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ABSTRACT

GPS-denied navigation using location estimation and texel image correction

by

Nikolas I. Jensen, Master of Science

Utah State University, 2024

Major Professor: Scott E. Budge, Ph.D.
Department: Electrical and Computer Engineering

In recent years, the utilization of Unmanned Aerial Vehicles (UAVs) has witnessed a

remarkable surge, finding their way into an extensive range of applications. Some of these

applications include land surveying methodologies, remote sensing techniques, or even tasks

involving aerial manipulation. Smaller UAVs are also suitable for many of these tasks, due

to their low cost, size, accessibility for training, and maneuverability in complex locations.

Thus, UAV-based surveying and surveillance can be cheaper and faster than classic methods.

Due to these factors, localization techniques can become especially useful for UAVs as they

can help locate features of surveyed areas or locate the UAV when needed.

This thesis presents a localization system for UAVs, specifically designed for small

UAVs to be used in a local area, by using localization estimation algorithms. Localization

techniques classically rely on a combination of Inertial Measurement Unit (IMU) sensors

and Global Positioning System (GPS). However, GPS can be costly, and is prone to discon-

nection due to jamming and dependency on the sensor’s environment. This thesis proposes

methods of localization estimation without reliance on the GPS to introduce a overall low-

cost system. To do so, methods of estimation using the systems IMU are implemented with

the addition of a mounted texel camera. The texel camera consists of the fusion of cam-

era and Light Detection and Ranging (LiDAR) sensors. This system utilizes Error-State
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Kalman Filtering (ESKF) and the methods of camera to LiDAR sensor fusion to correct for

error propagations in the aerial vehicle’s estimated location. By comparison to an attached

GPS sensor, this results in a robust localization system that estimates at a reliable accuracy

close to sub-GPS position estimates.

(54 pages)
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PUBLIC ABSTRACT

GPS-denied navigation using location estimation and texel image correction

Nikolas I. Jensen

In recent years, the use of small drones, also categorized as small Unmanned Aerial

Vehicles (sUAV), has surged. They are used for tasks like surveying land, collecting data

from a distance, and performing maneuvers for military operations. These drones are

popular because they are affordable, small, easy to use, and can navigate well in complex

areas. These factors make them a cheap and quick option for tasks like surveying and

surveillance when compared to traditional methods.

This thesis introduces a system that uses algorithms to figure out where the drone is.

Typically, this relies on sensors and GPS, but GPS can sometimes be unreliable for certain

uses. To address this, the system uses complex algorithms by using motion sensors along

with a camera and a specialized mapping sensor. By combining these technologies, the

system can estimate the drone’s location. Compared to relying solely on GPS, this system

provides a reliable estimate close to GPS.



vi

To my loving partner, Sage.



vii

ACKNOWLEDGMENTS

I express my deepest appreciation to my beloved partner, Sage, for her patience towards

me and my research. The countless hours and nights dedicated to this work would not have

been achievable without her invaluable support. I would also like to direct my gratitude to

Dr. Scott Budge, my major professor, for his instruction and help throughout this research.

I am also grateful for family and friends for their support and care. I acknowledge this

research was funded predominantly by L3 Harris. I shall also recognize AggieAir for their

assistance in data capture and supply of aerial vehicles, as well as Dr. Droge for the use of

his motion capture studio.

Nikolas I. Jensen



viii

CONTENTS

Page

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

PUBLIC ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

ACKNOWLEDGMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . x

ACRONYMS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xi

1 INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Previous Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.1.1 GPS-denied navigation . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.1.2 Visual-LiDAR SLAM . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Contribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 TEXEL CAMERA OVERVIEW & BACKGROUND . . . . . . . . . . . . . . . . . . . . . . 5
2.1 Texel Camera Sensor Fusion & Textured Digital Surface Model Generation 7
2.2 Texel Image Registration . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2.1 Bundle Adjustments . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.3 Attitude Conventions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.3.1 Quaternions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.3.2 Gimbal Lock . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.3.3 Matrix Representation of Camera Orientation and Location . . . . . 18

2.4 Error State Extended Kalman Filter . . . . . . . . . . . . . . . . . . . . . . 19
2.4.1 System and State Kinematics . . . . . . . . . . . . . . . . . . . . . . 19
2.4.2 Prediction Step and Uncertainty Propagation . . . . . . . . . . . . . 20
2.4.3 Measurement Update . . . . . . . . . . . . . . . . . . . . . . . . . . 21

3 INS-TO-CAMERA PRINCIPAL POINT ALIGNMENT . . . . . . . . . . . . . . . . . . . 24
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.2 INS Sensor to Camera in Context of Motion Capture . . . . . . . . . . . . . 25

3.2.1 Motion Capture Background & Methodology . . . . . . . . . . . . . 25
3.2.2 Perspective-n-Point Alignment Estimation . . . . . . . . . . . . . . . 26
3.2.3 Further Motion Capture Minimization . . . . . . . . . . . . . . . . . 29

4 GPS-DENIED NAVIGATION USING TEXEL IMAGE REGISTRATION . . . . . . 32
4.1 Position Correction through Texel Registration . . . . . . . . . . . . . . . . 32

5 RESULTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34



ix

6 CONCLUSION & FUTURE WORK . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
6.1 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
6.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40



x

LIST OF FIGURES

Figure Page

2.1 Texel Camera with labeled mounted sensors. . . . . . . . . . . . . . . . . . 5

2.2 sUAV with the mounted texel camera payload. . . . . . . . . . . . . . . . . 6

2.3 LiDAR-to-Image window capture visualization . . . . . . . . . . . . . . . . 7

2.4 EO image (top) captured at the window of rotation with the corresponding
scan of LiDAR points (bottom). . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.5 Example collection of texel images with and without 3D surfacing (a) Cor-
responding LiDAR point cloud of fifty unregistered texel images. (b) Wire-
frame of the generated triangulated network for the texel images. (c) TIN
3D surfaced texel images using captured EO imagery. . . . . . . . . . . . . 9

2.6 Homography between two image captures in the same scene. . . . . . . . . . 11

2.7 Example TDSM of an area of Utah State University’s campus created from
texel images captured from the texel camera mounted on a sUAV during a
flight. (a) TDSM from 50 texel images. (b) Registered TDSM compiled into
a single scan. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.8 Visual depiction of gimbal lock in an aerial system. Left represents the system
with all degrees of freedom. Right represents the system losing one degree of
freedom and in gimbal lock. . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3.1 Motion capture setup for alignment of the INS to camera principal point. . 27

3.2 Various MoCap image captures with highlighted (red) pixel location for each
marker in their images. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.1 GPS-Denied block diagram algorithm based on the INS and texel imagery . 33

5.1 Estimated position vs GPS position for the recorded flight #1 (a) flight #2
(b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

5.2 Zoomed in results of the first flight of data capture to highlight the GPS
position (orange), estimated position (blue), and registration corrections (pink). 36

