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ABSTRACT

Full-Pose Estimation and Tracking Control for a Multi-Rotor Aircraft Package Exchange

by

Trent P. Smith, Master of Science

Utah State University, 2019

Major Professor: Randall Christensen, Ph.D.
Department: Electrical and Computer Engineering

In this work, research to develop guidance, navigation, and control algorithms for a

package exchange maneuver of two quad-rotor aircraft is presented. First, research plat-

forms and tool development is discussed. Second, a differential flatness and LQR trajectory

tracking controller is designed for full pose synchronization of two quad-rotor robots. The

controller is used to guide a designated follower quad-rotor aircraft to track a leader air-

craft’s position and attitude. The follower aircraft is equipped with a 2-DOF manipulator

to compensate for under-actuation of the vehicle. Finally, a sensor architecture study for

relative navigation of Unmanned Aerial Vehicles (UAV) is presented. The architecture

study develops multiple navigation solutions, considers each solution’s appropriateness for

close-proximity missions, and compares performance.

(129 pages)
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PUBLIC ABSTRACT

Full-Pose Estimation and Tracking Control for a Multi-Rotor Aircraft Package Exchange

Trent P. Smith

In this work, research to develop algorithms for a package exchange maneuver between

two quad-rotor aircraft is presented. First, the development of tools used for this research is

discussed. Second, a controller is designed that synchronizes the flight paths and motion of

two quad-rotor robots. The controller is used to guide a designated follower quad-rotor to

follow a leader aircraft’s position and orientation. The follower aircraft is equipped with a

simple mechanical manipulator to compensate for limitations in the aircrafts maneuverabil-

ity. finally, a sensor architecture study for relative navigation of Unmanned Aerial Vehicles

(UAV) is presented. The architecture study presents typical navigation solutions, considers

each solution’s appropriateness for close-proximity missions, and compares performance.
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CHAPTER 1

INTRODUCTION

Interest in autonomous capabilities for Unmanned Aerial Vehicles (UAV) has been in-

creasing significantly in recent years for both military and commercial sectors. Autonomous

UAVs are successfully used in applications such as surveillance, reconnaissance, precision

agriculture, and remote sensing. Academia and industry are actively researching additional

autonomous UAV capabilities such as aircraft docking, autonomous refueling, package ex-

changes and deliveries, and tool manipulation using UAVs [1–3]. These aerial robotic capa-

bilities have the potential to significantly expand the UAV market and solve many difficult

existing problems. The capability to exchange packages between drones, for example, has

the potential to increase the efficiency and practicality of drone delivery systems. This

work presents control and navigation algorithms that can be used for a package exchange

between two multi-rotor aircraft.

A package exchange maneuver is of great interest to the aerial robotics research com-

munity and is the aerial robotic problem this research will focus on. Delivery drones are

already being used to deliver packages in various parts of the world. Airborne package

delivery systems are much faster than ground based but small battery powered UAVs that

are used for delivery systems suffer from significant down-time and limited range due to

their limited flight time. If UAVs had the ability to exchange packages while still flying, a

package relay system could be implemented to overcome these limitations. It could be even

possible to exchange the UAVs battery while flying. Even though this research focuses on

this specific problem of exchanging packages, the resulting navigation and control system

designs could be used for other aerial robotic tasks.

Aerial tasks that involve physical interaction and manipulation are much more difficult

than the typical UAV applications because of the close proximity of other objects and vehi-

cles. These tasks require UAVs to intentionally approach other objects, greatly increasing
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the possibility of a collision. Not only are the aerial robots required to not collide with other

objects, but they must be able to execute precise movements to interact with an object and

accomplish a task. Consequently, navigation and control systems for aerial robotics must

meet strict accuracy, speed, and robustness requirements.

Multi-rotor VTOL aircraft specifically is a great candidate for an aerial platform with

robotic manipulation capabilities. Their small size, affordability, and hovering capabilities

make multi-rotor aircraft ideal for aerial robotic applications. For these reasons, the multi-

rotor platform was chosen for this work.

1.1 Contributions

The work presented in this thesis includes the design of a full-pose synchronization

controller for multi-rotor UAVs and a relative navigation architecture study. The presented

algorithms guides a multi-rotor aircraft in close proximity and synchronizes its attitude and

position with another aircraft to allow for a package exchange. The work does not include

the development of specific higher-level guidance algorithms, hardware, and mechanical

mechanisms for a package exchange, so the algorithms in this work could be used for other

aircraft-to-aircraft aerial robotic tasks. Even though the objective of this research is not

to solve the entire package exchange problem, the successful design of the synchronization

controller and the completion of the navigation study provides a foundation of algorithms

from which a package exchange system can be built.

The navigation study ensures sufficient knowledge of relative position and attitude

states can be obtained for close-proximity missions. The synchronization controller mini-

mizes changes in relative attitude and position creating a more ideal situation for robotic

manipulation between multiple aircraft. Since this is the first iteration of this project,

the algorithms are tested in simulation only and proximity effects are neglected. This al-

lows the complex challenges associated with hardware implementation and proximity effect

disturbances to be more fully addressed in future work.

This work is significant in that it provides design insights into relative state estimation

for aircraft in close-proximity. The results will be presented and analyzed in such a way
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to help the system designer determine which architecture is appropriate for their specific

mission requirements and objectives. Special attention will be given to the appropriateness

of the presented navigation solutions for close-proximity missions.

The contributions of this work are the following:

• The design of relative navigation solutions for seven distinct sensor architectures.

• Performance comparisons between each of the proposed architectures in the context

of a close-proximity maneuver.

• A nonlinear controller design for full-pose synchronization of quad-rotor UAVs.

1.2 Overview

The rest of the paper is organized as follows. First in chapter 2, relevant literature is

reviewed. Chapter 3 develops a simulation used for this research and presents other tools and

conventions used in this work. Chapter 4 explains the design of a full-pose tracking controller

for the synchronization of multi-rotor drones. In chapter 5, the navigation architecture study

is presented for relative navigation. The study includes the development of an Extended

Kalman Filter (EKF) for relative state estimation, the implementation of that EKF for seven

separate navigation architectures with varying grades of IMUs, and methods for validating

the estimator’s results. Chapter 6 gives simulation results of the synchronization controller

implementation. Chapter 7 presents and compares simulation results for each of the sensor

architectures. This chapter also presents data that supports the proper functioning of the

EKFs. Finally, in chapter 8 concluding remarks are given and future work is discussed.



4

CHAPTER 2

BACKGROUND AND LITERATURE REVIEW

To help the reader see how this works contributes to the aerial robotics field and builds

upon previous work, it is necessary to review relevant and existing literature. First, litera-

ture focused specifically on aerial robotics will be discussed. Second, existing literature on

control techniques for trajectory tracking will be presented. Third, background on relative

navigation will be given. Fourth, vision-only navigation solutions for relative navigation

will be discussed. Lastly, other navigation architectures commonly found in state-of-the-art

navigation systems will be reviewed.

2.1 Aerial Robotics

Research focused on aerial robots interacting with surrounding objects and environ-

ments is an emerging topic that can drastically change how a variety of tasks are solved.

Augugliaro et al [1] constructed a simple but large structure with flying robots. In [2],

the researchers were able to get an autonomous multi-rotor aircraft to pick up and place

objects, position pegs into small holes, and to turn a valve. Even though much of the recent

research is able to consistently accomplish these tasks [1–5], the targets for the aerial robotic

tasks presented in these works are stationary. An aircraft-to-aircraft robotic interaction has

disturbances and other challenges that have not been addressed in previous literature.

Tasks where aerial robots interact with moving objects are comprised of aerial refuel-

ing, aerial docking, and landing on a moving platform. The research on these topics are

dominated by fixed-wing platforms and drogues attached to extended cables or hoses [6–8].

A drogue is a device, typically conical or funnel-shaped with open ends, towed behind

the aircraft at the end of a hose or cable. While there is a plethora of research on both

fixed-wing aircraft-to-aircraft interactions using a variety of manipulators and multi-rotor

aircraft-to-aircraft interactions using drogue manipulators, to the authors’ knowledge, there
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has not been significant work done in package exchange by two rotor aircraft using a non-

drogue-based manipulator.

The type of manipulator used for aerial robotics can be split into three categories: rigid

graspers, multi-degree of freedom robotic arms, and cables. A rigid grasper is a popular

manipulator option due to its simplicity and light-weight nature. These systems, however,

must rely solely on the maneuverability of the aircraft which is usually under-actuated [3].

Multi-degree of freedom manipulators can compensate for under-actuation and even provide

higher robustness due to redundant maneuverability, but these manipulators significantly

increase the complexity of hardware and control design. For manipulation, cable systems

are a common solution in practice because these systems allow the aircraft to stay farther

away from obstacles and other aircraft, reducing the possibility of collisions. These cable

manipulator systems will often use a drogue or hook at the end of the cable. Cable systems

have been successfully used for aerial refueling and object towing [7,9]. Cable manipulators

are unable to perform more complex tasks due to the lack of dexterity and can add a

significant amount of weight.

