experiences a change in convective conditions, results similar to those of
Section 5.5 may be developed. That is, an exact series solution may be obtained for the
time dependence of the radial temperature distribution, and a one-term approximation may
be used for most conditions. The infinite cylinder is an idealization that permits the
assumption of one-dimensional conduction in the radial direction. It is a reasonable approx-
imation for cylinders having L/ro " 10.

5.6.1 Exact Solutions

For a uniform initial temperature and convective boundary conditions, the exact solutions [4],
applicable at any time (Fo# 0), are as follows.

Infinite Cylinder In dimensionless form, the temperature is
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Accordingly, !* must lie in the range 0 ! !* ! 1. A dimensionless spatial coordinate may
be defined as

(5.35)

where L is the half-thickness of the plane wall, and a dimensionless time may be defined as

(5.36)

where t* is equivalent to the dimensionless Fourier number, Equation 5.12.
Substituting the definitions of Equations 5.34 through 5.36 into Equations 5.29 through

5.32, the heat equation becomes

(5.37)

and the initial and boundary conditions become

(5.38)

(5.39)

and

(5.40)

where the Biot number is Bi ! hL/k. In dimensionless form the functional dependence may
now be expressed as

(5.41)

Recall that a similar functional dependence, without the x* variation, was obtained for the
lumped capacitance method, as shown in Equation 5.13.

Comparing Equations 5.33 and 5.41, the considerable advantage associated with cast-
ing the problem in dimensionless form becomes apparent. Equation 5.41 implies that for a
prescribed geometry, the transient temperature distribution is a universal function of x*,
Fo, and Bi. That is, the dimensionless solution has a prescribed form that does not depend
on the particular value of Ti, T!, L, k, ", or h. Since this generalization greatly simplifies the
presentation and utilization of transient solutions, the dimensionless variables are used
extensively in subsequent sections.

5.5 The Plane Wall with Convection

Exact, analytical solutions to transient conduction problems have been obtained for many
simplified geometries and boundary conditions and are well documented [3–6]. Several
mathematical techniques, including the method of separation of variables (Section 4.2),
may be used for this purpose, and typically the solution for the dimensionless temperature
distribution, Equation 5.41, is in the form of an infinite series. However, except for very
small values of the Fourier number, this series may be approximated by a single term, con-
siderably simplifying its evaluation.

!* " f(x*, Fo, Bi)

#!*
#x* "

x*"1
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#!*
#x* "

x*"0
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5.4 Spatial Effects

Situations frequently arise for which the Biot number is not small, and we must cope with
the fact that temperature gradients within the medium are no longer negligible. Use of the
lumped capacitance method would yield incorrect results, so alternative approaches, pre-
sented in the remainder of this chapter, must be utilized.

In their most general form, transient conduction problems are described by the heat
equation, Equation 2.19, for rectangular coordinates or Equations 2.26 and 2.29, respec-
tively, for cylindrical and spherical coordinates. The solutions to these partial differential
equations provide the variation of temperature with both time and the spatial coordinates.
However, in many problems, such as the plane wall of Figure 5.4, only one spatial coordi-
nate is needed to describe the internal temperature distribution. With no internal generation
and the assumption of constant thermal conductivity, Equation 2.19 then reduces to

(5.29)

To solve Equation 5.29 for the temperature distribution T(x, t), it is necessary to specify
an initial condition and two boundary conditions. For the typical transient conduction prob-
lem of Figure 5.4, the initial condition is

(5.30)

and the boundary conditions are

(5.31)

and

(5.32)

Equation 5.30 presumes a uniform temperature distribution at time t ! 0; Equation 5.31
reflects the symmetry requirement for the midplane of the wall; and Equation 5.32
describes the surface condition experienced for time t " 0. From Equations 5.29 through
5.32, it is evident that, in addition to depending on x and t, temperatures in the wall also
depend on a number of physical parameters. In particular

(5.33)

The foregoing problem may be solved analytically or numerically. These methods
will be considered in subsequent sections, but first it is important to note the advantages
that may be obtained by nondimensionalizing the governing equations. This may be done
by arranging the relevant variables into suitable groups. Consider the dependent variable
T. If the temperature difference ! ! T # T! is divided by the maximum possible temper-
ature difference !i ! Ti # T!, a dimensionless form of the dependent variable may be
defined as

(5.34)!* ! !
!i

!
T # T!

Ti # T!

T ! T(x, t, Ti, T!, L, k, ", h)

#k 

#T
#x "

x!L
! h[T(L, t) # T!]

#T
#x "

x!0
! 0

T(x, 0) ! Ti

#2T
#x2 ! 1

" #T
#t
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5.5.1 Exact Solution

Consider the plane wall of thickness 2L (Figure 5.6a). If the thickness is small relative to the
width and height of the wall, it is reasonable to assume that conduction occurs exclusively in
the x-direction. If the wall is initially at a uniform temperature, T(x, 0) ! Ti, and is suddenly
immersed in a fluid of T! " Ti, the resulting temperatures may be obtained by solving Equation
5.37 subject to the conditions of Equations 5.38 through 5.40. Since the convection conditions
for the surfaces at x* ! #1 are the same, the temperature distribution at any instant must be
symmetrical about the midplane (x* ! 0). An exact solution to this problem is of the form [4]

(5.42a)

where Fo ! !t/L2, the coefficient Cn is

(5.42b)

and the discrete values of "n (eigenvalues) are positive roots of the transcendental equation

(5.42c)

The first four roots of this equation are given in Appendix B.3. The exact solution given by
Equation 5.42a is valid for any time, 0 $ Fo $ !.

5.5.2 Approximate Solution

It can be shown (Problem 5.43) that for values of Fo % 0.2, the infinite series solution,
Equation 5.42a, can be approximated by the first term of the series, n ! 1. Invoking this
approximation, the dimensionless form of the temperature distribution becomes

(5.43a)

or
(5.43b)

where #*o ! (To & T!)/(Ti & T!) represents the midplane (x* ! 0) temperature

(5.44)#*o ! C1 exp (&"2
1Fo)

#* ! #*o  cos ("1x*)

#* ! C1 

exp (&"2
1Fo) cos ("1x*)

"n 

tan "n ! Bi

Cn !
4 sin "n

2"n ' sin (2"n)

#* ! "
(

n!1
Cn exp (&"2

n Fo) cos ("nx*)
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FIGURE 5.6 One-dimensional systems
with an initial uniform temperature 
subjected to sudden convection 
conditions: (a) Plane wall. (b) Infinite 
cylinder or sphere.
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Graphical representations of the one-term approximations are presented in Section 5S.1.
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5.5.3 Total Energy Transfer

In many situations it is useful to know the total energy that has left (or entered) the wall up
to any time t in the transient process. The conservation of energy requirement, Equation
1.12b, may be applied for the time interval bounded by the initial condition (t ! 0) and any
time t " 0

(5.45)

Equating the energy transferred from the wall Q to Eout and setting Ein ! 0 and #Est !
E(t) $ E(0), it follows that

(5.46a)

or

(5.46b)

where the integration is performed over the volume of the wall. It is convenient to nondi-
mensionalize this result by introducing the quantity

(5.47)

which may be interpreted as the initial internal energy of the wall relative to the fluid
temperature. It is also the maximum amount of energy transfer that could occur if the
process were continued to time t ! !. Hence, assuming constant properties, the ratio of
the total energy transferred from the wall over the time interval t to the maximum possi-
ble transfer is

(5.48)

Employing the approximate form of the temperature distribution for the plane wall, Equation
5.43b, the integration prescribed by Equation 5.48 can be performed to obtain

(5.49)

where can be determined from Equation 5.44, using Table 5.1 for values of the coeffi-
cients C1 and !1.

5.5.4 Additional Considerations

Because the mathematical problem is precisely the same, the foregoing results may also be
applied to a plane wall of thickness L that is insulated on one side (x* ! 0) and experiences
convective transport on the other side (x* ! %1). This equivalence is a consequence of the
fact that, regardless of whether a symmetrical or an adiabatic requirement is prescribed at
x* ! 0, the boundary condition is of the form "#*/"x* ! 0.

Also note that the foregoing results may be used to determine the transient response of
a plane wall to a sudden change in surface temperature. The process is equivalent to having

#*o

Q
Qo

! 1 $
sin !1

!1
 #*o

Q
Qo

!! $[T(x, t) $ Ti]
Ti $ T!

 dV
V

! 1
V

 !(1 $ #*)dV

Qo ! $cV(Ti $ T!)