5.3 Estimated position vs GPS position overlaid onto a map containing location
features for flight #1 (a) and flight #2 (b) (Sourced by OpenStreetMap under
the Open Database Liscense.) . . . . . . . . . . . . . . . . . . . . . . . . . 37



xi

ACRONYMS

CAIL Center for Advanced Imaging LiDAR

DEM Digital Elevation Map

EO Electro-Optical

ESEKF Error-State Extended Kalman Filtering

GPS Global Positioning System

IMU Inertial Measurement Unit

INS Inertial Navigation System

LiDAR Light Detection and Ranging

LM Levenberg–Marquardt

NCC Normalized Cross Correlation

PnP Perspective-n-Point

RANSAC Random Sample Consensus

SIFT Scale-Invariant Feature Transform

SLAM Simultaneous Localization and Mapping

sUAV Small Unmanned Aerial Vehicle

TDSM Textured Digital Surface Model

TIN Triangulated Interconnected Network

UAV Unmanned Aerial Vehicle



CHAPTER 1

INTRODUCTION

In the past decade, there has been a significant rise in the popularity of Small Un-

manned Aerial Vehicles (sUAV) across a wide range of applications [1]. Many of these

applications require precise location information, which necessitates the implementation of

localization techniques. By implementing localization techniques, the sUAV can accurately

determine the positions of landmarks, objects, or potential hazards, allowing users to utilize

this information according to their specific needs. Another possibility is localizing the sUAV

itself, which can establish the sUAV’s flight paths, measure distances covered, and even aid

in calculating velocity [2].

Traditionally, localization techniques have relied on a combination of Inertial Measure-

ment Unit (IMU) sensors and Global Positioning System (GPS) technology [3–5]. The IMU

acts as a basis for movement as it contains information on the systems acceleration, ori-

entation, angular velocity, and compass heading. These IMU measurements and the GPS

data are then implemented into a designed Kalman filter for precise navigation and loca-

tion estimation. However, GPS can be susceptible to disconnection and inaccuracies due to

factors such as jamming and environmental conditions [6]. Therefore, this study aimed to

explore alternative localization estimation methods that do not depend on GPS.

Specifically, the research utilized the acceleration and angular velocity measurements

from an IMU sensor to integrate them into a dead-reckoning location estimator. Unfortu-

nately, it is known that IMU sensors tend to experience drift over time, leading to increasing

errors in position estimation and navigation [7].

To address these challenges, this research introduces two key approaches. Firstly, it

leverages Error-State Extended Kalman Filtering (ESEKF) to track IMU sensor measure-

ments. The designed ESEKF serves as a foundation for localizing the sUAV system during

flight operations. Secondly, the ESEKF incorporates fused Light Detection and Ranging
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(LiDAR) data and digital images to generate position corrections, enhancing the accuracy

of the localization process. The LiDAR data comes from a remote sensing technology that

uses laser pulses to measure distances to objects and create precise three-dimensional repre-

sentations of the surrounding environment. Operating at a higher frequency in a rotational

field of view, the LiDAR unit can rapidly deliver precise mapping of positional features,

enhancing its capabilities for localization techniques.

1.1 Previous Work

1.1.1 GPS-denied navigation

Achieving accurate navigation in GPS-denied scenarios has been a hot research topic,

as this is a very common problem that can assist in military and civilian domains. Use cases

include land surveillance, weather monitoring, autonomous navigation, and even underwa-

ter/underground guidance [8–11]. Of these topics, it would be desired to create a system

that is as low-cost and accurate as possible, ensuring accessibility and reliability for any use

case.

In Brigadnov et al. study, the desire for navigation in a GNSS-denied enviornment was

studied to ensure localization and mapping for underground mining operations. The imple-

mentation of this underground navigation allowed for accurate localization and mapping,

improving the accuracy and efficiency of the mining process and surveying. Though, this

work was accurate to within a local area using only wheel odometery.

As for Chisholm et al., the use of GPS-denied navigational reliance was needed for

below-canopy forest surveying and management due to environmental factors such as GPS

signal blocking tree canopies [12]. This work proved useful, but required multiple passes of

a local area for reliable accuracy.

1.1.2 Visual-LiDAR SLAM

Common approaches to visual navigation in a 3D setting is the implementation of

Simultaneous Localization and Mapping (SLAM). This process follows taking visual infor-
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mation of the system and applying it towards location estimation and mapping the envi-

ronment during movement [13, 14]. Typically, SLAM systems do not rely on GPS, making

the operation of SLAM a GPS-denied operation. Though, due to the flexibility of SLAM,

there are many branches, including designs that are GPS reliant implementations [15]. Of

these branches, it shall be noted the similarities of visual-LiDAR SLAM compared to the

research presented.

This thesis aligns closely with research on a visual-LiDAR-based SLAM system, pre-

senting a SLAM-like approach to navigation and mapping through its localization and

mapping processes. An illustrative instance of visual-LiDAR SLAM for sUAV systems was

explored by Qian et al., emphasizing local mapping and navigation with solely visual and

LiDAR information affixed to an sUAV [16]. Points of divergence between Qian’s study

and the current thesis include the incorporation of Inertial Measurement Unit (IMU) data

for position estimation using Kalman filtering, a common aspect in SLAM designs, and the

registration of Textured Digital Surface Models (TDSM). While Qian’s research primarily

centered on local area mapping through feature extraction from LiDAR point clouds and

visual features, it was limited to flight distances of less than 250 meters using two distinct

datasets.

Hemann et al. followed a method of GPS-denied localization using a visual SLAM-like

method by creating a Digital Elevation Map (DEM) from LiDAR data and then correlating

the map to pre-processed satellite images [17], while simultaneously adding position esti-

mation from a Kalman filter. Similar work was created by Miller et al., which uses image

feature tracking methods to aid in their navigation methods [18]. This work was mainly

tested on 2D scenarios in straight hallways and infers to be expanded to a 3D setting in the

future.

This thesis introduces a SLAM-inspired methodology where the estimated pose also

enhances the precision of the TDSM registrations in the overall system. Conventional SLAM

systems typically emphasize constructing a dense, geometric map of the environment, often

represented as a point cloud or mesh. In contrast, this research generates mapping from



4

a top-down perspective, situated 60 meters above the ground and capturing only windows

of data. Although generated TDSMs follow a mapping technique, they diverge from the

regular map generation in a typical SLAM approach, therefore giving the characterization

of the proposed research as a SLAM-like approach.

1.2 Contribution

This thesis describes implementing a navigational system that does not rely on GPS

measurements, but instead estimates position using IMU data combined with LiDAR-

Photogrammetry fusion. The system is also designed with the goal of being low-cost,

giving accessibility for more use cases. Similar to visual-LiDAR based SLAM, the research

conducted offers a way of navigating in a GPS-denied scenario while concurrently generat-

ing a TDSM for the user. This design is able to process the estimated location for over 3

kilometers, while simultaneously registering the TDSMs in a timely manner.

The specially designed system offers a precise local navigational solution, completely

independent of GPS usage. This innovative approach ensures both cost-effectiveness and

accurate device positioning. Such advancements have wide-ranging applications and can

prove highly advantageous in various scenarios. For instance, a silviculturist working with

limited resources in a remote and mountainous region may need to monitor a forest stand.

In this case, a local position estimation becomes crucial to confirm that the forester is

observing the correct stand, prompting the need for a GPS-denied navigational system.