2.2 Trajectory Tracking

No matter the manipulator used, it is critical for the aircraft to be able to execute

a desired trajectory precisely with respect to the target object. Trajectory-tracking for

autonomous vehicles is the problem where a vehicle follows a desired position and/or atti-

tude profile which is not only parameterized spatially but also over time [10]. Following a

time-parameterized trajectory is crucial for avoiding non-stationary obstacles such as other

aircraft.

Trajectory-tracking for fully-actuated systems is well understood but is substantially

more difficult for under-actuated systems [10]. Both linear and nonlinear methods have

been proposed and researched for trajectory-tracking of under-actuated systems which in-

clude techniques such as local linearization and state decoupling, trajectory trimming, feed-

forward linearization, integrator back-stepping, and careful trajectory shaping. Although

several Degrees of Freedom (DOF) can be fully tracked with many of the proposed system
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designs, there will be remaining DOF that can only be partially tracked by under-actuated

systems for generic full-pose trajectories. A typical multi-rotor aircraft, for example, is

only capable of tracking four DOF for a generic full-pose trajectory [11]. A simple 2-DOF

manipulator is proposed for this research to fully-actuate the multi-rotor platform.

To achieve increased performance, state of the art trajectory tracking controllers typi-

cally implement some type of feed-forward technique. Since the applications focused on in

this research involve multiple aircraft maneuvering in close-proximity, the improved perfor-

mance from a feed-forward technique will be crucial to avoid collisions. [12] used a differential

flatness-based feed-forward control system to achieve tracking of aggressive maneuvers.

2.3 Relative Navigation

Proposed relative navigation solutions found in existing literature can be categorized

by defining characteristics such as the sensor suite, application, states estimated, and al-

gorithm type. Of particular interest is literature that presents relative attitude estimation

in addition to position estimation. The literature review will first examine vision only

solutions. Afterwards, available literature that provides full-relative state estimates using

additional sensors will be discussed.

2.3.1 Vision Only Navigation

Vision only navigation is an attractive solution that is frequently discussed in recent

literature [13–15]. A navigation system that depends only on an on-board vision sensor

does not depend on external systems, potentially making the system more robust. GPS

failures due to natural phenomenon or spoofing is a common problem for autonomous sys-

tems but is not a concern for vision only systems. Other advantages are that on-board

vision sensors are passive sensors and are useful for non-cooperative targets and environ-

ments. Two of the more common vision sensor types include monocular cameras and stereo

cameras. Monocular cameras are simpler and cheaper but cannot measure range like the

stereo camera.

Even though a monocular camera cannot measure range, if the sensor is used to make
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Line of Sight (LOS) measurements to markers placed on a target aircraft and a sufficient

number of those measurements are available, relative position and attitude can be estimated

[15, 16]. Image processing algorithms are available to estimate states for targets without

markers [13] but the computations are much larger and they don’t estimate relative attitude.

Another vision only estimation solution that uses a monocular camera was proposed by

Tournier et al [14]. A combination of Moir patterns and red-light markers are used in the

research to obtain position and attitude estimates. The red-light markers are used to create

LOS of measurements to estimate the relative altitude and yaw while the Moir patterns are

used to estimate the remaining position and attitude states. Even though this solution can

provide highly accurate estimates, it requires more complex marker and image processing

systems.

Since relative position and attitude estimation solutions using LOS measurements from

a monocular camera are widely found in literature, and the sensor systems are simple and

affordable, this sensor will be the only vision sensor analyzed in this paper. These systems

are comprised of markers located on a target and a monocular camera located on an observer

platform. The markers can be anything from light beacons to printed images. The camera

sensor can range from any Commercial Off the Shelf (COTS) camera to a single position-

sensing diode with a lens. The Field of Vision (FOV), sensor size, resolution, and error

models can vary depending on the specific sensor type, but the measurement geometry is

the same. Open source software is readily available that can process images to generate

LOS measurements, making this system more accessible [17].

2.3.2 Other Relative Navigation Architectures

An attractive approach to relative navigation is to process both GPS and IMU data

from each aircraft. It is well known that GPS and IMU data have complimentary band-

widths, so when combined they provide a complete and practical navigation solution. A

modern concern with these systems is that GPS is susceptible to natural interference as well

as intentional jamming and spoofing. Especially for close-proximity aerial missions, any of

these GPS failures or performance degradation can easily cause a mid-air collision. There
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are also concerns that close-proximity missions may require such high accuracy and update

rates that only expensive, high-end GPS and IMU sensors will suffice.

Adding a vision sensor to the GPS/IMU navigation system adds redundancy to guard

against common GPS fail points and can increase the performance of the system so that

cheaper sensors can be used. A couple examples of these systems were presented by Wang

et al and Williamson et al [18,19]. Including all of these sensors into the navigation system’s

estimator will provide the best results, but is such a system necessary? If the navigation

performance is sufficient with a smaller subset of the proposed sensor suit, the system can

be greatly reduced in cost, complexity, and computational load.

The final relative navigation solution architecture that is readily found in literature

and that will be discussed in this review is a vision and IMU system [20,21]. An advantage

of using adding an IMU over a vision-only system is that the IMU can be used to propagate

states rather than having to rely on dynamic models which for UAV’s contain high levels

of uncertainty. It is expected that the IMU will increase the bandwidth and accuracy of a

vision-only navigation system. However, if the vision only solution is sufficient, the system

again can be greatly reduced in cost, complexity, and computational load. For example, if

the follower aircraft does not need GPS or IMU data from the leader, the follower could

estimate the relative states without any communication with the other aircraft.

Many practical relative navigation solutions are available, but a potentially difficult

question to answer is which one should be used for which application. This paper aims

to formally analyze which solutions are sufficient for a close-proximity relative navigation

system and provide insights on which solution is most appropriate according to specific

mission requirements.
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CHAPTER 3

RESEARCH TOOLS DEVELOPMENT

This chapter develops the research tools used in this research, mentions existing tools

that are also used, and explains the various state variables, coordinate frames, and notation

used throughout this work. First, comments on the notation is provided. Second, state

variables and coordinate frames are discussed. Third, the development of a quad-rotor

simulation is presented. Finally, this chapter concludes with mentioning other tools used in

the work.

3.1 Notation

In an attempt to avoid confusion, this section explicitly presents the notation that will

be used for vectors, Direction Cosine Matrices (DCM), estimated values, measured values,

quaternions, and other conventions.

Vectors in this paper are denoted with an under-bar i.e. x. Vectors are assumed to be

column vectors, and so row vectors will be written as a transposed vector xT .

Direction cosine matrices are denoted with a capitol R. DCMs can be used to project

3x3 matrices into alternate frames. The subscript of a DCM in this paper denotes the

originating frame and the superscript denotes the new frame. For example, RNEDb is a

DCM that projects a vector from the body b frame to the inertial North East Down (NED)

frame. Quaternions follow the same script conventions and are denoted with a lower-case q

i.e. qNEDb . The superscript of a vector or scalar variable show what frame the quantity is

projected into. For example, xNED is a vector projected into the inertial NED frame.

Variables in this paper will commonly be accented with a dot symbol, a hat symbol,

or a tilde i.e. ẋ, x̂, and x̃ respectively. Each of these symbols represent the time derivative

of a variable, an estimate of a variable, or a measurement of a variable respectively.
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3.2 States and Coordinate Frames

3.2.1 Coordinate Frames

One of the most common frames used in this work is an inertial NED frame. This frame

is a right-handed coordinate frame fixed at an arbitrary position in the air with the x axis

pointed north, the y axis pointed east, and the z axis pointed down into the earth. Since

this research only uses small UAVs that follow trajectories that cover a distance well under

a kilometer, there is no need for a frame that is truly inertial such as the Earth Centered

Earth Fixed Frame (ECEF).

Another common frame is the vehicle frame, which has the same orientation as the

NED frame but is translated so that its origin is that a center of the corresponding aircraft.

The body frame is a right-handed coordinate frame where the x axis points out of the

designated front of the vehicle, z axis points down out of the belly of the aircraft, and the y

axis completes the right-handed coordinate frame. There will be distinct vehicle and body

frames for two separate aircraft. One aircraft will be designated the follower aircraft and

the other will be designated as the leader.

The body frame orientation will often be described using an intrinsic ZYX Euler angle

rotation sequence with angles φ, θ, and ψ. The intermediate frames created after the ψ and

θ angle rotations will be referred to the vehicle 1 and 2 frames respectively. A manipulator

1 and a manipulator 2 frame will be used to keep track of the angular positions of the

two joints in the manipulator. The manipulator 1 frame is obtained by rotating the body

frame about the yb axis by an angle αm. The manipulator 2 frame is obtained by rotating

the manipulator 1 frame about the xm1 axis by an angle β. These frames are illustrated in

Fig. 3.1 and Fig. 3.2. It should be noted that the linkage distances between each manipulator

actuator and between the actuators and the aircraft are ignored, so the manipulator frames

are quiescent with the body frame. The manipulator 2 frame is the frame that is aligned

with the final rigid arm of the manipulator.
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Fig. 3.1: Body Frame to Manipulator 1 Frame.