Q! $!$c[T(x, t) $ Ti]dV

Q! $[E(t) $ E(0)]

Ein $ Eout ! #Est
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As a result of the interactions that lead to chaotic flow conditions, velocity and pressure

fluctuations occur at any point within the turbulent boundary layer. Three different regions
may be delineated within the turbulent boundary layer as a function of distance from the sur-
face. We may speak of a viscous sublayer in which transport is dominated by diffusion and the
velocity profile is nearly linear. There is an adjoining buffer layer in which diffusion and turbu-
lent mixing are comparable, and there is a turbulent zone in which transport is dominated by
turbulent mixing. A comparison of the laminar and turbulent boundary layer profiles for the 
x-component of the velocity, provided in Figure 6.7, shows that the turbulent velocity profile is
relatively flat due to the mixing that occurs within the buffer layer and turbulent region, giving
rise to large velocity gradients within the viscous sublayer. Hence, !s is generally larger in the
turbulent portion of the boundary layer of Figure 6.6 than in the laminar portion.

The transition from laminar to turbulent flow is ultimately due to triggering mecha-
nisms, such as the interaction of unsteady flow structures that develop naturally within the
fluid or small disturbances that exist within many typical boundary layers. These distur-
bances may originate from fluctuations in the free stream, or they may be induced by sur-
face roughness or minute surface vibrations. The onset of turbulence depends on whether
the triggering mechanisms are amplified or attenuated in the direction of fluid flow, which
in turn depends on a dimensionless grouping of parameters called the Reynolds number,

(6.23)

where, for a flat plate, the characteristic length is x, the distance from the leading edge. It
will be shown later that the Reynolds number represents the ratio of the inertia to viscous
forces. If the Reynolds number is small, inertia forces are insignificant relative to viscous forces.
The disturbances are then dissipated, and the flow remains laminar. For a large Reynolds
number, however, the inertia forces can be sufficient to amplify the triggering mechanisms,
and a transition to turbulence occurs.

In determining whether the boundary layer is laminar or turbulent, it is frequently rea-
sonable to assume that transition begins at some location xc, as shown in Figure 6.6. This
location is determined by the critical Reynolds number, Rex,c. For flow over a flat plate,
Rex,c is known to vary from approximately 105 to 3 ! 106, depending on surface roughness
and the turbulence level of the free stream. A representative value of

(6.24)

is often assumed for boundary layer calculations and, unless otherwise noted, is used for
the calculations of this text that involve a flat plate.

Rex,c ! 
"u!xc

# " 5 ! 105

Rex "
"u! x

#
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6Since velocity fluctuates with time in turbulent flow, the time-averaged velocity, , is plotted in Figure 6.7.u
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FIGURE 6.7 Comparison of laminar and
turbulent velocity boundary layer profiles
for the same free stream velocity.6
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Pr ! 0.6, results for the surface temperature gradient may be correlated by the
following relation:

Expressing the local convection coefficient as

it follows that the local Nusselt number is of the form

(7.23)

From the solution to Equation 7.21, it also follows that, for Pr ! 0.6, the ratio of the veloc-
ity to thermal boundary layer thickness is

(7.24)

where ! is given by Equation 7.19. For example, for Pr " 7, !/!t " 1.91 (!t /! " 0.523), as
shown in Figure 7.4b.

Mass Transfer Solution The species boundary layer equation, Equation 7.7, is of the
same form as the energy boundary layer equation, Equation 7.6, with DAB replacing ".
Introducing a normalized species density " [(#A # #A,s)/(#A,! # #A,s)] and noting that,
for a fixed surface species concentration

(7.25)

we also see that the species boundary conditions are of the same form as the temperature
boundary conditions given in Equation 7.22. Therefore, as discussed in Section 6.7.1, the
heat and mass transfer analogy may be applied since the differential equation and boundary
conditions for the species concentration are of the same form as for temperature. Hence,
with reference to Equation 7.23,

(7.26)

By analogy to Equation 7.24, it also follows that the ratio of boundary layer thicknesses is

(7.27)

The foregoing results may be used to compute important laminar boundary layer param-
eters for 0 $ x $ xc, where xc is the distance from the leading edge at which transition
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Rex,c = 5×10
5

fluid temperature, !Ti ! To!, is large, significant error could result from the evaluation of the
properties at the inlet temperature.

If there are 20 or fewer rows of tubes, NL " 20, the average heat transfer coefficient is
typically reduced, and a correction factor may be applied such that

(7.59)

where C2 is given in Table 7.6.
The Reynolds number ReD,max for the foregoing correlation is based on the maximum

fluidvelocity occurring within the tube bank, . For the aligned arrange-
ment, Vmax occurs at the transverse plane A1 of Figure 7.12a, and from the mass conserva-
tion requirement for an incompressible fluid

(7.60)

For the staggered configuration, the maximum velocity may occur at either the transverse
plane A1 or the diagonal plane A2 of Figure 7.12b. It will occur at A2 if the rows are spaced
such that

The factor of 2 results from the bifurcation experienced by the fluid moving from the A1 to
the A2 planes. Hence Vmax occurs at A2 if

in which case it is given by

(7.61)

If Vmax occurs at A1 for the staggered configuration, it may again be computed from 
Equation 7.60.

Vmax #
ST

2(SD !D)
 V

SD # "S2
L $ #ST2 $

2%1/2
 

 % 

ST $D
2

2(SD !D) % (ST !D)

Vmax #
ST

ST !D
V

ReD,max & !VmaxD/"

NuD'(NL%20) #C2NuD '(NL&20)

TABLE 7.6 Correction factor C2 of Equation 7.59 for NL % 20 
(ReD,max ' 103) [16]

NL 1 2 3 4 5 7 10 13 16

Aligned 0.70 0.80 0.86 0.90 0.92 0.95 0.97 0.98 0.99
Staggered 0.64 0.76 0.84 0.89 0.92 0.95 0.97 0.98 0.99
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Since the fluid may experience a large change in temperature as it moves through the
tube bank, the heat transfer rate could be significantly overpredicted by using !T " Ts # T!
as the temperature difference in Newton’s law of cooling. As the fluid moves through the
bank, its temperature approaches Ts and !!T ! decreases. In Chapter 8,  the appropriate form of
!T is shown to be a log-mean temperature difference,

(7.62)

where Ti and To are temperatures of the fluid as it enters and leaves the bank, respectively.
The outlet temperature, which is needed to determine !Tlm, may be estimated from

(7.63)

where N is the total number of tubes in the bank and NT is the number of tubes in each row.
Once !Tlm is known, the heat transfer rate per unit length of the tubes may be computed
from

(7.64)

Additional results, obtained for specific values of ST/D and SL/D are reported by
Zukauskas [16] and Grimison [20]. The results of Grimison are restricted to air as the
cross-flowing fluid, and predicted values of the average Nusselt numbers generated by the
correlations of the two references agree to within approximately 15% over a broad range of
ReD,max. The foregoing results may be used to determine mass transfer rates associated with
evaporation or sublimation from the surfaces of a bank of cylinders in cross flow. Once
again it is only necessary to replace and Pr by and Sc, respectively.

We close by recognizing that there is generally as much interest in the pressure drop
associated with flow across a tube bank as in the overall heat transfer rate. The power
required to move the fluid across the bank is often a major operating expense and is directly
proportional to the pressure drop, which may be expressed as [16]

(7.65)

The friction factor f and the correction factor ! are plotted in Figures 7.14 and 7.15. Figure
7.14 pertains to a square, in-line tube arrangement for which the dimensionless longitudinal
and transverse pitches, PL " SL/D and PT " ST /D, respectively, are equal. The correction
factor $, plotted in the inset, is used to apply the results to other in-line arrangements. Simi-
larly, Figure 7.15 applies to a staggered arrangement of tubes in the form of an equilateral
triangle (ST " SD), and the correction factor enables extension of the results to other stag-
gered arrangements. Note that the Reynolds number appearing in Figures 7.14 and 7.15 is
based on the maximum fluid velocity Vmax.
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From Equation 7.19 it is clear that ! increases with increasing x and " but decreases with
increasing u! (the larger the free stream velocity, the thinner the boundary layer). In addi-
tion, from Equation 7.15 the wall shear stress may be expressed as

Hence from Table 7.1

The local friction coefficient is then

(7.20)

Heat Transfer Solution From knowledge of conditions in the velocity boundary layer, the
energy equation may now be solved. We begin by introducing the dimensionless tempera-
ture T* ! [(T ! Ts)/(T! ! Ts)] and assume a similarity solution of the form T* " T*(#).
Making the necessary substitutions, Equation 7.6 reduces to