Similarly, the system also serves military purposes by enabling the localization of sUAVs or

desired objects in GPS-jammed environments, while providing the user with valuable visual

data of the area through TDSM generation.

In this thesis, Chapter 2 will introduce the texel camera and provide the context for

TDSM registration. Chapter 4 will detail the process of GPS-denied navigation, utilizing

the registered TDSM and measured IMU data. Chapter 5 will showcase the data collected

and the results of estimated positions. Lastly, Chapter 6 will present the concluding remarks

and possible future work.
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CHAPTER 2

TEXEL CAMERA OVERVIEW & BACKGROUND

The research for this thesis was designed off of prior work with the Center for Advanced

Imaging LADAR (CAIL) [19–22]. This previous work involves the design of multi-sensor

fusion for registering TDSMs from a sUAV payload containing a “texel“ camera. The texel

camera contains a LiDAR unit, an electro-optical (EO) camera, and an Inertial Navigation

System (INS). The texel camera implemented in this study can be seen in Figure 2.1 where

this camera would then be mounted to the sUAV pointing downwards as seen in Figure 2.2.

This sUAV then surveys a designated local area by following a flight path and using the

Fig. 2.1: Texel Camera with labeled mounted sensors.
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Fig. 2.2: sUAV with the mounted texel camera payload.

texel camera to generate data to be registered into a TDSM. The result of this process is a

3D surface that the user can then use for multiple applications such as forest management,

emergency response, infrastructure, and defense [23–25].
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2.1 Texel Camera Sensor Fusion & Textured Digital Surface Model Generation

While in aerial flight, the LiDAR unit undergoes rotation and collects data from a

specific window of its rotation as seen in the example in Figure 2.3a resulting in a generated

3D point cloud. At the center of this designated LiDAR window, an image is acquired using

the EO camera. This image capture with relation to the LiDAR rotation can be seen in

Figure 2.3b. The acquisition of both imagery and point clouds creates what is called a texel

image. This synchronization process ensures a match between a set of LiDAR points and

the captured image. To visualize, the resulting window and image for a single rotation are

seen Figure 2.4.

LIDAR 
UNIT

(a) Visual depiction of the implemented windowed
LiDAR unit.

LIDAR UNIT & 
Camera

Camera

Captured 
EO image

(b) Visual depiction of the synchronized image
capture with the LiDAR window.

Fig. 2.3: LiDAR-to-Image window capture visualization

With the alignment calibrated, multiple texel images can be fused together by pro-

jecting the collected LiDAR point clouds to a similar plane, creating a visual flight-path of

LiDAR data. To impose the imagery to the model, a 3D surface can be added to the point

cloud by applying a Triangulated Interconnected Network (TIN).

TIN surfacing takes LiDAR data points and connects them to form a network of non-

overlapping triangles. Linear interpolation within these triangles then enables the estima-

tion of elevation values at any of these points. The triangulated network can be seen with

the wireframe in Figure 2.5b. Lastly, the generated triangles are filled with the captured

imagery. The TIN surface result is a flight-path of texel images that can be seen in Figure

2.5c below.
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Fig. 2.4: EO image (top) captured at the window of rotation with the corresponding scan
of LiDAR points (bottom).

While the 3D reconstruction from the texel images can be accurate for some areas,

these 3D surfaces can drift over time causing errors. These errors can be seen again in

Figure 2.5c with the taller building’s shape and near the center of the 3D reconstruction

with clippings of the building. To address this, the texel images are corrected using methods

of image processing to find corrections and reduce point cloud registration errors through

a form of texel image registration [26].
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(a)

(b)

(c)

Fig. 2.5: Example collection of texel images with and without 3D surfacing (a) Correspond-
ing LiDAR point cloud of fifty unregistered texel images. (b) Wireframe of the generated
triangulated network for the texel images. (c) TIN 3D surfaced texel images using captured
EO imagery.

2.2 Texel Image Registration

To register the texel images is to find a coordinate frame of 3D LiDAR points for

all available texel images. Achieving this objective involves establishing correspondences

between 3D LiDAR points, pinpointing their locations in the imagery, and determining their
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positions in adjacent texel images. Initially, the approach entails identifying a 2D position

in the jth captured image corresponding to each bi LiDAR point. These 2D positions

project the captured 3D LiDAR points onto the normalized image plane of the jth image.

The calibration process, as outlined in Khatiwada (2023) [26], encompasses three key steps:

camera calibration, LiDAR-to-camera alignment, and estimation of mapping from the found

LiDAR-to-camera. The outcome is the mapping of 2D positions of 3D LiDAR points onto

the normalized image plane of the captured image.

Next, finding a common projection for the neighboring texel images is found. Given

two texel images, j and k, a single 3D LiDAR point bi can be seen for both images. If bi

was captured in the jth texel image with a projected 2D position (uij , vij), then to find the

projection of bi onto the kth image, a method of correlation is needed. This correlation for

each point can be found through Normalized Cross Correlation (NCC).

For the purposes of this thesis, NCC for imagery is a statistical technique used to

quantify similarities between two images. The correlation method is an extension of the

standard cross-correlation with the added feature of normalization for more generalization.

NCC provides a correlation coefficient that ranges from [-1 1], where 1 signifies strong simi-

larity, -1 indicates a strong dissimilarity, and 0 represents no correlation. This normalization

makes NCC robust to variations in intensity, and contrast in images. In the context of texel

images, NCC is employed for feature matching, where it aids in identifying and aligning

similar patterns or objects across multiple EO images. Unfortunately, NCC can be costly

during processing, so an initial ”guess” of each point is needed to save time during NCC.

To initially start this guess, a correspondence between the 2D position in image j and k is

found by finding a homography between the two images.

The homography matrix establishes the correspondence between pixel coordinates in

both images by solving the equation Pk = HjkPj , where Pj represents the coordinates in

the jth image and Pk represents the coordinates in the kth image. The matrix Hjk can be

obtained by using the 4-point algorithm and Random Sample Consensus (RANSAC), and

lastly finding corresponding image features between two images.
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To find matching image feature points between two images, the homography process

utilizes a method of Scale-Invariant Feature Transforming (SIFT). SIFT works by first de-

tecting key points in an image that are distinctive and stable under different conditions.

Then, it computes descriptors for these key points based on the gradient magnitude and

orientation of image patches surrounding them. These descriptors capture the local visual

characteristics of the image patches surrounding the key points [27]. The resulting homog-

raphy is a found transformation of corresponding image points between image j and k. A

visual of the results can be seen in Fig. 2.6 below, where transformation is found through

the colored border and the lines represent the matched feature points.

Fig. 2.6: Homography between two image captures in the same scene.

The resulting homography and putative feature points are then inserted into the NCC

process. With a found homography Hjk, the image k is registered, resampled, and warped

to fit the jth image space, enabling a smoother outcome with the NCC algorithm. Then a

patch of pixels in the jth image at the LiDAR projection of point bi is set as a reference

for the correlation of image k. Due to perspective adjustments between images, the pixel

location in k with the highest NCC score is recognized as the same 2D position. The position
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is then set as the location of the projection of bi onto texel image k. Then, for each of the

bi, the projection is added to a projection matrix. The projection matrix is formulated to

consists of an image projection for each 3D point onto all available texel images.