Fig. 3.2: Manipulator 1 Frame to Manipulator 2 Frame.
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3.2.2 Controller State Variables

Let the state variables for a single aircraft be the following:

pn: the inertial north position of the quad-rotor in the inertial frame

pe: the inertial east position of the quad-rotor in the inertial frame

pd: the inertial down position of the quad-rotor in the inertial frame

u: the body frame velocity measured along xb in the body frame

v: the body frame velocity measured along yb in the body frame

w: the body frame velocity measured along zb in the body frame

φ: the roll angle defined with respect to the vehicle 2 frame

θ: the pitch angle defined with respect to the vehicle 1 frame

ψ: the yaw angle defined with respect to the vehicle frame

p: the roll rate measured along xb in the body frame

q: the pitch rate measured along yb in the body frame

r: the yaw rate measured along zb in the body frame

αm: angle of the first servo in the pan-tilt device with respect to the body frame

β: angle of the second servo in the pan-tilt device with respect to the manipulator 1 frame

˙αm: time derivative of the angle α

β̇: time derivative of the angle β

φm: the roll angle of the manipulator defined with respect to the vehicle 2 frame

θm: the pitch angle of the manipulator defined with respect to the vehicle 1 frame

ψm: the pitch angle of the manipulator defined with respect to the vehicle 1 frame
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Let the inputs of the system be the following:

F : the upward force along zb in the body frame due to the thrust of the propellers

τφ: the torque along xb in the body frame

τθ: the torque along yb in the body frame

τψ: the torque along zb in the body frame

αc: the commanded servo 1 angle of the manipulator

βc: the commanded servo 2 angle of the manipulator

3.2.3 Navigation State Variables

Let the state vector of the navigation system be

xnav =



pnedL

vnedL

qbLned

baccel,L

bgyro,L

pnedF

vnedF

qbFned

baccel,F

bgyro,F


where

qbned =

 q

q0


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q =

[
q1 q2 q3

]T

and the L and F subscripts specify states for the leader or follower aircraft respec-

tively. The vectors pned, vned, baccel, bgyro and qbned are the position, velocity, bias of the

accelerometers, bias of the gyros, and the attitude quaternions respectively.

One of the navigation system architectures that will be analyzed will not have access

to the IMU data of the leader aircraft. Without the inertial sensors used in the other

architectures, it is necessary to provide a system model that is not replaced by the inertial

sensors. A further explanation of these state vectors is found in chapter 5. Let the state

vector for this single architecture be

x
′
nav =



pnedL

vnedL

anedL

qbLned

ωbL

αbL

pnedF

vnedF

qbFned

baccel,F

bgyro,F


Where vectors aned, ωb, and αb, are the linear acceleration, angular velocity, and the

angular acceleration of the leader aircraft.

3.3 Multi-Rotor Simulation

In this section, a simulation capable of simulating two quad-rotor aircraft and the
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corresponding dynamics will be developed. The simulation is implemented using dynamic

and kinematic equations from [22] which neglect ground and proximity effects.

3.3.1 Quad-rotor Kinematics

Simple rotations can be used to define the following state variables:


ṗn

ṗe

ṗd

 = Rvb


u

v

w

 (3.1)


φ̇

θ̇

ψ̇

 = Rv1v2vb


p

q

r

 (3.2)

where

Rvb =


cθcψ sφsθcψ − cφsψ cφsθcψ + sφsψ

cθsψ sφsθsψ + cφcψ cφsθsψ − sφcψ

−sθ sφcθ cφcθ

 (3.3)

and

Rv1v2vb =


1 sφtθ cφtθ

0 cφ −sφ

0 sφsecθ cφsecθ

 (3.4)

3.3.2 Rigid Body Dynamics

This section derives the rest of the nonlinear functions used to model the dynamics of

the chosen state variables.

Use Newton’s laws to find the differential equation for the velocity variables:

m
dv

dti
= f = m

(
dv

dtb
+ wb/i × v

)
(3.5)
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.

Solve for dv
dtb

:

dv

dtb
=

1

m

(
−wb/i × v + f

)
(3.6)


u̇

v̇

ẇ

 =


rv − qw

pw − ru

qu− pv

+
1

m


fx

fy

fz

 (3.7)

where

1

m


fx

fy

fz

 =


−g sin(θ)

g cos(θ) sin(φ)

g cos(θ) cos(φ)− 1
mF

 (3.8)

due to gravity and thrust. To derive the final equations, use Newton’s second law:

m =
dhb

dti
=
dh

dtb
+ wb/i × h (3.9)

The angular momentum can be expressed as h = Jwb
b/i:

mb = J
dwb

b/i

dtb
+ wb

b/i ×
(
Jwb

b/i

)
(3.10)

where

J =


Jx −Jxy −Jxz

−Jxy Jy −Jyz

−Jxz −Jyz Jz

 (3.11)

Solving for
dwb

b/i

dtb
:

dwb
b/i

dtb
= J−1

{
mb − wb

b/i ×
(
Jwb

b/i

)}
(3.12)
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
ṗ

q̇

ṙ

 = J−1




τφ

τθ

τψ

−

p

q

r

×
J


p

q

r



 (3.13)

Assuming the quad-rotor is symmetric:


ṗ

q̇

ṙ

 =


Jy−Jz
Jx

qr

Jz−Jx
Jy

pr

Jx−Jy
Jz

pq

+


1
Jx
τφ

1
Jy
τθ

1
Jz
τψ

 (3.14)

The inertia and mass values used for the simulated aircraft were chosen to match the

measured values of an actual quad-rotor aircraft. The values were measured using a scale

and a bifilar pendulum.

The equations presented in this section were implemented in Simulink and Matlab to

simulate a quad-rotor drone as a rigid-body. The controller designed in chapter 4 will be

used to control the simulated quad-rotor aircraft.

3.4 Synthesized Sensor Measurements

Flight data used for the navigation simulation is generated from the aircraft simulation

given in this chapter. IMU data without noise is generated with the following equations:

νb = Rbned

(
fned

m
− gned

)

ωb =


p

q

r


where gned is the gravity acceleration vector in the NED frame, νb is the simulated,

noiseless accelerometer output vector and ωb is the simulated, noiseless gyro output vector.
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These values will be used in chapter 5 for the navigation simulation.
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CHAPTER 4

FULL-POSE TRACKING CONTROLLER

The work presented in this chapter includes the design and implementation of a differ-

ential flatness and LQR hybrid trajectory tracking controller for full-pose synchronization

of two quad-rotor robots. The problem is presented as a leader and follower scenario of

two quad-rotor aircraft. The leader is assumed to be flying any arbitrary trajectory while

the follower attempts to synchronize its attitude and position with the leader. The leader

aircraft states will be available to the follower and the follower will use those states as an

input trajectory to track. A slow-moving offset will be added to the input trajectory so that

that the follower can approach the leader and then interact with the leader from a desired

position.

Section 4.1 presents the manipulator mathematical model, the full nonlinear state-space

model, and then develops the linear control models used for controller design. Section 4.2

discusses the entire controller design. That discussion includes a high-level overview of the

controller, a feed-forward component, and a linear feedback component. The chapter ends

with section 4.3, which discusses specifics of the implementation and the trajectory being

simulated.

4.1 Controller Model

Simplified models of the quad-rotor and 2 DOF manipulator that are used for the

controller design are developed in this section. This section first develops the manipulator

mathematical models. The non-linear state-space models of the entire system are then

presented. Finally, the simplified linear models used for controller design are found.

4.1.1 Pan-Tilt Device Model

The quad-rotor aircraft is an under-actuated vehicle that can only track 4 DOF at a
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time [11]. To compensate for this limitation, the quad-rotor system will be designed to only

track the position and heading of the desired trajectory while a 2-DOF manipulator will be

used to track the roll and pitch of the leader. The 2-DOF manipulator is modeled after a

two-servo, pan-tilt device as shown in Fig. 4.1 where a grasper or other interaction device

can be mounted.

As mentioned in chapter 3, the linkage distances between each manipulator actuator

and between the manipulator actuators and the aircraft are ignored. An offset that is a

function of the manipulator angles, aircraft attitude, and linkage distances will need to be

applied to the aircraft position trajectory so that the end of the manipulator instead of the

follower quad-rotor is tracking the full-pose trajectory. This would allow the end of the

manipulator to be fully synchronized with the leader aircraft so that it can then interact

safely with the leader aircraft. This manipulator offset will be left to future work, and so

this work only studies the effect of the manipulator on attitude tracking.

The reaction torques on the aircraft caused by the servo torques are also neglected for

this study. This is appropriate for a manipulator and payload that have a sufficiently small

combined mass as well as sufficiently slow angular rates.

Fig. 4.1: Pan-Tilt Device.
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The servos in the pan-tilt manipulator are approximated with a second order linear

system model. The models are

α

αd
=

ω2
n

s2 + 2ζωns+ ω2
n

(4.1)

β

βd
=

ω2
n

s2 + 2ζωns+ ω2
n

(4.2)

where

ζ = 0.707

ωn = 2π(8.5).