(7.21)

Note the dependence of the thermal solution on hydrodynamic conditions through appear-
ance of the variable f in Equation 7.21. The appropriate boundary conditions are

(7.22)

Subject to the conditions of Equation 7.22, Equation 7.21 may be solved by numerical
integration for different values of the Prandtl number; representative temperature distribu-
tions for Pr " 0.6, 1, and 7 are shown in Figure 7.4b. Thermal effects penetrate farther
into the velocity boundary layer with decreasing Prandtl number and transcend the
velocity boundary layer for Pr # 1. One important consequence of this solution is that, for

T*(0) " 0  and  T*(!) " 1

 d
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FIGURE 7.4 Similarity solution for laminar flow over an isothermal plate. (a) The 
x-component of the velocity. (b) Temperature distributions for Pr " 0.6, 1, and 7.
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TABLE 8.4 Summary of convection correlations for flow in a circular tubea,b,e

Correlation Conditions

f ! 64/ReD (8.19) Laminar, fully developed

NuD ! 4.36 (8.53) Laminar, fully developed, uniform 

NuD ! 3.66 (8.55) Laminar, fully developed, uniform Ts

(8.57) Laminar, thermal entry (or combined entry with
Pr " 5), uniform Ts,GzD ! (D/x) ReD Pr

(8.58) Laminar, combined entry, Pr " 0.1, uniform Ts,
GzD ! (D/x) ReD Pr

(8.20)c Turbulent, fully developed

(8.21)c Turbulent, fully developed, smooth walls, 
3000 # ReD # 5 $ 106

(8.60)d Turbulent, fully developed, 0.6 # Pr # 160,
ReD " 10,000, (L /D) "10, n ! 0.4 for Ts % Tm
and n ! 0.3 for Ts & Tm

(8.61)d Turbulent, fully developed, 0.7 # Pr # 16,700,
ReD " 10,000, L /D " 10

NuD ! (8.62)d Turbulent, fully developed, 0.5 # Pr # 2000,
3000 # ReD # 5 $ 106, (L /D) " 10

NuD ! 4.82 ' 0.0185(ReD Pr)0.827 (8.64) Liquid metals, turbulent, fully developed, uniform
q(s , 3.6 $ 103 # ReD # 9.05 $ 105, 3 $ 10)3 #
Pr # 5 $ 10)2, 102 # ReD Pr # 104

NuD ! 5.0 ' 0.025(ReD Pr)0.8 (8.65) Liquid metals, turbulent, fully developed, 
uniform Ts, ReD Pr " 100

aThe mass transfer correlations may be obtained by replacing NuD and Pr by ShD and Sc, respectively.
bProperties in Equations 8.53, 8.55, 8.60, 8.61, 8.62, 8.64, and 8.65 are based on Tm; properties in Equations 8.19, 8.20, and 8.21 are based on
Tf ! (Ts ' Tm)/2; properties in Equations 8.57 and 8.58 are based on .
cEquation 8.20 pertains to smooth or rough tubes. Equation 8.21 pertains to smooth tubes.
dAs a first approximation, Equations 8.60, 8.61, or 8.62 may be used to evaluate the average Nusselt number N!uD over the entire tube length,
if (L/D) " 10. The properties should then be evaluated at the average of the mean temperature, T–m ! (Tm,i ' Tm,o)/2.
eFor tubes of noncircular cross section, ReD " Dhum /!, Dh " 4Ac /P, and . Results for fully developed laminar flow are provided in
Table 8.1. For turbulent flow, Equation 8.60 may be used as a first approximation.

um ! ṁ/"Ac

Tm ! (Tm,i ' Tm,o)/2

( f /8)(ReD ) 1000) Pr
1 ' 12.7( f /8)1/2(Pr 2/3 ) 1)

NuD ! 0.027 Re4/5
D  Pr1/3##

#s$
0.14

NuD ! 0.023 Re4/5
D    Prn

f! (0.790 ln ReD ) 1.64))2

1
%f 

! )2.0 log&e/D3.7 ' 2.51
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3.66
tanh[2.264 Gz)1/3
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D ]
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the entire cross section and the velocity profile no longer changes with increasing x. The
flow is then said to be fully developed, and the distance from the entrance at which this con-
dition is achieved is termed the hydrodynamic entry length, xfd,h. As shown in Figure 8.1,
the fully developed velocity profil is parabolic for laminar flow in a circular tube. For tur-
bulent flow, the profile is flatte due to turbulent mixing in the radial direction.

When dealing with internal flows, it is important to be cognizant of the extent of the
entry region, which depends on whether the flow is laminar or turbulent. The Reynolds
number for flow in a circular tube is defined as

(8.1)

where um is the mean fluid velocity over the tube cross section and D is the tube diameter.
In a fully developed flow, the critical Reynolds number corresponding to the onset of turbu-
lence is

(8.2)

although much larger Reynolds numbers (ReD ! 10,000) are needed to achieve fully turbu-
lent conditions. The transition to turbulence is likely to begin in the developing boundary
layer of the entrance region.

For laminar flow (ReD ! 2300), the hydrodynamic entry length may be obtained from
an expression of the form [1]

(8.3)

This expression is based on the presumption that fluid enters the tube from a rounded con-
verging nozzle and is hence characterized by a nearly uniform velocity profile at the
entrance (Figure 8.1). Although there is no satisfactory general expression for the entry
length in turbulent flow, we know that it is approximately independent of Reynolds number
and that, as a first approximation [2],

(8.4)

For the purposes of this text, we shall assume fully developed turbulent flow for
(x/D) " 10.

8.1.2 The Mean Velocity

Because the velocity varies over the cross section and there is no well-defined free stream,
it is necessary to work with a mean velocity um when dealing with internal flows. This
velocity is defined such that, when multiplied by the fluid density ! and the cross-sectional
area of the tube Ac, it provides the rate of mass flow through the tube. Hence

(8.5)ṁ # !umAc

10 ! "xfd,h

D #
turb

 ! 60

"xfd,h

D #
lam

$ 0.05 ReD

ReD,c $ 2300

ReD % 
!umD

" #
umD

#
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We will now proceed to solve for the temperature distribution for the case of constant
surface heat flu . In this case, the assumption of negligible net axial conduction is exactly
satisfied, that is, (!2T/!x2) ! 0. Substituting for the axial temperature gradient from Equa-
tion 8.32 and for the axial velocity component, u, from Equation 8.15, the energy equation,
Equation 8.48, reduces to

(8.49)

where Tm(x) varies linearly with x and (2um/")(dTm/dx) is a constant. Separating variables
and integrating twice, we obtain an expression for the radial temperature distribution:

The constants of integration may be evaluated by applying appropriate boundary condi-
tions. From the requirement that the temperature remain finite at r ! 0, it follows that
C1 ! 0. From the requirement that T(ro) ! Ts, where Ts varies with x, it also follows that

Accordingly, for the fully developed region with constant surface heat flux, the temperature
profile is of the form

(8.50)

From knowledge of the temperature profile, all other thermal parameters may be deter-
mined. For example, if the velocity and temperature profiles, Equations 8.15 and 8.50,
respectively, are substituted into Equation 8.26 and the integration over r is performed, the
mean temperature is found to be

(8.51)

From Equation 8.39, where P ! #D and , we then obtain

(8.52)

Combining Newton’s law of cooling, Equation 8.27, and Equation 8.52, it follows that

or

(8.53)

Hence in a circular tube characterized by uniform surface heat flu and laminar, fully devel-
oped conditions, the Nusselt number is a constant, independent of ReD, Pr, and axial location.
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For steady, incompressible flow in a tube of uniform cross-sectional area, and um are con-
stants independent of x. From Equations 8.1 and 8.5 it is evident that, for flow in a circular
tube (Ac ! !D2/4), the Reynolds number reduces to

(8.6)

Since the mass flow rate may also be expressed as the integral of the mass flux ("u)
over the cross section

(8.7)

it follows that, for incompressible flow in a circular tube,

(8.8)

The foregoing expression may be used to determine um at any axial location x from knowledge
of the velocity profile u(r) at that location.

8.1.3 Velocity Profile in the Fully Developed Region

The form of the velocity profile may readily be determined for the laminar flo of an
incompressible, constant property flui in the fully developed region of a circular tube.
An important feature of hydrodynamic conditions in the fully developed region is that both
the radial velocity component v and the gradient of the axial velocity component (#u/#x)
are everywhere zero.