2.2.1 Bundle Adjustments

As the projections of 3D LiDAR points onto a common plane are non-linear approx-

imations, errors and drift may manifest during the registration process. To correct these

inaccuracies, bundle adjustments come into play. The bundle adjustment technique, piv-

otal in computer vision and photogrammetry, refines the estimation of camera poses and

3D structure from a set of images or a fusion of images and LiDAR data [28]. In the texel

registration process, employing bundle adjustment becomes crucial to ensure the accuracy

and refinement of the final TDSMs. Adopting a bundle adjustment approach optimizes

the extrinsic parameters of the EO camera and the 3D LiDAR points for each texel image,

striving for the most precise alignment between observed image features and the TDSM.

Sparse Levenberg-Marquardt

In the generation of TDSMs through texel images, a bundle adjustment technique is

employed to minimize errors. This TDSM creation process involves the transformation of

3D LiDAR points from world space to normalized image space (a non-linear procedure).

To enhance the precision of texel image registration and reduce errors, the LM algorithm

is applied in the bundle adjustment method. This approach builds upon the prior TDSM

registration work outlined by Khatiwada (2023) [26].

The LM algorithm is an optimization algorithm frequently used in nonlinear least

squares parameter estimation. The algorithm is an iterative method that aims to find the

best-fitting parameters of a model to a given set of data points, such as the pose and 3D

LiDAR points. The LM algorithm combines the advantages of the Gauss-Newton method

with gradient descent [29]. This allows for a fast and better convergence for early iterations.

By adjusting the damping factor dynamically, it adapts the optimization process based

on the local curvature of the cost function, leading to efficient parameter estimation for
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nonlinear models.

For the purpose of image reconstruction, the sparse LM algorithm is used due to its

algorithm specifically designed to handle sparse Jacobian matrices. The LM algorithm is

useful for this research because the bundle adjustment optimization problem involves a large

number of parameters and a sparse Jacobian matrix. The sparsity of the Jacobian matrix

can result from the limited overlap between consecutive scans as well as lack of image patch

matches.

For the LM algorithm, the processes uses the set of parameter vectors for S, (i.e. the

camera and points), the measurement Xij , the covariance matrix ΣX , and the function

f : S → X̂ij which estimates the measurement matrix. The measurement matrix, denoted

as Xij , comprises of the projection-range coordinates. These coordinates include xnij and

ynij , representing the 2D normalized image projections of bi for the j
th texel image, and λij ,

indicating the range of bi for the same texel image. Likewise, the estimated measurement

matrix, X̂ij , is defined as a function of both the model parameters, a, and the data points,

b. These model parameters for each jth texel image are defined as,

aj = [qwj , qxj , qyj , qzj , pxj , pyj , pzj ]
T , (2.1)

while each ith data point is defined as,

bi = [xxi, xyi, xzi]
T (2.2)

which also divides up the parameter vector S into S = [a0, a1, ..., aj , b0, b1, ..., bi]
T . Lastly,

we can define the two derivative matrices, Aij =
∂X̂ij

∂aj
and Bij =

∂X̂ij

∂bi
. The goal is to

minimize the error ε = X − X̂ for the measurement position of each LiDAR point and

the pose of each texel image. Following a highly simplified version of the partitioned LM

algorithm in Hartley and Zisserman [30], the process follows the steps of Algorithm 1.

Essentially, the LM algorithm minimizes the error by computing the Jacobian matrix of

the estimated measurement matrix. This Jacobian matrix represents the partial derivatives
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Algorithm 1 Sparse Levenberg-Marquardt

1: Initialize the constant λ = 0.001.
2: Compute the Jacobian matrix, J = δX̂

δS = [ δX̂δa , δX̂δb ].
3: Compute expressions U, V, W, Y, εAand εB

Uj = ATΣ−1
X A, Vi = BTΣ−1

X B,

Wij = ATΣ−1
X B, Yij = W TV ∗−1

εA = ATΣ−1
X ε, εB = BTΣ−1

X ε

4: Compute δa and δb
→ Solve for δa from the equation:

(U∗ −
∑
i

YiW
T
i )δa = ϵa −

∑
i

Yiϵb

→ Compute δb using the found δa:

δb = V ∗−1
i (ϵb −W T

i δa)

5: Formulate the set of equations Jδ = ε to compute error.[
U∗ W
W V ∗

] [
δa
δb

]
=

[
εa
εb

]

6: If the latest error is less than the old error, save the new values of the parameters for
the next iteration, starting at step 2 and dividing λ by 10.

7: If this error difference is the best after an predetermined number of iterations and/or
threshold, terminate. → The final parameters are saved to minimize the resulting
squared Mahalnobis distance ||ε||2ΣX

=
∑

i

∑
j ε

T
ijΣ

−1
Xij

εij .

of the predicted measurements with respect to its model parameters, a and b. Expressions

can then be computed to represent a set of normal equations to find a set of vectors, δa

and δb, to incrementally shift the original estimate. If these incremental vectors improve

the overall error, the new values of the parameters are accepted and process starts again.

Final TDSM Results

Once multiple images are matched to their corresponding point cloud data and trans-

formed to a single plane, the set of data is then textured by applying a TIN surface to the

3D point clouds and then overlaying matched imagery. The surfacing creates a single 3D
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reconstruction for those scans. The result of the design is a TDSM for the captured image’s

corresponding terrain. Following these steps, the final TDSM is registered as seen in Figure

2.7b, which can be compared to the original 50 texel image model in Figure 2.7a. Most

notably, it can be seen that the shape of the taller building is more precise, the sidewalks

are straighter, and there is minimal clipping of data. Consequently, due to the resolution of

the LiDAR unit and the top-down nature of the image captures, vertical walls or edges of

the building may not be completely straight, but are improved through TDSM registration.

(a)

(b)

Fig. 2.7: Example TDSM of an area of Utah State University’s campus created from texel
images captured from the texel camera mounted on a sUAV during a flight. (a) TDSM
from 50 texel images. (b) Registered TDSM compiled into a single scan.
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2.3 Attitude Conventions

Attitude plays a critical role during navigation, whether it’s in the context of aviation,

marine navigation, or any other form of transportation. Attitude refers to the aircraft’s

orientation relative to the Earth’s horizon and includes roll, pitch, and yaw. Maintaining

the proper attitude enables precise control, allowing efficient and effective registration with

the texel camera.

2.3.1 Quaternions

The mathematical concept of quaternions extends the idea of complex numbers for four

dimensions and were first derived in 1819 by Carl Friedrich Gauss and later introduced by

Sir William Rowan Hamilton in 1843 [31,32]. Quaternions represent rotations in 3D space,

and are defined in the form: q = w + ix + jy + kz. The values i, j, k represent imaginary

units, and satisfy: i2 = j2 = k2 = i · j · k = −1, while w, x, y, z represent real numbers. For

the purpose of this research, quaternions give a representation of the systems attitude.