In the time domain, the dynamics of the servos can be written as

α̇ = α̇ (4.3)

α̈ = ω2
n (αc − α)− 2ζωnα̇ (4.4)

β̇ = β̇ (4.5)

β̈ = ω2
n (βc − β)− 2ζωnβ̇. (4.6)

To derive the attitude kinematics of the manipulator end arm, the angular rates of the

manipulator arm in the body frame can be expressed as
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
pm

qm

rm

 =


p

q

r

+


0

α̇

0

+Rbm1


β̇

0

0

 (4.7)

where pm, qm, and rm are the angular rates of the manipulator in the aircraft body

frame, and

Rbm1 =


cos(α) 0 −sin(α)

0 1 0

−sin(α) 0 cos(α)

 (4.8)

which is the rotation matrix from the manipulator 1 frame to the body frame. The

ZYX sequence Euler angles of the manipulator is then found by projecting the manipulator

angular rates from the body frame to the Euler sequence frames:


θ̇m

φ̇m

ψ̇m

 = Rv1v2vb


pm

qm

rm

 . (4.9)

4.1.2 Nonlinear State Space Representation

We can now represent the entire system in the state space representation:


ṗn

ṗe

ṗd

 = Rvb


u

v

w

 (4.10)


u̇

v̇

ẇ

 =


rv − qw

pw − ru

qu− pv

+


−g sin θ

g cos θ sinφ

g cos θ cosφ− 1
mF

 (4.11)
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
φ̇

θ̇

ψ̇

 = Rv1v2vb


p

q

r

 (4.12)


ṗ

q̇

ṙ

 =


Jy−Jz
Jx

qr

Jz−Jx
Jy

pr

Jx−Jy
Jz

pq

+


1
Jx
τφ

1
Jy
τθ

1
Jz
τψ

 (4.13)



α̇

α̈

β̇

β̈


=



α̇

ω2
n (αc − α)− 2ζωnα̇

β̇

ω2
n (βc − β)− 2ζωnβ̇


(4.14)


θ̇m

φ̇m

ψ̇m

 =


p+ β̇cos(α) + α̇sin(φ)tan(θ) +

(
r − β̇sin(α)

)
cos(φ)tan(θ)

α̇cos(φ)−
(
r − β̇sin(α)

)
sin(φ)

α̇sin(φ)sec(θ) +
(
r − β̇sin(α)

)
cos(φ)sec(θ)

 (4.15)

Stacking them into a single vector:
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ẋ =



ṗn

ṗe

ṗd

u̇

v̇

ẇ

φ̇

θ̇

ψ̇

ṗ

q̇

ṙ

α̇

α̈

β̇

β̈

θ̇m

φ̇m

ψ̇m



= ~f(x,u). (4.16)

4.1.3 Linear Model

Similar to [12], the controller being designed in this paper is an outer-loop guidance

controller. It is assumed that the multi-rotor platform has a low-level attitude controller

already implemented that takes thrust, roll, pitch, and yaw rate input commands (T c,

φc,θc, and rc). Since the inner-loop attitude controller is typically much faster than the

outer-loop guidance controller and is assumed to achieve zero error, it can be assumed that

the commands to the inner-loop attitude controller are successfully tracked, i.e., T = T c,

φ = φc,θ = θc, and r = rc. The availability of multi-rotor attitude control research and
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COTS multi-rotor platforms that achieve high performance attitude control make this design

method a practical and feasible method for an initial design of the outer-loop guidance

controller.

With the inner-loop controller closing the loop on the aircraft attitude states, the state

vector now becomes

x =



pn

pe

pd

ṗn

ṗe

ṗd

ψ

α

α̇

β

β̇



(4.17)

with inputs

ν =



Tc

φc

θc

rc

αc

βc


(4.18)

Note that the linear velocities are projected into the NED frame for the outer-loop

guidance controller design. To finish the linearization of this model, a non-linear mapping

function f is used to map a new input vector of accelerations
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u =



un

ue

ud

uψ


(4.19)

to the inputs of the inner-loop controller ν1:4. The non-linear mapping is an approxima-

tion of the inverse of the true inner-loop controller and physical system mapping between the

inputs ν1:4 and the true accelerations, i.e., p̈n, p̈e, p̈d, and ψ̈. Since the model for the servo

dynamics is already linear, there is no need to map the corresponding input commands.

The non-linear mapping is defined as

f =

 fp

fψ

 =


Rnedb


0

0

−T

 1
m

q sinφcosθ + r cosφcosθ


(4.20)

.

The state-space model of the final system is given as

x =



pn

pe

pd

ṗn

ṗe

ṗd

ψ

α

α̇

β

β̇



(4.21)
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u =



un

ue

ud

uψ

αc

βc


(4.22)

A =



03x3 I3x3 03x1 03x1 03x1 03x1 03x1

03x3 03x3 03x1 03x1 03x1 03x1 03x1

01x3 01x3 0 0 0 0 0

01x3 01x3 0 0 1 0 0

01x3 01x3 0 −ω2
n −2ζωn 0 0

01x3 01x3 0 0 0 0 1

01x3 01x3 0 0 0 −ω2
n −2ζωn



(4.23)

B =



03x3 03x1 03x1 03x1

I3x3 03x1 03x1 03x1

01x3 1 0 0

01x3 0 0 0

01x3 0 ω2
n 0

01x3 0 0 0

01x3 0 0 ω2
n



(4.24)

4.2 Controller Design

An LQR feedback controller is designed to reject disturbances and achieve a desired

performance for the tracking of the position and heading states. Differential flatness is used

to generate a feed-forward input to increase the speed of the trajectory tracking [12]. Since

the model provided for the servos is a model of the servo motors with an internal controller,

a controller will not be designed for the servo angles. The inputs to the servo systems will
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be defined as

αc = θref − θm (4.25)

β = φref − φm (4.26)

where the reference angles are the angles of the leader aircraft.

4.2.1 Differential Flatness

Differential flatness of a system is where the state and control inputs can be expressed

as functions of the output and its time derivatives [23, 24]. This property permits the

generation of feed-forward inputs given a trajectory. Let a given trajectory be defined as

ytraj =



prefn

prefe

prefd

ψref


(4.27)

where the reference states are the states of the leader aircraft plus a position offset.

Due to differential flatness, a reference input can be computed:

uref =



urefn

urefe

urefd

urefψ


=



p̈refn

p̈refe

p̈refd − g

ψ̇ref


(4.28)

Let the reference states be
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xref =



prefn

prefe

prefd

ṗrefn

ṗrefe

ṗrefd

ψref



(4.29)

.

4.2.2 LQR

The LQR controller is designed using the linear model derived in section 4.1.3. The

Q and R gains were originally weighted using Bryson’s rule from [25]. The Q and R gains

were selected to be

Q =

[
I7x7

]
(4.30)

R =



0.4 0 0 0

0 0.8 0 0

0 0 0.8 0

0 0 0 10


(4.31)

.

The final controller and system are illustrated in Fig. 4.2.

4.3 Implementation and Simulation

To test the tracking controller performance, the controller designed in the previous

section is implemented in Simulink and Matlab with the simulation developed in chapter

3. The leader aircraft is first simulated following a constant-altitude, circular orbit with a

radius of 12 meters and a rate of 30 seconds per orbit. The leader is initialized to a point
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Fig. 4.2: Tracking Controller Overview.

holding condition, and then follows the orbit trajectory. The follower aircraft uses the

tracking controller designed in the previous section to synchronize with the leader aircraft’s

position and attitude. An offset is applied in the up direction so that that the follower

aircraft is above the leader. The offset starts at 10 meters in the up direction and then

ramps down to a 2-meter offset.

The simulation is first ran without the manipulator implemented. The follower aircraft

is only commanded to track the leader’s position and heading. Since both the aircraft are

similar to each other, it is expected that the attitude difference between the two aircraft

will not be extremely large. The simulation is ran again with the manipulator implemented

onto the follower aircraft. With the manipulator working to track the roll and pitch of the

leader aircraft, the differences in attitude between the two aircraft is expected to decrease.

The plots provided in chapter 6 will include the error between the follower aircraft’s

actual position and attitude and the commanded trajectory. The commanded trajectory is

generated by adding the position offset mentioned previously to the true states of the leader

aircraft.
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CHAPTER 5

NAVIGATION ARCHITECTURE STUDY

The principal objective of the navigation architecture study described in this chapter

is to compare the state estimation performance of different navigation architectures with

emphasis on a UAV close-proximity scenario. To work towards this objective, the study

identifies seven architectures to study, designs a navigation system for each architecture,

simulates each filter over identical trajectories, and then compares performance. A trajec-

tory is generated that keeps a designated leader aircraft approximately stationary while the

other aircraft, designated the follower aircraft, executes a maneuver to approach the leader

aircraft from above. The leader aircraft is not completely stationary because it is subject

to disturbances. The follower aircraft is the platform where the relative state estimation is

implemented.

The first section of this chapter explains each of the seven architectures. The second

section gives an overview of an EKF algorithm which is the navigation algorithm used for

each architecture. The following section presents the system models used for the propagation

step of the EKF. Afterwards, the measurement models for sensors used in the architectures

are given. Section 5.5 then explains the Kalman update and state estimate correction steps.

The concluding section of this chapter explains the methods used to validate the proper

functioning of the navigation filters and provides the methods used to generate the final

results of the study.