(8.9)

Hence the axial velocity component depends only on r, u(x, r) ! u(r).
The radial dependence of the axial velocity may be obtained by solving the appropriate

form of the x-momentum equation. This form is determined by first recognizing that, for
the conditions of Equation 8.9, the net momentum flux is everywhere zero in the fully
developed region. Hence the momentum conservation requirement reduces to a simple bal-
ance between shear and pressure forces in the flow. For the annular differential element of
Figure 8.2, this force balance may be expressed as

which reduces to

(8.10)" d
dr

 (r$r) ! r 
dp
dx

 # p(2!r dr) " !p(2!r dr) # d
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Substituting this result into Equation 8.13, the velocity profile is then

(8.15)

Since um can be computed from knowledge of the mass flow rate, Equation 8.14 can be
used to determine the pressure gradient.

8.1.4 Pressure Gradient and Friction Factor 
in Fully Developed Flow

The engineer is frequently interested in the pressure drop needed to sustain an internal flow
because this parameter determines pump or fan power requirements. To determine the pres-
sure drop, it is convenient to work with the Moody (or Darcy) friction factor, which is a
dimensionless parameter defined as

(8.16)

This quantity is not to be confused with the friction coefficient sometimes called the Fan-
ning friction factor, which is defined as

(8.17)

Since !s ! ""(du/dr)r!ro, it follows from Equation 8.13 that

(8.18)

Substituting Equations 8.1 and 8.14 into 8.16, it follows that, for fully developed 
laminar flow,

(8.19)

For fully developed turbulent flow, the analysis is much more complicated, and we
must ultimately rely on experimental results. In addition to depending on the Reynolds
number, the friction factor is a function of the tube surface condition and increases with
surface roughness e. Measured friction factors covering a wide range of conditions have
been correlated by Colebrook [3, 4] and are described by the transcendental expression

(8.20)

A correlation for the smooth surface condition that encompasses a large Reynolds number
range has been developed by Petukhov [5] and is of the form

(8.21)

Equations 8.19 and 8.20 are plotted in the Moody diagram of Figure 8.3.
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where um is the mean fluid velocity over the tube cross section and D is the tube diameter.
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although much larger Reynolds numbers (ReD ! 10,000) are needed to achieve fully turbu-
lent conditions. The transition to turbulence is likely to begin in the developing boundary
layer of the entrance region.

For laminar flow (ReD ! 2300), the hydrodynamic entry length may be obtained from
an expression of the form [1]
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This expression is based on the presumption that fluid enters the tube from a rounded con-
verging nozzle and is hence characterized by a nearly uniform velocity profile at the
entrance (Figure 8.1). Although there is no satisfactory general expression for the entry
length in turbulent flow, we know that it is approximately independent of Reynolds number
and that, as a first approximation [2],
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For the purposes of this text, we shall assume fully developed turbulent flow for
(x/D) " 10.

8.1.2 The Mean Velocity

Because the velocity varies over the cross section and there is no well-defined free stream,
it is necessary to work with a mean velocity um when dealing with internal flows. This
velocity is defined such that, when multiplied by the fluid density ! and the cross-sectional
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where , or simply , is the average value of h for the entire tube. Rearranging,

(8.41b)

Had we integrated from the tube inlet to some axial position x within the tube, we would
have obtained the similar, but more general, result that

(8.42)

where h
_

is now the average value of h from the tube inlet to x. This result tells us that the tem-
perature difference (Ts ! Tm) decays exponentially with distance along the tube axis. The
axial surface and mean temperature distributions are therefore as shown in Figure 8.7b.

Determination of an expression for the total heat transfer rate qconv is complicated by
the exponential nature of the temperature decay. Expressing Equation 8.34 in the form

and substituting for from Equation 8.41a, we obtain

(8.43)

where As is the tube surface area (As " P ! L) and #Tlm is the log mean temperature 
difference,

(8.44)

Equation 8.43 is a form of Newton’s law of cooling for the entire tube, and #Tlm is the
appropriate average of the temperature difference over the tube length. The logarithmic
nature of this average temperature difference [in contrast, e.g., to an arithmetic mean tem-
perature difference of the form #Tam " (#Ti $ #To)/2] is due to the exponential nature of
the temperature decay.

Before concluding this section, it is important to note that, in many applications, it is
the temperature of an external fluid, rather than the tube surface temperature, that is fixed
(Figure 8.8). In such cases, it is readily shown that the results of this section may still be
used if Ts is replaced by T! (the free stream temperature of the external fluid) and is
replaced by (the average overall heat transfer coefficient). For such cases, it follows that

(8.45a)

and

(8.46a)q " UAs #Tlm
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8.3 ! The Energy Balance 535

FIGURE 8.8 Heat transfer between fluid flowing over a tube
and fluid passing through the tube.
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The overall heat transfer coefficient is defined in Section 3.3.1, and for this application it
would include contributions due to convection at the tube inner and outer surfaces. For a
thick-walled tube of small thermal conductivity, it would also include the effect of conduc-
tion across the tube wall. Note that the product U

_
As yields the same result, irrespective of

whether it is defined in terms of the inner (U
_
iAs,i) or outer (U

_
oAs,o) surface areas of the tube

(see Equation 3.37). Also note that (U
_
As)!1 is equivalent to the total thermal resistance

between the two fluids, in which case Equations 8.45a and 8.46a may be expressed as

(8.45b)

and

(8.46b)

A common variation of the foregoing conditions is one for which the uniform tempera-
ture of an outer surface, Ts,o, rather than the free stream temperature of an external fluid,
T!, is known. In the foregoing equations, T! is then replaced by Ts,o, and the total resis-
tance embodies the convection resistance associated with the internal flow, as well as the
resistance due to conduction between the inner surface of the tube and the surface corre-
sponding to Ts,o.

EXAMPLE 8.3

Steam condensing on the outer surface of a thin-walled circular tube of diameter
D " 50 mm and length L " 6 m maintains a uniform outer surface temperature of 100#C.
Water flows through the tube at a rate of m! " 0.25 kg/s, and its inlet and outlet tempera-
tures are Tm,i " 15#C and Tm,o " 57#C. What is the average convection coefficient associ-
ated with the water flow?

q"
$Tlm

Rtot

$To
$Ti

"
T! ! Tm,o

T! ! Tm,i
" exp!! 1

ṁcpRtot
"
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where L is a characteristic length and u0 is a reference velocity,2 the x-momentum and
energy equations (9.7 and 9.8) reduce to

(9.10)

(9.11)

The dimensionless parameter in the first term on the right-hand side of Equation 9.10 is 
a direct consequence of the buoyancy force. The reference velocity u0 can be specified to 
simplify the form of the equation. It is convenient to choose u2

0 ! g!(Ts " T!)L, so that the
term multiplying T* becomes unity. Then, ReL becomes [g!(Ts " T!)L3/"2]1/2. It is customary
to define the Grashof number GrL as the square of this Reynolds number:

(9.12)

As a result, ReL in Equations 9.10 and 9.11 is replaced by GrL
1/2, and we see that the

Grashof number (or more precisely, GrL
1/2) plays the same role in free convection that

the Reynolds number plays in forced convection. Based on the resulting form of Equations 9.10
and 9.11, we expect heat transfer correlations of the form NuL ! f (GrL, Pr) in free convec-
tion. Recall that the Reynolds number provides a measure of the ratio of the inertial to vis-
cous forces acting on a fluid element. In contrast, the Grashof number is a measure of the
ratio of the buoyancy forces to the viscous forces acting on the fluid.

When forced and free convection effects are comparable, the situation is more complex.
For example, consider the boundary layer of Figure 9.3, but with a non-zero free stream
velocity, u!. In this case, it is more convenient to choose the characteristic velocity as u!
(so that the free stream boundary condition for the dimensionless velocity, u*, is simply
u*( y* l !) l 1). Then the T* term in Equation 9.10 will be multiplied by GrL/Re2

L, and the
resulting Nusselt number expressions will be of the form NuL ! f(ReL, GrL, Pr). Generally,
the combined effects of free and forced convection must be considered when GrL/Re2

L ! 1.
If the inequality GrL/Re2

L # 1 is satisfied, free convection effects may be neglected and
NuL ! f(ReL, Pr). Conversely, if GrL/Re2

L $ 1, forced convection effects may be neglected
and Nu ! f(GrL, Pr), as indicated in the preceding paragraph for pure free convection. Addi-
tional discussion of combined free and forced convection is provided in Section 9.9.