A benefit to quaternions is that they represent an orthonormal rotation when the

quaternion is normalized. By normalizing the quaternion, this ensures that the axis of

rotation (the imaginary part: i, j, k) is orthogonal to the angle of rotation (the real part:

w), while also representing a rotation with a magnitude of 1. This normalization ensures

orthonormality of the quaternion.

For the purpose of GPS-denied navigational methods, the quaternion must be normal-

ized accordingly. To normalize a quaternion, each component of the quaternion must be

divided by the quaternions magnitude, or length. This is done by calculating the Euclidean

norm, or L2 norm, of the quaternion vector as defined below,

qk =
q

||q||
=

1√
q2w + q2x + q2y + q2z

[
qw qx qy qz

]T
(2.3)

where qk represents the normalized quaternion at the measured discrete index k. The

normalization of the quaternion ensures the vector is unit length. A unit quaternion shall

guarantee a true representation of a 360 degree rotation, without any additional scaling.
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Quaternions also offer numerous other operations, such as addition, inversion, multipli-

cation, and conjugation. Of these operations, the quaternion multiplication shall be defined

as:

q1 ⊗ q2 =



(qw1qw2 − qx1qx2 − qy1qy2 − qz1qz2)

(qw1qx2 + qx1qw2 + qy1qz2 − qz1qy2)

(qw1qy2 − qx1qz2 + qy1qw2 + qz1qx2)

(qw1qz2 + qx1qy2 − qy1qx2 + qz1qw2)


(2.4)

2.3.2 Gimbal Lock

Another advantage that make quaternions desirable is how the system avoids gimbal

lock, which occurs in other rotation representations such as Euler angles [33]. A gimbal

typically represents perpendicular rings or frames that pivot and rotate around the axes of

the system. For a given system, classically it will have six degrees of freedom. The degrees

of freedom represent the 3D translation and 3D rotation of the system.

When two of the axes align in a system, the system loses a degree of freedom, causing

the device to be “locked“. This locking can lead to unexpected behavior and difficulties in

rotation representation, hence the desire to represent rotation of a system in quaternions,

which avoid this problem. To visualize, Figure 2.8 depicts a system with gimbal lock if

the attitude representation were to be in roll (ϕ), pitch (θ), and yaw (ψ) for navigational

purposes. The figure presents a aerial system where the yaw axis rotates 90 degrees to align

with the pitch axis. This results in gimbal lock, causing a loss of one degree of freedom and

potentially leading to difficulties in controlling the orientation of the system. Generally, for

a aerial system, gimbal lock must be avoided as precise orientation control is required.

By representing orientation of the sUAV using quaternions, smooth calculations can be

made when predicting the sUAV’s position during a flight. Quaternion error representation

can also be useful, as quaternion properties can handle orientation deviations and error

correction with ease. For the purpose of this chapter and research, the quaternions were

used for the ESEKF estimator introduced in this chapter.
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Fig. 2.8: Visual depiction of gimbal lock in an aerial system. Left represents the system
with all degrees of freedom. Right represents the system losing one degree of freedom and
in gimbal lock.

2.3.3 Matrix Representation of Camera Orientation and Location

The orientation and location of each scan’s camera pose can be represented by seven

parameters: the normalized quaternion rotation vector, and the 3D location vector relative

to the sUAV’s starting position. With these seven parameters, the orientation and location

of the system can be represented by a vector S = [qw, qx, qy, qz, px, py, pz]
T . This vector

can also be represented as,

S =

[
R t

]
=


1− 2(q2y+q2z)

q2w+q2x+q2y+q2z

2(qxqy−qwqz)
q2w+q2x+q2y+q2z

2(qxqz+qwqy)
q2w+q2x+q2y+q2z

px

2(qxqy+qwqz)
q2w+q2x+q2y+q2z

1− 2(q2x−q2z)
q2w+q2x+q2y+q2z

2(qyqz−qwqx)
q2w+q2x+q2y+q2z

py

2(qxqz−qwqy)
q2w+q2x+q2y+q2z

2(qyqz+qwqx)
q2w+q2x+q2y+q2z

1− 2(q2x−q2y)

q2w+q2x+q2y+q2z
pz


which is a 3x4 matrix containing the rotation of the system, R, and the location, t, at the

current texel image scan. The defined rotation R and location t are relative to the world
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coordinate system’s origin matrix. This origin matrix is defined as,

So =

[
Ro to

]
=


1 0 0 0

0 1 0 0

0 0 1 0


The defined matrices are then used to map 3D homogeneous coordinate points from one

coordinate system into another coordinate system. These matrices are also used as reference

for origin points and previous system characteristics during GPS-denied navigation.

2.4 Error State Extended Kalman Filter

To achieve sub-accurate navigation in a GPS-denied scenario, nearly all articles re-

viewed use a variation of the Kalman filter. For the purpose of this thesis, the ESEKF (as

introduced in Chapter 1) is used because the orientation error-state is minimal, it is void of

gimbal lock issues, and the error-state is always small [34–36]. Renowned for its application

in navigation, the ESEKF enhances filter efficiency by concentrating on error states while

addressing non-linearities and uncertainties in system dynamics. Unlike directly estimating

the entire state vector, the ESEKF focuses on estimating errors within the state vector.

For GPS-Denied navigation, the ESEKF specifically estimates pose errors derived from

IMUmeasurements. Additionally, external measurement updates can refine these error state

estimates, guiding the pose estimation toward the assumed correct direction. In Nazaruddin

et al. the ESEKF is used with the measurement update from a memory network to return

the next displacement of their autonomous vehicle, achieving a reduced error in a GPS-

denied environment [36]. In Lu et al. similar work is done that is presented in this proposal,

using position estimation through the ESEKF, as well as the addition of a camera for visual

odometry corrections [9].

2.4.1 System and State Kinematics

The vehicle state (xk) vector at each time step contains the position, velocity, and
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orientation in quaternions; while the control input vector (uk) contains the IMU’s measured

acceleration, angular velocity and rotation in quaternions as seen below:

xk =


pk

vk

qk

 , uk =


āk

θ̄k

q̄k

 .

where ū represents the incoming measured data from the INS. These states can be broken

into their respective vectors at the current index of k, where the position is defined as pk =

[px py pz]
T , velocity as vk = [vx vy vz]

T , and attitude in quaternions as qk = [qw qx qy qz]
T .

2.4.2 Prediction Step and Uncertainty Propagation

Once a control input vector is measured from the IMU, the vehicle states need to be

predicted to give a best estimate for the sUAV’s positiong. To do so, the ESEKF follows a

set of state prediction equations to update the estimated state of the system. The prediction

step is derived off of the previous state estimates and the system dynamics of the sUAV.

During the prediction state of the ESEKF, the system follows,

p̂−
k = p̂+

k−1 +∆tv̂k−1 +
∆t2

2
(R+

k−1āk + g), (2.5)

v̂−
k = v̂+

k−1 +∆t(R+
k−1āk + g), (2.6)

and

q̂−k = q̂+k−1 ⊗ q̄k (2.7)

where the vector g is the gravity vector, g = [0 0 − 9.81]T [34,37,38]. These equations are

used to process the next state of the vehicle by integrating the system’s IMU measurements.