5.1 Study Structure

Each of the seven architectures comprise of different combinations of GPS, IMU, and

camera sensors. The camera sensors are used to generate LOS measurements to multiple

beacons located on the leader aircraft. These sensors were chosen because they are common

sensors found on UAVs and in similar research.
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The first architecture employs a centralized Kalman filter, with maximal information

sharing. It is assumed that each UAV is equipped with a GPS and IMU, and a communi-

cation link exists between the UAVs. In addition, the follower vehicle contains a monocular

camera. An EKF onboard the follower utilizes the IMUs to propagate the state of both the

leader and follower. For updating the states of each vehicle, both GPS measurements as

well as LOS measurements from the camera are processed.

The second architecture considered during this study is similar to the first, but with

the absence of LOS measurements. This is intended to quantify the benefit of LOS measure-

ments for relative state estimation. The third and fourth architectures are also similar to

the first, but where the GPS measurements of the leader and the follower, respectively, are

deactivated. Note that LOS measurements are still active. This architecture is applicable to

partially-denied GPS scenarios. The fifth architecture deactivates GPS on both UAVs, and

is intended to determine the feasibility of relative state estimation in a fully-GPS-denied

scenario.

The sixth architecture considered in this study assumes no information sharing between

UAVs. The follower UAV is equipped with an IMU and GPS. The dynamics of the leader

are modeled with a first order Markov process, and the corresponding state is estimated

via LOS measurements. There is no information about the leader UAV states between LOS

measurements, and so the first order Markov processes are used to propagate the state

uncertainty limited to an appropriate strength and bandwidth.

The final architecture is the same as the sixth, but GPS on the follower aircraft is

deactivated. This architecture assumes a fully GPS denied environment and no information

sharing between UAVs. The sensors used in each architecture are summarized in table 5.1

5.2 Kalman Filter Overview

An Extended Kalman Filter (EKF) for each of the sensor architectures is derived to es-

timate relative position, relative velocity, relative attitude, and sensor biases. Major steps of

designing the EKFs include developing navigation models to propagate the estimated states,

defining the process and sensor noise, and defining the measurement models to update the
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Table 5.1: Sensors Included in Each Architecture.

Architecture Leader IMU Leader GPS Follower IMU Follower GPS LOS

1 X X X X X

2 X X X X

3 X X X X

4 X X X X

5 X X X

6 X X X

7 X X

states and covariance. The process noise, sensor noise, and time constant parameters are

selected using sensor datasheets, existing research, and empirical data.

Each EKF is a an indirect Kalman filter with continuous dynamics and discrete mea-

surements. The vehicle dynamics models for the majority of the Kalman filters are replaced

with IMU sensor measurement models. The indirect EKF algorithm is provided in algorithm

5.1.

5.3 System Models

This section provides the system models used to propagate the state vector and state

covariance matrix between update steps. First the functions f used to calculate ˙̂x
−

in

algorithm 5.1 are presented. Linearized error models are then derived which are denoted as

F in algorithm 5.1.

5.3.1 Full System Models

In this subsection, the functions f used to calculate ˙̂x
−

in algorithm 5.1 are presented.

Two versions of these state dynamics functions are provided: one uses IMU measurement

model replacement and the other uses first order Markov processes.

Model Replacement

As chapter 3 states, the state vector of this navigation system is
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Algorithm 5.1 Indirect EKF

Input:
Initial state vector x0,
Initial state covariance matrix P0,
Measurement vector z̃,

Output:
Estimated state vector, x̂
State covariance matrix, P

Begin
˙̂x
−

= f(x̂,w)

Ṗ− = FP− + P−F T +Q

x̂− = FourthOrderRunge-Kutta( ˙̂x
−

)

P− = FourthOrderRunge-Kutta(Ṗ−)
If Measurement Available

K = P−HT (HP−HT +R)−1

δx+ = K(z̃ − h(x̂))
P+ = (I −KH)P−(I −KH)T +KRKT

x̂+ = g(x̂−, δ)x+

End

xnav =



pnedL

vnedL

qbLned

baccel,L

bgyro,L

pnedF

vnedF

qbFned

baccel,F

bgyro,F


where
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qbned =

 q

q0



q =

[
q1 q2 q3

]T

and the L and F scripts specify the leader or follower aircraft respectively. The position

and velocity states, p and v, are all projected into the North East Down (NED) frame.

Since the dynamics of each aircraft and the corresponding inertial sensors are defined

by the same equations, the dynamics of a single arbitrary aircraft will be presented. The

dynamics of the state vector for a single aircraft are

ẋ = f(x, ỹ,w)

where

ṗ = v

v̇ = Rnedb (ν̃ − baccel + nν) + gned

q̇bned =
1

2

 ω̃b − bgyro + nω

0

⊗ qbned

ḃaccel = − 1

τaccel
baccel + waccel
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ḃgyro = − 1

τgyro
bgyro + wgyro

and

gned : acceleration due to gravity

τaccel : 1st order Markov process time constant of the accelerometers

τgyro : 1st order Markov process time constant of the gyros.

The inertial measurement vector is defined as

ỹ =

 ν̃b

ω̃b

 =

 νb + baccel

ωbb/ned + bgyro


where νb is the true specific force measured by the accelerometers and ωb is the true

angular rate measured by the gyros.

The process noise vector is defined as

w =



nν

nω

waccel

wgyro


whose power spectral density is defined as

E
[
w(t)w(t′)T

]
= Q̂wδ(t− t′)

where

Q̂w = diag

(
Qν , Qω,

2σ2accel,ss
τaccel

I3x3,
2σ2gyro,ss
τgyro

I3x3

)
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and

σ2accel,ss : steady state covariance of accelerometer bias

σ2gyro,ss : steady state covariance of gyro bias.

System Without Model Replacement

Two of the navigation system architectures that will be analyzed cannot use IMU

measurement model replacement for the propagation of the leader states. The follower

aircraft will still have an IMU but the leader IMU data will not be available. Without the

inertial sensors used in the other architectures, it is necessary to provide a system model

that is not replaced by the inertial sensors. Let the state vector of the system be

x
′

=



pnedL

vnedL

anedL

qbLned

ωbL

αbL

pnedF

vnedF

qbFned

baccel,F

bgyro,F


The dynamics of the translational and rotational accelerations of the leader aircraft

will be estimated by a 1st order Markov process. The dynamics are

ṗnedL = vnedL
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v̇nedL = anedL

ȧnedL = − 1

τa
anedL + wa,L

q̇bLned =
1

2

 ωbL

0

⊗ qbLned

ω̇bL = αbL

α̇bL = − 1

τα
αbL + wα,L

where

τa : 1st order Markov process time constant of the linear acceleration

τα : 1st order Markov process time constant of the angular acceleration.

The process noise vector is defined as

w =

 wa,L

wα,L


whose power spectral density is defined as

E
[
w(t)w(t′)T

]
= Q̂wδ(t− t′)

where
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Q̂w = diag

(
2σ2a,ss
τa

I3x3,
2σ2α,ss
τα

I3x3

)

and

σ2a,ss : steady state covariance of linear acceleration

σ2α,ss : steady state covariance of angular acceleration.

5.3.2 Linear Error Models

The linear estimation error models are explicitly defined in this section. The estimation

errors are defined as small perturbation from a nominal value. Since the best estimates will

be used as the nominal values in the EKF, the nominal value will be denoted with the same

notation as a state estimate.

pned = p̂ned + δpned

vned = v̂ned + δvned

qbned = δqb
b̂
⊗ qb̂ned

baccel = b̂accel + δbaccel

bgyro = b̂gyro + δbgyro

where the attitude estimation error is defined as
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δqb
b̂

=

 δθb
2

1

 .
The attitude estimation error can also be defined in terms of the DCM:

Rbned = Rb
b̂
Rb̂ned

Rnedb = Rned
b̂

(
Rb
b̂

)T

Rb
b̂

= [I − (δθb×)] .

Substituting these defined error models into the original design model equations yields

˙̂p
ned

+ δṗned = v̂ned + δvned (5.1)

˙̂v
ned

+ δv̇ned = Rnedb ([I − (δθb×)])T (ν̃b − b̂accel − δbaccel + nν) + gned (5.2)

d

dt

(
δqb
b̂
⊗ qb̂ned

)
= δq̇b

b̂
⊗ qb̂ned + δqb

b̂
⊗ q̇b̂ned (5.3)

˙̂
baccel + δḃaccel = − 1

τaccel

(
b̂acce5l + δbaccel

)
+ waccel (5.4)

˙̂
bgyro + δḃgyro = − 1

τgyro

(
b̂gyro + δbgyro

)
+ wgyro. (5.5)

Solving for the derivatives of the perturbations and eliminating like and higher order

terms, the final error state vector differential equations are derived:
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δṗned = δvned (5.6)

δv̇ned = −Rnedb (ν̃b − δbaccel)× δθb −Rnedb δbaccel +Rnedb nν (5.7)

δθ̇b = −
(
ω̃ − b̂gyro

)
× δθb − δbgyro + nω (5.8)

δḃaccel = − 1

τaccel
δbaccel + waccel (5.9)

δḃgyro = − 1

τgyro
δbgyro + wgyro. (5.10)

The full derivations for the linear velocity and attitude error differential equations can

be found in appendix A.1. The differential equations can be put into the state space form

δẋ = F̂ δx + B̂w (5.11)

where

δx =



δpned

δvned

δθb

δbaccel

δbgyro


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F̂ =



03x3 I3x3 03x3 03x3 03x3

03x3 03x3 −R̂nedb (ν̃b − b̂accel)× −R̂nedb 03x3

03x3 03x3 −
(
ω̃ − b̂gyro

)
× 03x3 −I3x3

03x3 03x3 03x3 − 1
τaccel

I3x3 03x3

03x3 03x3 03x3 03x3 − 1
τgyro

I3x3



B̂ =



03x3 03x3 03x3 03x3

03x3 03x3 03x3 Rnedb

03x3 I3x3 03x3 03x3

03x3 03x3 I3x3 03x3

03x3 03x3 03x3 I3x3


.