9.4 Laminar Free Convection on a Vertical Surface

Numerous solutions to the laminar free convection boundary layer equations have been
obtained, and a special case that has received much attention involves free convection from

GrL " 
g!(Ts " T!)L3

"2

u* #T*
#x*

% v* #T*
#y*

! 1
ReL

    Pr
 #

2T *
#y*2

u* #u*
#x*

% v* #u*
#y*

!
g!(Ts " T!)L

u0
2 T* % 1

ReL
 #

2u*
#y*2

u* " 

u
u0

  v* " 

v
u0

  T* " 

T "  T!

Ts "  T!

2Since free stream conditions are quiescent in free convection, there is no logical external reference velocity 
(V or u!), as in forced convection.
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it follows that

This simplification is known as the Boussinesq approximation, and substituting into
Equation 9.3, the x-momentum equation becomes

(9.5)

where it is now apparent how the buoyancy force, which drives the flow, is related to the
temperature difference.

Since buoyancy effects are confined to the momentum equation, the mass and energy
conservation equations are unchanged from forced convection. Equations 6.27 and 6.29
may then be used to complete the problem formulation. The set of governing equations 
is then

(9.6)

(9.7)

(9.8)

Note that viscous dissipation has been neglected in the energy equation, (9.8), an assump-
tion that is certainly reasonable for the small velocities associated with free convection. In
the mathematical sense the appearance of the buoyancy term in Equation 9.7 complicates
matters. No longer may the hydrodynamic problem, given by Equations 9.6 and 9.7, be
uncoupled from and solved to the exclusion of the thermal problem, given by Equation 9.8.
The solution to the momentum equation depends on knowledge of T, and hence on the
solution to the energy equation. Equations 9.6 through 9.8 are therefore strongly coupled
and must be solved simultaneously.

Free convection effects obviously depend on the expansion coefficient !. The manner
in which ! is obtained depends on the fluid. For an ideal gas, " ! p/RT and

(9.9)

where T is the absolute temperature. For liquids and nonideal gases, ! must be obtained
from appropriate property tables (Appendix A).

9.3 Similarity Considerations

Let us now consider the dimensionless parameters that govern free convective flow and
heat transfer for the vertical plate. As for forced convection (Chapter 6), the parameters
may be obtained by nondimensionalizing the governing equations. Introducing

x* ! x
L

  y* !
y
L

! ! " 1
" "#"

#T#p
! 1

" 

p
RT 2 ! 1

T

u #T
#x # v #T

#y ! $ #
2T

#y2

u #u
#x # v #u

#y ! g!(T " T!) # % #
2u

#y2

#u
#x #

#v
#y ! 0

u #u
#x # v #u

#y ! g!(T " T!) # %
#2u
#y2

("! " ") $ "!(T " T!)
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A numerical solution has been obtained by Ostrach [3], and selected results are shown in
Figure 9.4. Values of the x-velocity component u and the temperature T at any value of x
and y may be obtained from Figure 9.4a and Figure 9.4b, respectively. 

Figure 9.4b may also be used to infer the appropriate form of the heat transfer correla-
tion. Using Newton’s law of cooling for the local convection coefficient h, the local Nusselt
number may be expressed as

Using Fourier’s law to obtain and expressing the surface temperature gradient in terms
of !, Equation 9.13, and T*, Equation 9.16, it follows that

Hence

(9.19)

which acknowledges that the dimensionless temperature gradient at the surface is a func-
tion of the Prandtl number g(Pr). This dependence is evident from Figure 9.4b and has

Nux ! hx
k

! " !Grx

4 "1/4
 dT *

d!
#
!!0

! !Grx

4 "1/4
g(Pr)

q#s ! "k 

"T
"y #

y!0
! " k

x (Ts " T!)!Grx

4 "1/4
 

dT *
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#
!!0
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FIGURE 9.4 Laminar, free convection boundary layer conditions on an isothermal, vertical 
surface. (a) Velocity profiles. (b) Temperature profiles [3].
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been determined numerically for selected values of Pr [3]. The results have been correlated
to within 0.5% by an interpolation formula of the form [4]

(9.20)

which applies for 0 ! Pr ! !.
Using Equation 9.19 for the local convection coefficient and substituting for the local

Grashof number,

the average convection coefficient for a surface of length L is then

Integrating, it follows that

(9.21)

or substituting from Equation 9.19, with x " L,

(9.22)

The foregoing results apply irrespective of whether Ts # T! or Ts $ T!. If Ts $ T!,
conditions are inverted from those of Figure 9.3. The leading edge is at the top of the plate,
and positive x is defined in the direction of the gravity force.

9.5 The Effects of Turbulence

It is important to note that free convection boundary layers are not restricted to laminar
flow. As with forced convection, hydrodynamic instabilities may arise. That is, distur-
bances in the flow may be amplified, leading to transition from laminar to turbulent flow.
This process is shown schematically in Figure 9.5 for a heated vertical plate.

Transition in a free convection boundary layer depends on the relative magnitude of
the buoyancy and viscous forces in the fluid. It is customary to correlate its occurrence in

NuL " 4
3 NuL

NuL " hL
k

" 4
3

 !GrL

4 "1/4
g(Pr)

h " 1
L

 #L

0
h dx " k

L
 $g!(Ts % T!)

4" 2 %1/4
g(Pr) #L

0
 

dx
x1/4

Grx "
g!(Ts % T!)x3

" 2

g(Pr) " 0.75 Pr1/2

(0.609 & 1.221 Pr1/2 & 1.238 Pr)1/4

Quiescent
fluid, T∞

Turbulent

Laminar

xc Transition
Rax,c ≈ 109

Ts
 > T∞

x

g

FIGURE 9.5 Free convection boundary layer transition on a 
vertical plate.
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(9.25)

is based on the characteristic length L of the geometry. Typically, and for laminar
and turbulent flows, respectively. For turbulent flow it then follows that h–L is independent
of L. Note that all properties are evaluated at the film temperature, Tf ! (Ts ! T!)/2.

9.6.1 The Vertical Plate

Expressions of the form given by Equation 9.24 have been developed for the vertical plate
[5–7]. For laminar flow (104 " RaL " 109), C # 0.59 and n # 1/4, and for turbulent flow
(109 " RaL " 1013), C # 0.10 and n # 1/3. A correlation that may be applied over the
entire range of RaL has been recommended by Churchill and Chu [8] and is of the form

(9.26)

Although Equation 9.26 is suitable for most engineering calculations, slightly better accu-
racy may be obtained for laminar flow by using [8]

(9.27)

When the Rayleigh number is moderately large, the second term on the right-hand side of
Equations 9.26 and 9.27 dominates, and the correlations are the same form as Equation
9.24, except that the constant, C, is replaced by a function of Pr. Equation 9.27 is then in
excellent quantitative agreement with the analytical solution given by Equations 9.21 and
9.20. In contrast, when the Rayleigh number is small, the first term on the right-hand side
of Equations 9.26 and 9.27 dominates, and the equations yield the same behavior since
0.8252 " 0.68. The presence of leading constants in Equations 9.26 and 9.27 accounts for
the fact that, for small Rayleigh number, the boundary layer assumptions become invalid
and conduction parallel to the plate is important.

It is important to recognize that the foregoing results have been obtained for an isother-
mal plate (constant Ts). If the surface condition is, instead, one of uniform heat flux (constant
q$s), the temperature difference (Ts % T!) will vary with x, increasing from the leading edge.
An approximate procedure for determining this variation may be based on results [8, 9]
showing that Nu#L correlations obtained for the isothermal plate may still be used to an excel-
lent approximation, if Nu#L and RaL are defined in terms of the temperature difference at the
midpoint of the plate, &TL/2 # Ts(L /2) % T!. Hence, with h– ! q$s /&TL/2, a correlation such as
Equation 9.27 could be used to determine &TL/2 (for example, using a trial-and-error tech-
nique), and hence the midpoint surface temperature Ts(L/2). If it is assumed that Nux " Rax1/4

over the entire plate, it follows that

or
&T " x1/5

q$s x
k&T

  " &T1/4x3/4

NuL # 0.68 !
0.670 RaL1/4

[1 ! (0.492/Pr)9/16]4/9   RaL " 109

NuL # $0.825 !
0.387 RaL1/6

[1 ! (0.492/Pr)9/16]8/27%2

1
3n# 1

4

RaL #GrL Pr#
g!(Ts % T!)L3

"#
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which yields

The insulation therefore provides a 76% reduction in heat loss to the ambient air by
natural convection.

2. Although they have been neglected, radiation losses may still be significant. From
Equation 1.7 with ! assumed to be unity and Tsur ! 288 K, for the
uninsulated duct. Inclusion of radiation effects in the energy balance for the insulated
duct would reduce the outer surface temperatures, thereby reducing the convection
heat rates. With radiation, however, the total heat rate (q"conv # q"rad) would increase.