The notation − and + shall denote the a priori and posteriori vector state estimation at their

respective time index. The equations (2.5)–(2.7) represent the discrete motion model and

dynamics of the system. R+
k then represents the rotational matrix of the given normalized
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quaternion q+k and is calculated using the representation defined:

R+
k =


q2w + q2x − q2y − q2z 2(qxqy − qwqz) 2(qxqz + qwqy)

2(qxqy + qwqz) q2w − q2x + q2y − q2z 2(qyqz − qwqx)

2(qxqz − qwqy) 2(qyqz + qwqx) q2w − q2x − q2y + q2z

 (2.8)

Lastly, we note the operator ⊗ as the quaternion product mentioned in 2.4. These functions

represent the discretized representations according to the time intervals ∆t.

Next is the predicted covariance estimate of the system, or the uncertainty matrix.

Using linear error state kinematic equations for position, velocity, and rotation, the addition

of the error state is included in the prediction of the covariance update as follows:

P̂−
k = FP+

k−1F
T
+LQLT , (2.9)

where F represents the transition matrix obtained as a Jacobian form of the error state;

L represents the perturbation Jacobian matrix; Q represents the measurements covariance

matrix; and Pk−1 represents the posteriori state covariance matrix of the previous index.

These equations can then function as the position estimator without texel image corrections.

2.4.3 Measurement Update

During an aerial data capture, the texel camera takes scans of data that is then pro-

cessed into TDSMs. At the same time, the IMU is running and recording measurements

of velocity and rotation. During the position estimation, if the recorded time matches the

time of a scan captured from the texel camera, a measurement update occurs in the ES-

EKF. This results in the measurement vector, yk, which represents the incoming data that

updates the desired estimate and is defined as,

yk = [pxj , pyj , pzj , 0, 0, 0, θxj , θyj , θzj ]
T .

where θ represents the Euler angle of rotation found by conversion of the LM corrected
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quaternion and p represents the 3D position of the jth texel image after extracting the

resulting aj from the LM algorithm 1. Depending on what measured data is updated in

an ESEKF, any of the states in yk can be updated. The estimated state vector x̂−
k is then

converted to follow the dimensions and states of yk by conversion of quaternion to Euler

angle as defined by

x̂−
k = [p̂−k , v̂

−
k , θ{q̂

−
k }]

T .

Given the estimated position from the ESEKF and the corrected position from the

texel registration (discussed in Section 4.1), the estimated position is corrected using the

measurement update process below:

Kk = P−
k Hk

T
(HkP

−
k Hk

T
+R)−1 (2.10)

where R is the measurement noise covariance matrix, Kk is the gain matrix, and H is

the observation matrix that indicates what measurements are to be updated from the texel

registration process. For the purpose of our texel camera, the observation matrix is defined

as H = Diag([1, 1, 1, 0, 0, 0, 1, 1, 1]), where the one’s indicate the measured states of the

system that are being updated during this step. The updated states are then measured to

be position and rotation during texel registration.

The matrix R is defined as a diagonal matrix with variances for the position, velocity,

and orientation. The updated error state vector is then found and the estimated position,

velocity, and rotation are corrected using

δx̂+
k = Kk(yk − x̂−

k ) = [δp̂+
k δv̂+

k δθ̂+
k ]T , (2.11)

p̂+
k = p̂−

k + δp̂+
k , (2.12)

v̂+
k = v̂−

k + δv̂+
k , (2.13)

and

q̂+k = q̂−k ⊗ q{δθ̂k}, (2.14)
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Lastly, the covariance matrix is updated for the next iteration with

P̂+
k = (I −KkHk)P

−
k−1(I − KkHk)

T +KkRKk
T . (2.15)

This then adds the additional gain updates that were found during the measurement update

process to the covariance matrix.
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CHAPTER 3

INS-TO-CAMERA PRINCIPAL POINT ALIGNMENT

3.1 Introduction

The camera principal point is a specific point within the camera’s image plane, where

the optical axis intersects and for the purpose of this chapter, can be seen as the central

position of the camera. This principal point is conventionally denoted as (cx, cy) and is

expressed in pixel coordinates on the camera’s image plane. The cx coordinate corresponds

to the horizontal position, aligning with the image’s width, while the cy coordinate denotes

the vertical position, corresponding to the image’s height.

The principle point along with the camera’s focal lengths in pixels, (fx, fy), can be

combined to create the camera calibration matrix, which can be represented as,

K =


fx 0 cx

0 fy cy

0 0 1

 . (3.1)

It shall be noted that the texel camera used in this research has undergone prior calibration,

resulting in the availability of the camera calibration matrix. To enhance the accuracy of

registration and position estimation, one effective approach involves aligning the INS sensor

with the EO camera’s principal point.

While the INS sensor is affixed to the same mounting bracket as the EO camera and

LiDAR unit, an offset is present between the two sensors. The purpose of this alignment is

to accurately represent the potential displacement in rotation and translation between the

INS and EO camera. Aligning the INS with the principal point of the texel camera is a

critical step in enhancing the accuracy and reliability of aerial position estimation and texel

image registration.
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As presented in this thesis, there is a heavy reliance on navigational data from the

INS and camera. The significance of this alignment becomes particularly evident when

considering the accuracy of the orientation of the texel camera. Even the slightest deviation

in the orientation of the texel camera, especially when positioned at a significant altitude,

such as 60 meters in the air, can possibly lead to a large impact on the accuracy of texel

image registration and the reliability of the estimated position. While the orientation of

the EO camera and the INS may seem parallel in theory, sensor mounting errors might be

present. To combat this, a calibration in the INS and EO camera’s principal point was

performed.

3.2 INS Sensor to Camera in Context of Motion Capture

Recognizing the need for INS-to-camera alignment, an approach was conducted us-

ing motion capture technology. This technology allows for the identification of real-world

features, their 3D positions, and orientation to a fixed origin. By leveraging this 3D po-

sitional data along with the information gathered from the INS and the images acquired

by the camera, we can effectively reduce the misalignment between the INS poase and the

camera’s pose.

3.2.1 Motion Capture Background & Methodology

Motion capture (MoCap), is a technology used to record the movements of objects or

living beings, typically humans, and translate those movements into digital data. MoCap

technology is widely used in various fields, including entertainment, medicine, computer

vision, and robotics, for a range of purposes [39–41]. Commonly, for optical based motion

capture, there are two types of systems: marker and marker-less motion capture [42]. The

approach used in this chapter shall use a marker based motion capture system.

To do so, a motion capture studio, hosted by Dr. Greg Droge at Utah State Univer-

sity, was used in achieving alignment precision. This studio, characterized by an array of

strategically positioned cameras enveloping a workspace, locates and tracks placed mark-

ers featuring reflective material. Because this MoCap studio operates by tracking placed
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markers, the 3D positions of the INS and ten placed markers can be located throughout

multiple image captures. Furthermore, it captures the orientations of the INS relative to

a predefined origin. Figure 3.1 presents the setup where the mounted EO camera/INS is

located using the three attached markers, while the table holds the ten placed markers to

be located and captured through imagery.