The linear system presented is used to derive the covariance propagation

˙̂
P = F̂ P̂ + P̂ F̂ T + B̂Ŝω̇B̂

T . (5.12)

Following a similar pattern for the non-IMU replacement models, the linear differential

equations are found to be

δṗnedL = δvnedL (5.13)

δv̇nedL = δanedL (5.14)

δȧnedL = −AaδanedL + wa,L (5.15)

δθ̇b = −
(
ω̂b
)
× δθb + δω̇bL (5.16)
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δω̇bL = δαbL (5.17)

δα̇bL = −AαδαbL + wα,L. (5.18)

The differential equations can be put into the state space form

δẋ = F̂ δx + B̂w (5.19)

where

δx =



δpned

δvned

δaned

δθb

δω̇bL

δα̇bL



F̂ =



03x3 I3x3 03x3 03x3 03x3 03x3

03x3 03x3 I3x3 03x3 03x3 03x3

03x3 03x3 −Aα 03x3 03x3 03x3

03x3 03x3 03x3 − (ω̂)× I3x3 03x3

03x3 03x3 03x3 03x3 03x3 I3x3

03x3 03x3 03x3 03x3 03x3 −Aα


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B̂ =



03x3 03x3

03x3 03x3

I3x3 03x3

03x3 03x3

03x3 03x3

03x3 I3x3


.

5.4 Measurement Models

In this section, the measurement models for both the GPS and LOS measurements are

developed. The models are then linearized to form the measurement geometry matrices

that are used in the Kalman filters. The models are determined in discrete time. The GPS

model is derived for the states of a single aircraft. The complete models for each sensor

architecture are then presented.

5.4.1 GPS Position Measurements

The model that will be used for the GPS measurements is a position measurement

model with added noise. The discrete-time noise is assumed to be white, Gaussian, and

zero-mean. The model for this measurement is

zgps(ti) = pned(ti) + ηgps(ti). (5.20)

where ηgps is a 3-element column vector with strength

E{ηgps(ti)ηgps(ti)} = Rgps(ti).

Since all of the following analysis for the measurement model is done at a single moment

in time, the ti notation is dropped. The system is already linear, and so the linear state

space error model and corresponding measurement matrix is found to be
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δzgps = Hgpsδx + ηgps (5.21)

where

Hgps =

[
I3x3 03x12

]
(5.22)

δx =



δpned

δvned

δθb

δbaccel

δbgyro


.

5.4.2 LOS Measurement Model

A focal plane measurement model with added noise is used for the LOS measurements.

The discrete-time noise is again assumed to be white, Gaussian. and zero-mean. The

measurement model is

zLOS(ti, j) = h(ti, x, j) + ηLOS(ti) =

 lx(ti,x,j)
lz(ti,x,j)
ly(ti,x,j)
lz(ti,x,j)

+ ηLOS(ti) (5.23)

where ηLOS is a 2-element column vector with strength

E{ηLOS(ti)ηLOS(ti)} = RLOS(ti)

and l(j) is the position vector of the jth marker located on the leader aircraft projected

to the body frame of the follower aircraft:
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l(ti, x, j) =


lx(ti, x, j)

ly(ti, x, j)

lz(ti, x, j)

 .

Again, all of the following analysis for the measurement model is done at a single

moment in time, so the ti notation is dropped. Since the following analysis is performed

for the measurement of a single marker, much of the j notation will also be dropped. The

nonlinear function h is also a function of the marker position vector, which allows the

measurement model to be written as

zLOS = h(l(x)) + ηLOS (5.24)

Let the z and l vectors be equal to nominal values plus a perturbation. The nominal

value is chosen to be the best estimate of the Kalman filters:

zLOS = ẑLOS + δzLOS (5.25)

l = l̂ + δl (5.26)

where

ẑLOS = h(̂l). (5.27)

Substituting the perturbation definitions into the measurement model and using a

Taylor Series expansion, we obtain

ẑLOS + δzLOS = h(̂l) +
δh

δl

∣∣∣∣̂
l
δl + ηLOS + .... (5.28)
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The higher order terms of the expansion are discarded and the nominal measurements

are canceled to find the linear LOS measurement model:

δzLOS =
δh

δl

∣∣∣∣̂
l
δl + ηLOS . (5.29)

The model is only linear if δl is also linear. To solve for δl, the marker position vector

must first be written as a function of the states x. Fig. 5.1 is an illustration of the vector

l. The geometry in Fig. 5.1 shows that the marker position vector projected into the NED

frame can be written as

lned = pnedL − pnedF + pnedj,L . (5.30)

Fig. 5.1: Position Vectors Geometry.

The marker position vector must be projected into the follower aircraft body frame

because that is where the measurement is taken:

l = RbFned

(
pnedL − pnedF

)
+RbFnedR

ned
bL

pbLj,L. (5.31)
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where the subscripts and superscripts bF and bL denote the body frames of the follower

and leader aircraft respectively and pbLj,L is the position vector of the jth marker with respect

to the origin of the leader aircraft projected into the leader body frame. The marker is

placed on the body of the leader aircraft and the body of the aircraft is assumed to be

rigid, therefore pbLj,Lis constant. It is also assumed that the pbLj,Lis known. With the leader

to marker position vector constant, equation 5.31 is now only a function of the states x. To

linearize equation 5.31, the following perturbations are defined:

pnedF = p̂nedF + δpnedF (5.32)

pnedL = p̂nedL + δpnedL (5.33)

l = l̂ + δl (5.34)

RbFned = RbF
b̂F
Rb̂Fned = [I3x3 − (δθbF×)]Rb̂Fned (5.35)

RnedbL
= Rned

b̂L

(
RbL
b̂L

)T
= Rned

b̂L
[I3x3 − (δθbL×)]T . (5.36)

Substituting equations 5.32 to 5.36 into 5.31 yields

l̂ + δl = [I3x3 − (δθbF×)]Rb̂Fned

(
p̂nedL + δpnedL − p̂nedF − δpnedF

)

+ [I3x3 − (δθbF×)]Rb̂FnedR
ned
b̂L

[I3x3 − (δθbL×)]T pbLj,L. (5.37)

After much algebra, the linear equation for the marker position vector is

δl = Rb̂Fnedδp
ned
L −Rb̂Fnedδp

ned
F +

([
Rb̂Fned

(
p̂nedL − p̂nedF

)
×
]

+
[
Rb̂FnedR

ned
b̂L

pbLj,L×
])
δθbF
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−Rb̂FnedR
ned
b̂L

(
pbLj,L×

)
δθbL (5.38)

A full derivation of δl with more detail is located in appendix A.2. To finish the

derivation of the linear measurement model that is in the form of equation 5.29, the partial

derivatives of the nonlinear equations h with respect to the position vector l must be eval-

uated. The two nonlinear equations of h are found in equation 5.23. The partial derivative

matrix is found to be

δh

δl

∣∣∣∣̂
l

=

 δh1
δlx

δh1
δly

δh1
δlz

δh2
δlx

δh2
δly

δh2
δlz


∣∣∣∣∣∣∣̂
l

=

 1
lz

0 −lx
l2z

0 1
lz

−ly
l2z


∣∣∣∣∣∣∣̂
l

=

 1
l̂z

0 −l̂x
l̂2z

0 1
l̂z

−ly
l̂2z

 (5.39)

Substituting equations 5.38 and 5.39 into equation 5.29 yields the linear model of the

LOS measurement model:

δzLOS =

 1
l̂z

0 −l̂x
l̂2z

0 1
l̂z

−ly
l̂2z

[Rb̂FnedδpnedL −Rb̂Fnedδp
ned
F +

([
Rb̂Fned

(
p̂nedL − p̂nedF

)
×
]

+
[
Rb̂FnedR

ned
b̂L

pbLj,L×
])
δθbF −R

b̂F
nedR

ned
b̂L

(
pbLj,L×

)
δθbL

]
+ ηLOS

(5.40)

where the elements of the nominal marker position vector projected into the follower

aircraft body frame are calculated using the following equation:

l̂ = Rb̂Fned

(
p̂nedL − p̂nedF

)
+Rb̂FnedR

ned
b̂L
p̂b̂Lj,L. (5.41)

Putting the linear model in state space form:

δzLOS = HLOSδx + ηLOS (5.42)
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where

HLOS =

 1
l̂z

0 −l̂x
l̂2z

0 1
l̂z

−ly
l̂2z

[ Rb̂Fned 03x3

(
−Rb̂FnedR

ned
b̂L

[
pbLj,L×

])
03x6

(
−Rb̂Fned

)
03x3

([
Rb̂Fned

(
p̂nedL − p̂nedF

)
×
]

+
[
Rb̂FnedR

ned
b̂L

pbLj,L×
])

03x6

]
(5.43)

δx =



δpnedL

δvnedL

δθbL

δbaccel,L

δbgyro,L

δpnedF

δvnedF

δθbF

δbaccel,F

δbgyro,F



.