9.6.3 The Long Horizontal Cylinder

This important geometry has been studied extensively, and many existing correlations have
been reviewed by Morgan [22]. For an isothermal cylinder, Morgan suggests an expression
of the form

(9.33)

where C and n are given in Table 9.1 and RaD and are based on the cylinder diameter.
In contrast, Churchill and Chu [23] have recommended a single correlation for a wide
Rayleigh number range:

(9.34)

The foregoing correlations provide the average Nusselt number over the entire circumfer-
ence of an isothermal cylinder. As shown in Figure 9.8 for a heated cylinder, local Nusselt
numbers are influenced by boundary layer development, which begins at " ! 0 and con-
cludes at " $ # with formation of a plume ascending from the cylinder. If the flow remains
laminar over the entire surface, the distribution of the local Nusselt number with " is char-
acterized by a maximum at " ! 0 and a monotonic decay with increasing ". This decay
would be disrupted at Rayleigh numbers sufficiently large (RaD % 109) to permit transition
to turbulence within the boundary layer. If the cylinder is cooled relative to the ambient
fluid, boundary layer development begins at " ! #, the local Nusselt number is a maxi-
mum at this location, and the plume descends from the cylinder.

NuD ! !0.60 #
0.387 RaD1/6

[1 # (0.559/Pr)9/16]8/27"2
  RaD & 1012

NuD

NuD ! hD
k

!C RaDn

q"rad ! 398 W/m

q"! (17.5 # 22.8 # 15.5) W/m ! 55.8 W/m

TABLE 9.1 Constants of Equation 9.33 for free convection 
on a horizontal circular cylinder [22]

RaD C n

10'10–10'2 0.675 0.058
10'2–102 1.02 0.148
102–104 0.850 0.188
104–107 0.480 0.250
107–1012 0.125 0.333

9.6 ! Empirical Correlations: External Free Convection Flows 613

CH009.qxd  2/24/11  3:16 PM  Page 613

9.6.4 Spheres

The following correlation due to Churchill [10] is recommended for spheres in fluids of 
Pr ! 0.7 and for RaD " 1011.

(9.35)

In the limit as RaD l 0, Equation 9.35 reduces to , which corresponds to heat
transfer by conduction between a spherical surface and a stationary infinite medium, in a
manner consistent with Equations 7.56 and 7.57.

Recommended correlations from this section are summarized in Table 9.2. Results for
other immersed geometries and special conditions are presented in comprehensive reviews
by Churchill [10] and Raithby and Hollands [21].

NuD # 2

NuD # 2 $
0.589 RaD1/4

[1 $ (0.469/Pr)9/16]4/9

TABLE 9.2 Summary of free convection empirical correlations 
for immersed geometries

Recommended
Geometry Correlation Restrictions

1.

Equation 9.26 None
2.

Equation 9.26 0 % ! " 60&

g l g cos !

3.

Equation 9.30 104 " RaL " 107, Pr ! 0.7
Equation 9.31 107 " RaL " 1011

Equation 9.32 104 " RaL " 109, Pr ! 0.7

Inclined plates
Cold surface up or hot
surface down

Horizontal plates
(a) Hot surface up or 

cold surface down

(b) Cold surface up or 
hot surface down

Vertical platesa
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Since there are 10 variables in 5 dimensions (m, kg, s, J, K), there are (10 ! 5) " 5 
pi-groups, which can be expressed in the following forms:

(10.2a)

or, defining the dimensionless groups,

(10.2b)

The Nusselt and Prandtl numbers are familiar from our earlier single-phase convection
analyses. The new dimensionless parameters are the Jakob number Ja, the Bond number
Bo, and a nameless parameter that bears a strong resemblance to the Grashof number (see
Equation 9.12 and recall that !#T ! #"/"). This unnamed parameter represents the effect
of buoyancy-induced fluid motion on heat transfer. The Jakob number is the ratio of the
maximum sensible energy absorbed by the liquid (vapor) to the latent energy absorbed by
the liquid (vapor) during condensation (boiling). In many applications, the sensible energy
is much less than the latent energy and Ja has a small numerical value. The Bond number is
the ratio of the buoyancy force to the surface tension force. In subsequent sections, we will
delineate the role of these parameters in boiling and condensation.

10.2 Boiling Modes

When evaporation occurs at a solid–liquid interface, it is termed boiling. The process
occurs when the temperature of the surface Ts exceeds the saturation temperature Tsat corre-
sponding to the liquid pressure. Heat is transferred from the solid surface to the liquid, and
the appropriate form of Newton’s law of cooling is

(10.3)

where #Te " Ts ! Tsat is termed the excess temperature. The process is characterized by the
formation of vapor bubbles, which grow and subsequently detach from the surface. Vapor
bubble growth and dynamics depend, in a complicated manner, on the excess temperature,
the nature of the surface, and thermophysical properties of the fluid, such as its surface 
tension. In turn, the dynamics of vapor bubble formation affect liquid motion near the sur-
face and therefore strongly influence the heat transfer coefficient.

Boiling may occur under various conditions. For example, in pool boiling the liquid 
is quiescent and its motion near the surface is due to free convection and to mixing induced
by bubble growth and detachment. In contrast, for forced convection boiling, fluid motion 
is induced by external means, as well as by free convection and bubble-induced mixing.
Boiling may also be classified according to whether it is subcooled or saturated. In sub-
cooled boiling, the temperature of most of the liquid is below the saturation temperature and
bubbles formed at the surface may condense in the liquid. In contrast, the temperature of the
liquid slightly exceeds the saturation temperature in saturated boiling. Bubbles formed at 
the surface are then propelled through the liquid by buoyancy forces, eventually escaping
from a free surface.

q$s " h(Ts ! Tsat) " h #Te

NuL " f #"g ("l ! "v)L3

# 2 , Ja, Pr, Bo$

hL
k

" f #"g("l ! "v)L3

# 2 , 
cp #T

hfg
, 
# cp

k
, 
g("l ! "v)L2

$ $
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In Section 10.3.2 we noted that within region A-B of Figure 10.4, most of the heat
exchange is due to direct transfer from the heated surface to the liquid. Hence, the boiling
phenomena in this region may be thought of as a type of liquid phase forced convection in
which the fluid motion is induced by the rising bubbles. We have seen that forced convec-
tion correlations are generally of the form

(7.1)

and Equation 7.1 may provide insight into how pool boiling data can be correlated, provided
that a length scale and a characteristic velocity can be identified for inclusion in the Nusselt
and Reynolds numbers. The subscript fc is added to the constants that appear in Equation 7.1 to
remind us that they apply to this forced convection expression. As we saw in Chapter 7, these
constants are determined experimentally for complicated flows. Because it is postulated that
the rising bubbles mix the liquid, an appropriate length scale for relatively large heater surfaces
is the bubble diameter, Db. The diameter of the bubble upon its departure from the heated sur-
face may be determined from a force balance in which the buoyancy force (which promotes
bubble departure and is proportional to ) is equal to the surface tension force (which adheres
the bubble to the surface and is proportional to Db), resulting in the expression

(10.4a)

The constant of proportionality depends on the angle of contact between the liquid, its
vapor, and the solid surface; the contact angle depends on the particular liquid and solid
surface that is considered. The subscripts l and v denote the saturated liquid and vapor
states, respectively, and ! (N/m) is the surface tension.