To maximize the efficacy of alignment efforts, the ten markers were consistently featured

within the camera’s field of view. Multiple images of the markers were then captured and

the pixel positions of the markers in each image were recorded. Presented in Figure 3.2, the

resulting images show varying orientations and positions, keeping each of the ten highlighted

markers in the image. The variation in imagery ensures greater accuracy in INS-to-camera

alignment.

Utilizing the 3D positions of the INS and markers, as well as marker locations in the

image, and orientation of the INS, an approach can be found to describe the rotation and

translation offset of the INS to the camera principal point.

3.2.2 Perspective-n-Point Alignment Estimation

Perspective-n-Point (PnP) is a computer vision and robotics problem used to estimate

the pose of a camera in 3D space relative to a set of known 3D points and their corresponding

2D image projections [43, 44]. PnP algorithms are typically used when you have a set of

2D-3D correspondences between points in an image and their 3D coordinates in world space.

This approach can then be represented using the collected data from the MoCap studio.

By taking the 3D MoCap world-space positions of the markers and representing them

as the matrix Xw, and the normalized image projected positions as the vector [u, v, 1]T ,

these can be added to the PnP equation below:


u

v

1

 = KΠcTw



Xw

Yw

Zw

1


(3.2)
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Fig. 3.1: Motion capture setup for alignment of the INS to camera principal point.
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Fig. 3.2: Various MoCap image captures with highlighted (red) pixel location for each
marker in their images.

where K is the calibrated camera intrinsic matrix, Πc is the perspective projection model,

and Tw is the pose matrix containing the desired rotation and translation to minimize

3D-2D re-projection error. Equation 3.2 then can be expanded out to be defined as:


u

v

1

 =


fx 0 cx

0 fy cy

0 0 1



1 0 0 0

0 1 0 0

0 0 1 0





r11 r12 r13 tx

r21 r22 r23 ty

r31 r32 r33 tz

0 0 0 1





Xw

Yw

Zw

1


(3.3)

Numerous code libraries provide ready-made functions for tackling the PnP problem,

often featuring diverse variations to cater to users’ specific requirements. Among these

libraries is OpenCV’s solvePnPRefineLM function, which accepts the input of initial esti-

mates for rotation and translation from INS to the principal point. This process involves

the utilization of the Levenberg-Marquart (LM) algorithm, as detailed in Section 2.2.1, in
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an iterative manner to minimize errors within the resulting pose offset matrix, all initiated

from the initial guess.

For the process of this thesis, the initial guess of rotation and translation was found

using caliper measurements of an assumed identity matrix rotation and a translation of

[0.041, 0, 0.01] meters in the [x, y, z] direction.

3.2.3 Further Motion Capture Minimization

While the PnP solution obtained by minimizing the PnP problem’s solution closely

approximated the initial guess derived from caliper tool-based measurements, the level of

accuracy remains uncertain. As an additional step in addressing the offset between the

INS and camera, an alignment technique was adapted from work by Dr. Scott Budge

[45]. Originally designed for aligning LiDAR with the EO camera’s principal point using

positional data from LiDAR point clouds and matching them with imagery, this section

employs a similar approach. This alignment utilizes MoCap data, INS orientation, and a

minimization process to mitigate errors.

Through the measurement of positional data from the MoCap system, the following

data will be available: PW
fi

, the world space feature position for the ith marker, PW
rj

, the

world space position of the INS at the jth captured image, and R̂W
bj

, the rotation from

the body to the world-frame of the INS at the jth image. This data will be set as known

parameters to build a system for minimization of error. Then, for each PW
rj

, an estimated

vector l̂ij can be extended from the principal point, through the projected image space, to

then intersect with other rays in images at PW
fi

.

l̂ij can be estimated by finding the distance in meters, ld, between the solved PnP

position of the principal point and each marker position. This distance vector can then be

applied to the projected image positions to create the desired vector:

lij =
ldij√

uj + vj + 1
∗


uj

vj

1


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Lastly, a subtraction of the translation offset from the INS-to-camera and a rotation

from the INS body to the camera is used to correct for the INS-to-camera offsets.

By then combining all of these parameters together, an equation can be produced to

estimate the position of each marker in world space as seen in (3.4),

P̂W
fi

= PW
rj

+ R̂W
bj

RC
b (lij − dcam). (3.4)

Because the process requires a minimization of error to find the closest solution from the

marker position estimate, an enumeration of errors is required to find the two INS-to-camera

parameters: RC
b , the rotation from INS body to camera, and dcam, the translation from

the INS to the principal point in meters. The minimization of error is then set up to be:

min
RC

b ,dcam

∑
i

∑
j

ΣT
ijΣij (3.5)

where

Σij = PW
fi

− P̂W
fi

= PW
fi

− (PW
rj

+ R̂W
bj

RC
b (lij − dcam))

(3.6)

Resulting Alignment

Using MATLAB’s Nelder-Mead simplex search method from Lagarias et al. [46], a

minimization is conducted by expanding and contracting small iterations of the desired

estimated variables, then comparing the objective function’s results for a minimized result.

For the purpose of INS-to-camera offset minimization, the variables used will be RC
b and

dcam, and the objective function will be (3.4). By iteratively stepping through the objective
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function, the PnP variable solution was corrected to have a resulting alignment of,

dcam =

[
0.041324652681350 0.000423532551884 0.007562668310419

]

RC
b =


−0.072210607891832 0.987409656189228 0.140740182507212

0.994297071943732 0.082369485001079 −0.067739210689071

−0.078479047089102 0.135046061789777 −0.987726480541581


This offset can then be applied to the collected INS data, and LiDAR data prior to

producing the texel images at each swath of the LiDAR unit’s rotation. The result is an

improved accuracy in the texel image registration into TDSMs and GPS-denied navigation.



CHAPTER 4

GPS-DENIED NAVIGATION USING TEXEL IMAGE REGISTRATION

In this thesis, GPS-Denied navigation is presented through the integration of the ES-

EKF with texel image registration, as discussed in Chapter 2. This involves incorporating

the ESEKF’s estimated pose into the common plane projection and bundle adjustment

stages of texel image registration. Consequentially, the filtered INS data is fused with the

texel image registration process, enhancing the overall navigation system and removing GPS

dependency.

4.1 Position Correction through Texel Registration

During aerial flight, the texel camera simultaneously captures data for both texel images

and the ESEKF navigation system. In the texel image registration, an accurate camera pose

is crucial for precise 3D-to-2D projection of LiDAR point clouds throughout a flightline

dataset. To minimize errors in this projection, a bundle adjustment algorithm is applied as

mentioned in Section 2.2.1.

In traditional systems, the camera pose is typically determined using a GPS receiver

linked to the INS. However, when faced with a GPS-Denied environment, the pose becomes

an estimation task for the introduced ESEKF. These updates, sourced from the bundle

adjustment stage of texel image registration, contribute to the overall accuracy of the nav-

igation system.

Initially, the IMU sources data to the ESEKF’s state vector where the estimated pose

is found for each sample. Once the timestamp of the IMU matches the timestamp of the

captured texel image, the estimated pose is saved for that single texel image. This pose is

then placed into the bundle adjustment (i.e. LM algorithm) stage during registration.