For the Kalman filter that only updates using LOS measurements, the linear measure-

ment model is written as

δz
′
LOS = H

′
LOSδx

′
+ ηLOS (5.44)

where

H
′
LOS =

 1
l̂z

0 −l̂x
l̂2z

0 1
l̂z

−ly
l̂2z

[ Rb̂Fned 03x6

(
−Rb̂FnedR

ned
b̂L

[
pbLj,L×

])
03x6
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(
−Rb̂Fned

)
03x3

([
Rb̂Fned

(
p̂nedL − p̂nedF

)
×
]

+
[
Rb̂FnedR

ned
b̂L

pbLj,L×
])

03x6

]
(5.45)

δx
′

=



δpnedL

δvnedL

δanedL

δθbL

δω̇bL

δα̇bL

δpnedF

δvnedF

δθbF

δbaccel,F

δbgyro,F



.

5.4.3 Linear Measurement Models for Sensor Architectures

The total linear measurement models for architectures 1 through 7 are given in equa-

tions 5.46 through 5.52 respectively. Note that the measurement matrices and error vectors

are created from combinations of the measurement models derived in the previous two sec-

tions. It is important to note that the LOS and GPS measurements will not always be

available at the same time. Discussion on how this is handled in the Kalman filter takes

place later in this paper.

δz1(ti, j) =


 Hgps(ti) 03x15

03x15 Hgps(ti)


HLOS(ti, x̂(ti), j)

 δx(ti) +


ηgps(ti)

ηgps(ti)

ηLOS(ti)

 (5.46)
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δz2(ti) =

 Hgps(ti) 03x15

03x15 Hgps(ti)

 δx(ti) +

 ηgps(ti)

ηgps(ti)

 (5.47)

δz3(ti, j) =


[

03x15 Hgps(ti)

]
HLOS(ti, x̂(ti), j)

 δx(ti) +

 ηgps(ti)

ηLOS(ti)

 (5.48)

δz4(ti, j) =


[
Hgps(ti) 03x15

]
HLOS(ti, x̂(t), j)

 δx(ti) +

 ηgps(ti)

ηLOS(ti)

 (5.49)

δz5(ti, j) = HLOS(ti, x̂(ti), j)δx(ti) + ηLOS(ti) (5.50)

δz6(ti, j) =


[

03x18 Hgps(ti)

]
H

′
LOS(ti, x̂

′
(ti), j)

 δx′
(ti) +

 ηgps(ti)

ηLOS(ti)

 (5.51)

δz7(ti, j) = H
′
LOS(ti, x̂

′
(ti), j)δx(ti)

′
+ ηLOS(ti) (5.52)

5.5 Kalman Update and State Estimate Correction

The final piece of the Kalman filter to be designed is the Kalman update and error

correction stages. The actual measurements from the discrete time sensors and the linear

measurement models are used to generate an error for each of the navigation states. The

errors are then used to correct the navigation states. The residuals and residual covariances

are given by

ri = z̃i − ẑi (5.53)

<i = HiP
−
i H

T
i +R (5.54)

where ẑi is given by equations 5.20 or 5.23 for GPS measurement or LOS measurement
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respectively evaluated at the ith a priori state estimates and Hi is given by equations 5.22,

5.43, or 5.45 depending on measurement type and architecture evaluated at the ith a priori

state estimates. P−i is the state covariance propagated to the ith time moment.

The Kalman gain is computed by

Ki = P−i H
T
i <−1i (5.55)

and the navigation state error is estimated to be

δx̂+ = Kiri. (5.56)

The state covariance is updated using the Josephs form update equation for a discrete

measurement update:

P+
i = (I −KiHi)P

−
i (I −KiHi)

T +KiRgpsK
T
i . (5.57)

The final step of the EKF algorithms is to update the estimated states. The navigation

states are corrected with the error estimates generated from equation 5.56 as follows:

pned = p̂ned + δpned+

vned = v̂ned + δvned+

qbned = δqb+
b̂
⊗ qb̂ned

baccel = b̂accel + δb+
accel
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bgyro = b̂gyro + δb+
gyro

where the attitude estimation error is defined as

δqb
b̂

=

 δθ+b
2

1

 .
5.6 Validation and Simulation

Each of the navigation architectures derived in this chapter were implemented in a

custom Matlab simulation. IMU data generated with the simulation developed in chapter

3 was used for the navigation simulations. For the architecture study simulation trajectory,

the leader aircraft remains at a constant position while the follower aircraft approaches

from above. The follower aircraft starts at a position that is 10 meters to the east and 20

meters above the leader. The follower executes a glide-slope maneuver over a one-minute

interval to approach the leader aircraft finishing the maneuver at a position directly above

the leader and at one meter away. Fig. 5.2, Fig. 5.3, and Fig. 5.4 illustrate the described

relative trajectory used for this study. The rest of this section presents parameters and

values used in the simulation and describes methods for obtaining the final results.

5.6.1 Simulation Parameters

Simulation parameters needed to simulate the navigation solutions presented in this

chapter include initial state uncertainties, the number of beacons for LOS measurements,

beacon positions for LOS measurements, sensor error model parameters, and model param-

eters for the 1st order Markov processes used in architecture 6.

It has been determined by other researchers that six beacons for LOS measurements

should be used in practice to get full-pose information [15]. For this reason, six beacons

were used in the simulations performed in this study. It also has been found in previous

research that the markers should not be placed on a single two-dimensional plane for the
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Fig. 5.2: True Relative North Position.
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Fig. 5.3: True Relative East Position.
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Fig. 5.4: True Relative Down Position.

Table 5.2: Beacon Positions in the Leader Body Frame.

Beacon X Position (m) Y Position (m) Z Position (m)

1 0 0 0

2 0.2 0 0

3 -0.2 0 0

4 0 0.2 0

5 0 -0.2 0

6 0 0 0.2

best results [15]. The beacon positions were chosen to take advantage of this fact and to

place the beacons at reasonable locations for a small sized UAV. The beacon positions can

be found in table 5.2.

Two parameters need to be specified for each of the first order Markov processes: a

time constant and a noise strength. Since these processes are used to model the dynamics

of the leader aircraft which is holding a single position, the accelerations are only due
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to disturbances and are attenuated by the quad-rotor controller. Reasonable disturbance

values were extracted from an existing simulation [26] and then injected into the custom

simulation developed in chapter 3. The power spectral density (PSD) was then calculated

for the linear and angular accelerations of the simulated aircraft. A PSD plot for a first

order Markov process was then fitted to the PSD of the acceleration data to determine

appropriate model parameters. The 1st order Markov process model parameters can be

found in table 5.3.

Table 5.3: 1st Order Markov Parameters
Parameter Value Units

linear acceleration ECRV time constant 0.0796 sec

angular acceleration ECRV time constant 0.0398 sec

3-sigma steady-state linear acceleration 9.92e-5 m/s2

3-sigma steady-state angular acceleration 5.57e-4 rad/s2

The values selected for the initial state uncertainties are listed in table 5.4.

Table 5.4: Simulation Parameters
Parameter Value Units

3-sigma initial position uncertainty 3 m

3-sigma initial position uncertainty 3 m

3-sigma initial position uncertainty 10 m

3-sigma initial velocity uncertainty 0.1 m/sec

3-sigma initial velocity uncertainty 0.1 m/sec

3-sigma initial velocity uncertainty 0.1 m/sec

3-sigma initial orientation uncertainty 0.1 rad

3-sigma initial orientation uncertainty 0.1 rad

3-sigma initial orientation uncertainty 0.1 rad

5.6.2 Sensor Values

The final simulation parameters that need to be specified are the parameters for the

sensor error models for the GPS, IMU, and camera sensors. A single error model will be

selected for both the GPS and camera sensors, but different IMU parameters sets will be
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used for three different IMU grades. The low, medium, and high grade IMU parameters

are taken from the data sheets of the Sensonor STIM300, Northrop Grumman LN200, and

Honeywell HG9900 respectively [27–29]. The actual values used in the simulation are found

in tables 5.5 to 5.7.