A characteristic velocity for the agitation of the liquid may be found by dividing the
distance the liquid travels to fill in behind a departing bubble (proportional to Db) by the
time between bubble departures, tb. The time tb is equal to the energy it takes to form a
vapor bubble (proportional to ), divided by the rate at which heat is added over the
solid–vapor contact area (proportional to ). Thus,

(10.4b)

Substituting Equations 10.4a and 10.4b into Equation 7.1, absorbing the proportionalities
into the constant Cfc, and substituting the resulting expression for h into Equation 10.3 pro-
vides the following expression, where the constants Cs, f and n are newly introduced and 
the exponent mfc in Equation 7.1 has an experimentally determined value of 2/3:

(10.5)

Equation 10.5 was developed by Rohsenow [5] and is the first and most widely used
correlation for nucleate boiling. All properties are for the liquid, except for "v, and all
should be evaluated at Tsat. The coefficient Cs,f and the exponent n depend on the
solid–fluid combination, and representative experimentally determined values are
presented in Table 10.1. Values for other surface–fluid combinations may be obtained

q!s " # lhfg!g("l # "v)
! "1/2

 # cp,l $Te

Cs, f 

hfg Prl
n$3

V ! 
Db
tb

 ! 
Db

#"lhfgD3
b

q!sD2
b
$

 ! 
q!s

"lhfg

D2
b

D3
b

Db !% !
g("l # "v)

D3
b

NuL " Cfc  ReL
mfc Prnfc
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from the literature [6–8]. Values of the surface tension and the latent heat of vaporization
of water are presented in Table A.6 and for selected fluids in Table A.5. Values for addi-
tional fluids may be obtained from any recent edition of the Handbook of Chemistry and
Physics. If Equation 10.5 is rewritten in terms of a Nusselt number based on an arbitrary
length scale L, it will be in the form NuL ! Ja2 Pr1!3n Bo1/2. Comparing with Equation
10.2b, we see that only the first dimensionless parameter does not appear. If the Nusselt
number is based on the characteristic bubble diameter given in Equation 10.4a, the
expression reduces to the simpler form NuDb

! Ja2 Pr1!3n.
The Rohsenow correlation applies only for clean surfaces. When it is used to estimate

the heat flux, errors can amount to "100%. However, since #Te ! (q$s )1/3, this error is
reduced by a factor of 3 when the expression is used to estimate #Te from knowledge of q$s .
Also, since q$s % and hfg decreases with increasing saturation pressure (temperature),
the nucleate boiling heat flux will increase as the liquid is pressurized.

10.4.2 Critical Heat Flux for Nucleate Pool Boiling

We recognize that the critical heat flux, , represents an important point on the
boiling curve. We may wish to operate a boiling process close to this point, but we appreci-
ate the danger of dissipating heat in excess of this amount. Kutateladze [9], through dimen-
sional analysis, and Zuber [10], through a hydrodynamic stability analysis, obtained an
expression which can be approximated as

(10.6)

which is independent of surface material and is weakly dependent upon the heated surface
geometry through the leading constant, C. For large horizontal cylinders, for spheres, and 

q$max & Chfg!v!"g(!l ! !v)
!2

v
"1/4

q$s,C & q$max

h!2
fg
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TABLE 10.1 Values of Cs, ƒ for various
surface–fluid combinations [5–7]

Surface–Fluid Combination Cs,ƒ n

Water–copper
Scored 0.0068 1.0
Polished 0.0128 1.0

Water–stainless steel
Chemically etched 0.0133 1.0
Mechanically polished 0.0132 1.0
Ground and polished 0.0080 1.0

Water–brass 0.0060 1.0
Water–nickel 0.006 1.0
Water–platinum 0.0130 1.0
n-Pentane–copper

Polished 0.0154 1.7
Lapped 0.0049 1.7

Benzene–chromium 0.0101 1.7
Ethyl alcohol–chromium 0.0027 1.7
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for many large finite heated surfaces, use of a leading constant with the value C ! !/24 !
0.131 (the Zuber constant) agrees with experimental data to within 16% [11]. For large
horizontal plates, a value of C ! 0.149 gives better agreement with experimental data.
The properties in Equation 10.6 are evaluated at the saturation temperature. Equation 10.6
applies when the characteristic length of the heater surface, L, is large relative to the bub-
ble diameter, Db. However, when the heater is small, such that the Confinement number,

[12], is greater than approximately 0.2, a correction 
factor must be applied to account for the small size of the heater. Lienhard [11] reports
correction factors for various geometries, including horizontal plates, cylinders, spheres,
and vertically and horizontally oriented ribbons.

It is important to note that the critical heat flux depends strongly on pressure,
mainly through the pressure dependence of surface tension and the heat of vaporization.
Cichelli and Bonilla [13] have experimentally demonstrated that the peak flux increases
with pressure up to one-third of the critical pressure, after which it falls to zero at the 
critical pressure.

10.4.3 Minimum Heat Flux

The transition boiling regime is of little practical interest, as it may be obtained only by 
controlling the surface temperature. While no adequate theory has been developed for this
regime, conditions can be characterized by periodic, unstable contact between the liquid and
the heated surface. However, the upper limit of this regime is of interest because it corre-
sponds to formation of a stable vapor blanket or film and to a minimum heat flux condition.
If the heat flux drops below this minimum, the film will collapse, causing the surface to cool
and nucleate boiling to be reestablished.

Zuber [10] used stability theory to derive the following expression for the minimum
heat flux, , from a large horizontal plate.

(10.7)

where the properties are evaluated at the saturation temperature. The constant, C ! 0.09,
has been experimentally determined by Berenson [14]. This result is accurate to approxi-
mately 50% for most fluids at moderate pressures but provides poorer estimates at higher
pressures [15]. A similar result has been obtained for horizontal cylinders [16].

10.4.4 Film Pool Boiling

At excess temperatures beyond the Leidenfrost point, a continuous vapor film blankets the
surface and there is no contact between the liquid phase and the surface. Because conditions
in the stable vapor film bear a strong resemblance to those of laminar film condensation
(Section 10.7), it is customary to base film boiling correlations on results obtained from con-
densation theory. One such result, which applies to film boiling on a cylinder or sphere of
diameter D, is of the form
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11.2
The Overall Heat Transfer Coefficient

An essential, and often the most uncertain, part of any heat exchanger analysis is deter-
mination of the overall heat transfer coefficient. Recall from Equation 3.19 that this
coefficient is defined in terms of the total thermal resistance to heat transfer between
two fluids. In Equations 3.18 and 3.31, the coefficient was determined by accounting
for conduction and convection resistances between fluids separated by composite plane
and cylindrical walls, respectively. It is important to acknowledge, however, that such
results apply only to clean, unfinned surfaces.

During normal heat exchanger operation, surfaces are often subject to fouling by
fluid impurities, rust formation, or other reactions between the fluid and the wall mater-
ial. The subsequent deposition of a film or scale on the surface can greatly increase the
resistance to heat transfer between the fluids. This effect can be treated by introducing
an additional thermal resistance, termed the fouling factor, Rƒ. Its value depends on the
operating temperature, fluid velocity, and length of service of the heat exchanger.

In addition, we know that fins are often added to surfaces exposed to either or
both fluids and that, by increasing the surface area, they reduce the resistance to
convection heat transfer. Accordingly, with inclusion of surface fouling and fin
(extended surface) effects, the overall heat transfer coefficient may be expressed as

(11.1)

where c and h refer to the cold and hot fluids, respectively. Note that calculation of
the UA product does not require designation of the hot or cold side (UcAc ! UhAh).
However, calculation of an overall coefficient depends on whether it is based on the
cold or hot side surface area, since Uc " Uh if Ac " Ah. The conduction resistance Rw
is obtained from Equation 3.6 for a plane wall or Equation 3.28 for a cylindrical wall.
Although representative fouling factors are listed in Table 11.1, the factor is a vari-
able during heat exchanger operation (increasing from zero for a clean surface, as
deposits accumulate on the surface). Comprehensive discussions of fouling are pro-
vided in References 2 through 4.

The quantity !o in Equation 11.1 is termed the overall surface efficiency or
temperature effectiveness of a finned surface. It is defined such that, for the hot or
cold surface without fouling, the heat transfer rate is

(11.2)

where Tb is the base surface temperature (Figure 3.20) and A is the total (fin plus
exposed base) surface area. The quantity was introduced in Section 3.6.5, and the
following expression was derived:
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Similarly, if Ch ! Cc, the hot fluid would experience the larger temperature change
and would be cooled to the inlet temperature of the cold fluid (Th,o " Tc,i). From
Equation 11.6b, we then obtain

From the foregoing results we are then prompted to write the general expression

(11.18)

where Cmin is equal to Cc or Ch, whichever is smaller. For prescribed hot and cold
fluid inlet temperatures, Equation 11.18 provides the maximum heat transfer rate
that could possibly be delivered by the exchanger. A quick mental exercise should
convince the reader that the maximum possible heat transfer rate is not equal to
Cmax(Th,i # Tc,i). If the fluid having the larger heat capacity rate were to experience
the maximum possible temperature change, conservation of energy in the form
Cc(Tc,o # Tc,i ) " Ch(Th,i # Th,o ) would require that the other fluid experience yet a
larger temperature change. For example, if Cmax " Cc and one argues that it is possi-
ble for Tc,o to be equal to Th,i, it follows that (Th,i # Th,o) " (Cc /Ch)(Th,i # Tc,i), in which
case (Th,i # Th,o) $ (Th,i # Tc,i). Such a condition is clearly impossible.