As discussed, the LM algorithm is employed to minimize errors in the 3D-to-2D projec-

tion and camera pose. This minimization process involves iteratively adjusting the initial
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pose estimate to identify the optimal fit solution. Once the minimized error falls below a

predefined threshold, the resulting measurement matrix is saved, and the refined pose is

extracted. This corrected pose, obtained through the LM algorithm, is subsequently inte-

grated into the measurement update step of the ESEKF. This integration serves to adjust

the estimated position, bringing it closer to the true location. The estimated pose is then

continually found as the data is streamed to the texel camera system.

With all parameters and steps combined, the resulting GPS-denied system can be

completed by following the block diagram as seen in Figure 4.1 below.

 

Texel Image 

EO Camera 

Image 
LiDAR Point 

Cloud 

INS 

Gyroscope Accelerometer Magnetometer 

Find corresponding 

normalized image points for 

each LiDAR shot 

Initial Registration 

Error State Kalman Filter 

Predict Kalman States

 

Initialize Kalman States 

Measurement Update

 

 

Sparse LM Minimization 

 

Bundle Adjustment & Registration 

Final TDSM Registration 

Until time of 

texel image 

Corrected Pose - 𝑦𝑘 

Send to LM for 

pose correction 

Update 

posteriori 

states and 

covariance 

Find image feature 

points 

Project LiDAR points 

to 2D position 

Fig. 4.1: GPS-Denied block diagram algorithm based on the INS and texel imagery
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CHAPTER 5

RESULTS

To acquire data for GPS-denied navigation, two flights were documented, during which

the texel camera was affixed to a sUAV, as introduced earlier in this thesis. Both flights

followed similar paths, yet yielded distinct datasets. The sUAV traversed the Utah State

University campus, initially maintaining a straight trajectory at speeds of 15 m/s. Upon

reaching the Old Main building, the sUAV retraced its path to the starting point, creating

multiple flightline pathways.

The first flight covered a recorded and estimated distance of 3.79783 kilometers, while

the second path spanned 4.76594 kilometers. The results indicate a close alignment between

the estimated position and the tracked sUAS path, with an average error of 4.21956 meters

for the first flight and 4.14791 meters for the second collection. This error averages out

to 4.18373 meters, which is within the range of U.S civilian based GPS accuracy of 3 to 5

meters as stated in the U.S. Department of Defenses’ GPS positioning service performance

standard [47].

The resulting estimated pathways can be seen in the plotted diagrams of Figure 5.1a

and 5.1b. To better view the estimation performance and registration corrections, Figure

5.2 represents the first flight of data capture. Within this plot, GPS position is depicted

by the orange data points, while the blue points represent the estimated position. The

blue points signify the estimated position incorporating texel registration corrections, while

the magenta ”x” marks represent the corresponding pose corrections. The processed data

is also represented by position in meters from the starting point. From our flight path,

the starting point at (0,0,0) was the time of capture once the sUAV reached 15 meters in

altitude.

Applying overlaid GPS location of the flights recorded, we can visually see in Figure 5.3

the performance of the estimator over urban landmarks such as buildings, parking lots,
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(a)

(b)

Fig. 5.1: Estimated position vs GPS position for the recorded flight #1 (a) flight #2 (b).

courtyards, and walkways. This figure contains the color-mapped results representing the

error of the estimator compared to the GPS, where the black line represents GPS position.

It shall be noted that certain sections of these flights perform worse than others. These

sections seem to involve areas with less features for the registration process. If the sUAV

flies over areas with a lack of features such as grassy areas or snowy landscapes, this can

throw off the registration results due to the bundle adjustment’s reliance of image features.

Another possibility in error is the speed of the flight at these positions. Until the flightlines

that are halfway through each flight, the system was travelling close to 30 mph, while 15



Fig. 5.2: Zoomed in results of the first flight of data capture to highlight the GPS position
(orange), estimated position (blue), and registration corrections (pink).

mph at the time of the flightlines. The speed of the system does effect how far apart images

are. The space of imagery could determine how well the registration process performs and

relate to why the estimation performed worse at the first straight line from the start of the

two flights. As for the section near The Quad, the system seemed to be trying to catch

up to a correct altitude. This problem in altitude could relate to the system previously

flying over an overall sloped area near Old Main or from error in imagery. More data over a

variable slope of terrain could show a more viable conclusion to this error during the flight.
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(a)

(b)

Fig. 5.3: Estimated position vs GPS position overlaid onto a map containing location
features for flight #1 (a) and flight #2 (b) (Sourced by OpenStreetMap under the Open
Database Liscense.)
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CHAPTER 6

CONCLUSION & FUTURE WORK

6.1 Conclusion

The effectiveness of GPS-Denied navigation, aided by LiDAR and image registration,

was demonstrated to achieve accuracy comparable to GPS. Employing an Extended Kalman

Filter (ESEKF) for the measured IMU velocity and rotation, along with texel registration

to align LiDAR and imagery with pose, yielded results indicating an average accuracy of

approximately 4.31720 meters from the measured GPS location for an average flight distance

of around 4.281885 kilometers. These findings demonstrate a reliable accuracy close to that

of GPS within a reasonable distance for low-cost sUAV flights.

6.2 Future Work

Future work of this research is to gather dependable data from numerous texel regis-

tration cases. The dataset used in this study was acquired from Utah State Universities

campus, which exhibited a relatively constrained range of landmarks. Although the collected

data included buildings, vegetation, and flat terrains, it does not represent the performance

of forested areas, regions with bodies of water, or areas characterized by significant changes

in elevation, such as mountains, hills, or canyons.

The presence of these landmarks has the potential to impact texel registration perfor-

mance and influence the effectiveness of bundle adjustments. Surveyed areas with limited

features in the imagery may present challenges for texel registration, as it could struggle to

identify image features. Additionally, issues can arise when dealing with tree canopies, as

the LiDAR data points may be affected by returns that pass through the canopy, thereby

impacting the registration process as well. By incorporating more features in the texel

imagery, it is expected to enhance texel registrations and consequently improve position



estimation.

Another direction this research could take is improving processing speeds while without

data loss. During registration, optimizing the bundle adjustments using the LM algorithm

is used for large LiDAR point clouds. While the LM algorithm is one of the most effective

optimization processes for this research, the computations are costly with a complexity of

O(n3) [28]. When dealing with denser datasets, the LM algorithm’s complexity can lead to

increased costs and longer processing times. To address this issue, future efforts could focus

on incorporating alternative optimization methods like Gauss-Newton, Conjugate Gradient,

or Quasi-Newton. Although each method has its limitations, they offer faster processing or

training time compared to the LM algorithm [48].

Lastly, it’s worth noting that the IMU data collected for this research was sampled at

a low rate. The process of GPS-Denied navigation using LM corrections and the ESEKF

are heavily reliant on the IMU data sampled. If this data is noisy, inaccurate, or sampled

too low, this process will return poor results. Implementing a separate processing thread

for IMU data collection while ensuring calibrated sensors could significantly enhance the

quality of this data, as higher sample rates would contribute to improved accuracy in the

ESEKF.
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