It is now logical to define the effectiveness, !, as the ratio of the actual heat
transfer rate for a heat exchanger to the maximum possible heat transfer rate:

(11.19)

From Equations 11.6b, 11.7b, and 11.18, it follows that

(11.20)

or

(11.21)

By definition the effectiveness, which is dimensionless, must be in the range 0 %
! % 1. It is useful because, if !, Th,i, and Tc,i are known, the actual heat transfer rate
may readily be determined from the expression

(11.22)

For any heat exchanger it can be shown that [5]

(11.23)

where Cmin/Cmax is equal to Cc /Ch or Ch /Cc, depending on the relative magnitudes of the
hot and cold fluid heat capacity rates. The number of transfer units (NTU) is a dimen-
sionless parameter that is widely used for heat exchanger analysis and is defined as
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Ch " Cc:   qmax " Ch(Th,i # Tc,i)
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TABLE 11.4 Heat Exchanger NTU Relations

Flow Arrangement Relation

Concentric tube

Parallel flow (11.28b)

Counterflow

(Cr ! 1) (11.29b)

Shell-and-tube

One shell pass (11.30b)
(2, 4, . . . tube passes)

(11.30c)

n Shell passes Use Equations 11.30b and 11.30c with
(2n, 4n, . . . tube passes)

NTU ! n (NTU)1 (11.31b, c, d)

Cross-flow (single pass)

Cmax (mixed), Cmin (unmixed) (11.33b)

Cmin (mixed), Cmax (unmixed) (11.34b)

All exchangers (Cr ! 0) (11.35b)NTU ! " ln(1 " !)

NTU ! " ! 1
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FIGURE 11.10 Effectiveness of a parallel-
flow heat exchanger (Equation 11.28).

FIGURE 11.11 Effectiveness of a
counterflow heat exchanger (Equation 11.29).

(NTU)1. Finally, this result would be multiplied by n to obtain the NTU for the
entire exchanger, as indicated in Equation 11.31d.

The foregoing expressions are represented graphically in Figures 11.10 through
11.15. When using Figure 11.13, the abscissa corresponds to the total number of
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The total, hemispherical emissive power, E (W/m2), is the rate at which radiation is
emitted per unit area at all possible wavelengths and in all possible directions. Accordingly,

(12.14)

or from Equation 12.13

(12.15)

Since the term “emissive power” implies emission in all directions, the adjective “hemi-
spherical” is redundant and is often dropped. One then speaks of the spectral emissive
power E!, or the total emissive power E that was first introduced in Equation 1.5 and again
in Table 12.1.

Although the directional distribution of surface emission varies according to the nature
of the surface, there is a special case that provides a reasonable approximation for many
surfaces. We speak of a diffuse emitter as a surface for which the intensity of the emitted
radiation is independent of direction, in which case I!,e(!, ", # ) ! I!,e(!). Removing I!,e
from the integrand of Equation 12.13 and performing the integration, it follows that

(12.16)

Similarly, from Equation 12.15

(12.17)

where Ie is the total intensity of the emitted radiation. Note that the constant appearing in
the above expressions is $ , not 2$ , and has the unit steradians.

E ! $ Ie
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E !!"

0
! 2$

0
! $ /2

0
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0
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In contrast to Equation 12.13, the temperature dependence of emission is now
acknowledged. From Equation 12.38 and the fact that I!,b is independent of " and # , it
follows that

(12.41)

Assuming $!," to be independent of # , which is a reasonable assumption for most surfaces,
and evaluating the denominator, we obtain

(12.42)

The total, hemispherical emissivity, which represents an average over all possible direc-
tions and wavelengths, is defined in Equation 12.36. Substituting Equations 12.14 and
12.40 into Equation 12.36, it follows that

(12.43)

If the emissivities of a surface are known, it is a simple matter to compute its emission
characteristics. For example, if $!(!, T ) is known, it may be used with Equations 12.30
and 12.40 to compute the spectral emissive power of the surface at any wavelength and
temperature,

(12.44)

As noted previously, if $(T ) is known, it may be used to compute the emissive power of the
surface at any temperature, as in Equation 12.37. Measurements have been performed to
determine these properties for many different materials and surface coatings.

The directional emissivity of a diffuse emitter is a constant, independent of direction.
However, although this condition is often a reasonable approximation, all surfaces exhibit
some departure from diffuse behavior. Representative variations of $" with " are shown
schematically in Figure 12.16 for conducting and nonconducting materials. For conductors
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FIGURE 12.16 Representative directional distributions
of the total, directional emissivity.
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temperature and the interval from 0 to !, this fraction is determined by the ratio of the
shaded section to the total area under the curve of Figure 12.13. Hence

(12.34)

Since the integrand (E!,b/"T 5) is exclusively a function of the wavelength–temperature
product !T, the integral of Equation 12.34 may be evaluated to obtain F(0l!) as a function
of only !T. The results are presented in Table 12.2 and Figure 12.14. They may also be
used to obtain the fraction of the radiation between any two wavelengths !1 and !2, since
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FIGURE 12.14 Fraction of the total
blackbody emission in the spectral band
from 0 to ! as a function of !T.
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TABLE 12.2 Blackbody Radiation Functions

200 0.000000 0.375034 # 10"27 0.000000
400 0.000000 0.490335 # 10"13 0.000000
600 0.000000 0.104046 # 10"8 0.000014
800 0.000016 0.991126 # 10"7 0.001372

1,000 0.000321 0.118505 # 10"5 0.016406
1,200 0.002134 0.523927 # 10"5 0.072534
1,400 0.007790 0.134411 # 10"4 0.186082
1,600 0.019718 0.249130 0.344904
1,800 0.039341 0.375568 0.519949
2,000 0.066728 0.493432 0.683123
2,200 0.100888 0.589649 # 10"4 0.816329
2,400 0.140256 0.658866 0.912155
2,600 0.183120 0.701292 0.970891
2,800 0.227897 0.720239 0.997123
2,898 0.250108 0.722318 # 10"4 1.000000

I!, b(!, T)
I!, b(!max, T)

I!, b(!, T)/"T5

("m !K ! sr)"1F(0 l !)

!T
("m !K)
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Similarly, if Ch ! Cc, the hot fluid would experience the larger temperature change
and would be cooled to the inlet temperature of the cold fluid (Th,o " Tc,i). From
Equation 11.6b, we then obtain

From the foregoing results we are then prompted to write the general expression

(11.18)

where Cmin is equal to Cc or Ch, whichever is smaller. For prescribed hot and cold
fluid inlet temperatures, Equation 11.18 provides the maximum heat transfer rate
that could possibly be delivered by the exchanger. A quick mental exercise should
convince the reader that the maximum possible heat transfer rate is not equal to
Cmax(Th,i # Tc,i). If the fluid having the larger heat capacity rate were to experience
the maximum possible temperature change, conservation of energy in the form
Cc(Tc,o # Tc,i ) " Ch(Th,i # Th,o ) would require that the other fluid experience yet a
larger temperature change. For example, if Cmax " Cc and one argues that it is possi-
ble for Tc,o to be equal to Th,i, it follows that (Th,i # Th,o) " (Cc /Ch)(Th,i # Tc,i), in which
case (Th,i # Th,o) $ (Th,i # Tc,i). Such a condition is clearly impossible.

It is now logical to define the effectiveness, !, as the ratio of the actual heat
transfer rate for a heat exchanger to the maximum possible heat transfer rate:

(11.19)

From Equations 11.6b, 11.7b, and 11.18, it follows that

(11.20)

or

(11.21)

By definition the effectiveness, which is dimensionless, must be in the range 0 %
! % 1. It is useful because, if !, Th,i, and Tc,i are known, the actual heat transfer rate
may readily be determined from the expression

(11.22)

For any heat exchanger it can be shown that [5]

(11.23)

where Cmin/Cmax is equal to Cc /Ch or Ch /Cc, depending on the relative magnitudes of the
hot and cold fluid heat capacity rates. The number of transfer units (NTU) is a dimen-
sionless parameter that is widely used for heat exchanger analysis and is defined as

(11.24)NTU ! 

UA
Cmin

! " f !NTU, 
Cmin

Cmax
"

q " !Cmin(Th,i # Tc,i)

! " 

Cc(Tc,o # Tc,i)
Cmin(Th,i # Tc,i)

! " 

Ch(Th,i # Th,o)
Cmin(Th,i # Tc,i)

! ! 

q
qmax

qmax " Cmin(Th,i # Tc,i)

Ch " Cc:   qmax " Ch(Th,i # Tc,i)

Cc " Ch:   qmax " Cc(Th,i # Tc,i)
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