Table 5.5: Low Grade IMU Error Model Values
Parameter Value Units

Accel. bias ECRV time constant 600 sec

Gyro bias ECRV time constant 600 sec

3-sigma steady-state accel bias 2.136 mg

3-sigma velocity random walk 0.07 m/s/sqrt(hr)

3-sigma steady-state gyro bias 14.3 deg/hr

3-sigma angular random walk 0.15 deg/sqrt(hr)

Table 5.6: Medium Grade IMU Error Model Values
Parameter Value Units

Accel bias ECRV time constant 3600 sec

Gyro bias ECRV time constant 3600 sec

3-sigma steady-state accel bias 0.3 mg

3-sigma velocity random walk 0.06 m/s/sqrt(hr)

3-sigma steady-state gyro bias 1.0 deg/hr

3-sigma angular random walk 0.07 deg/sqrt(hr)

Table 5.7: High Grade IMU Error Model Values
Parameter Value Units

Accel bias ECRV time constant 3600 sec

Gyro bias ECRV time constant 3600 sec

3-sigma steady-state accel bias 0.025 mg

3-sigma velocity random walk 0.00225 m/s/sqrt(hr)

3-sigma steady-state gyro bias 0.003 deg/hr

3-sigma angular random walk 0.002 deg/sqrt(hr)

To calculate the GPS sensor noise, equation 2.39 from [30] was used. The satellite

geometry provided in table 2.1 of [30] and the receiver noise of table 5.4 from [31] were
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chosen as parameters to calculate the final measurement noise matrix:

R =


0.168 0 0

0 0.168 0

0 0 11.01

 . (5.58)

The LOS measurement noise strength is found by calculating

σLOS = radians(FOV )/Resolution ∗ PixelError. (5.59)

A camera with a resolution of 4096 pixels and a FOV of 70 degrees is chosen. It is

assumed that the fiducials can be detected within 8 pixels.

The final note on sensor parameters in the navigation simulations is that the sample

rates for each sensor are chosen to be 1 Hz, 10 Hz, and 100 Hz for the GPS, LOS, and IMU

respectively.

5.6.3 Key Results

To compare the sensor architectures quantitatively, a covariance analysis is used to

determine performance and sensitivities of each architecture over the same trajectory. The

covariance analysis is done simply by analyzing the elements from the state covariance

matrix P extracted from a simulation run. The diagonal elements of a state covariance

matrix contain the estimated state variable variances at the time the state covariance matrix

was calculated. For example, the value in the 3rd row and 3rd column of the state covariance

matrix for the navigation state vector is the variance of the leader aircraft down position

estimate.

Relative position and attitude are the values of interest for this study, but the filters

designed in this chapter estimate each aircraft’s individual position and attitude. The

relative position, attitude, and corresponding covariances are calculated as follows:

pnedrel = pnedL − pnedF (5.60)
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qbLbF = qbLned ⊗ q
ned
bF

(5.61)

Prel = APAT (5.62)

where

A =

 I3x3 03x3 03x3 03x6 −I3x3 03x3 03x3 03x6

03x3 03x3 I3x3 03x6 03x3 03x3 −I3x3 03x6

 (5.63)

for architectures 1 through 5 and

A =

 I3x3 03x6 03x3 03x6 −I3x3 03x3 03x3 03x6

03x3 03x6 I3x3 03x6 03x3 03x3 −I3x3 03x6

 (5.64)

for the 6th and 7th architecture.

Since the distribution of the process and sensor noise errors used in the simulations are

selected to be Gaussian, it is expected that the distribution of states estimate errors are

also Gaussian. With a Gaussian distribution of state estimate errors, it can be assumed

that about 99% of the state estimate errors should be within three standard deviations of

the true state. So, calculating the three standard deviation values, or 3-sigma values, for

each state of interest shows how close 99% of state estimates will be to the true states. The

final 3-sigma values for relative position and attitude are chosen to be key results from this

navigation study because they show how well each navigation solution estimates the relative

position and attitude from 1 meter away and at steady state. These results are tabulated

by architecture and IMU grade in chapter 7.

Other key results are obtained by plotting the 3-sigma uncertainties of each relative

state as a function of distance. The LOS measurement geometry is sensitive to where

markers are located in its FOV, so as the distance between the two aircraft decreases the

markers span a greater are of the cameras FOV resulting in stronger measurements. Since
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the flight path was planned so that each beacon stays within the FOV of the follower

aircrafts camera, state uncertainties are expected to decrease as distance decreases. The

plots generated as explained in this paragraph will also help to give insight into what the

relative state uncertainties will be at distances greater than 1 meter.

5.6.4 Filter Validation

To verify that the EKF of each architecture is functioning properly, a few methods

can be used to validate the filter’s results. A Monte Carlo analysis is commonly used to

validate the results of the covariance analysis. Monte Carlo analyses are completed by

running the navigation solution multiple times with varying initial state and sensor noise

errors. About 99% of the simulated filter estimates should stay within the 3-sigma bounds

found in the covariance analysis. If this is not the case, it is an indication that either the

simulated navigation solution is implemented incorrectly or the designed filter is not capable

of estimating the states for the given system or trajectory.

The implemented filters from this chapter were tested using the Monte Carlo analysis

described in this section. Plots of the analyses is given in chapter 7 and appendix B.

Residual monitoring is an additional tool that can not only be used for validating the

proper functioning of a Kalman filter, but can be used to detect malfunctioning sensors.

A residual monitoring is similar to the previously mentioned covariance analysis, in that

the residual of sensor measurements should lie within the 3-sigma value of the residual

covariance. The residual and residual covariance are each calculated using equations 5.53

and 5.54 respectively. Plots of residual monitoring are also found in chapter 7.



62

CHAPTER 6

CONTROLLER SIMULATION RESULTS

Results from the two different simulated flights described in chapter 4 are presented

in this chapter. First, simulation results without the two DOF manipulator are presented.

Afterwards, simulation results with the manipulator added to the system are given. Finally,

this chapter ends with a discussion on the provided results including conclusions and the

significance of those conclusions.

6.1 Position and Heading Tracking without Manipulator

This section provides the position and angle errors between the provided leader UAV

states plus an offset and the follower UAV states when the position and heading tracker

provided in chapter 4 is implemented without the manipulator. It was expected that the

position and heading errors would be small because those states are tracked by the controller

and that the roll and pitch angles errors would be slightly higher. The roll and pitch angles

are not expected to be extremely large due to the fact that the two UAVs have the same

exact dynamics. The results over the whole simulated flight are provided in Fig. 6.1 and

Fig. 6.2. Fig. 6.3 gives a closer look at the errors for the first seconds of the flight and at

the steady state error found after the transient phase.

Recall that the aircraft start at a point-hold condition so that the initial velocities are

zero, the leader aircraft immediately starts a constant attitude circular orbit maneuver, and

the follower aircraft is constantly trying to synchronize with the leader aircraft but with a

position offset in the up direction. Note that the position offset stops changing at about

55 seconds which is considered the rendezvous point. At this point, the follower aircraft

attempts to maintain a constant 2-meter offset.

It can be seen from the provided plots that the majority of the error occurs during

the initial seconds of the simulation when the leader aircraft accelerates from a point hold
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Fig. 6.1: NED Position Errors
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Fig. 6.2: Angle Errors without Manipulator.
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Fig. 6.3: Angle Errors without Manipulator for First 10 Seconds and Steady State Error.
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Fig. 6.4: Distance Between Aircraft.

flight mode to a circular orbit maneuver. The errors of the north and down positions are

significantly smaller with only centimeters of error for the first few seconds, but the down

position error is more significant in that it has a full 10 cm of error for the majority of the

flight.

The roll and pitch angles were higher than the yaw angle error as expected. The worst

error for the simulated trajectory was found to be 0.22 radians or 12.6 degrees. The highest

yaw angle error was 0.021 radians or 1.2 degrees.

6.2 Full-Pose Tracking with 2-DOF Manipulator

Since the linkage distances for the manipulator are neglected, there is no difference in

the position errors from the previous section. The angle errors, however, are significantly

reduced. The new angle errors are plotted in Fig. 6.5 and Fig. 6.6.

The provided plot shows that the roll and pitch angle errors were significantly reduced.

The max error from the simulation was reduced to 0.084 radians or 4.8 degrees. The servos

in the simulation were modeled with consumer grade performance parameters. Models for

higher grade servos or alternative actuators could be used and better performance would

be expected. The bandwidth of the servos used for this work was set to be 8.5 Hz.
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Fig. 6.5: Angle Errors with Manipulator.
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Fig. 6.6: Angle Errors with Manipulator for First 10 Seconds and Steady State Error.
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6.3 Discussion

6.3.1 Position and Heading Tracking without Manipulator

The significant error for the down position tracking merits an explanation. The con-

troller designed in chapter 4 uses the leader aircrafts position, linear velocities, and linear

accelerations to calculate feed-forward inputs that are sent to the follower aircraft’s actu-

ators. The tracking controller also adds a moving position offset to the leader aircraft’s

position input but the corresponding linear velocities and accelerations needed to follow

that moving offset are not calculated. This lack of anticipation for the offset movement

causes the significant error seen in Fig. 6.1.

If the analytical derivatives of the offset movement can be calculated, a simple solution

would be to calculate the velocity and acceleration of the offset movement and add them

to the feed-forward input calculations in the differential flatness algorithm. This solution is

left to future work. This error could also be treated as a disturbance on the system. The

controller could be redesigned to better reject disturbances by adding an integrator to the

LQR controller.

The error values presented in this chapter for the first simulation may be acceptable

for certain aerial robotics applications. For the presented simulated flight, the angle errors

at the time of rendezvous are below 10 mrads. The small errors without the manipulator

show that the tracking controller designed in this work is a good initial design for achieving

full-pose synchronization. The effect of wake disturbances was ignored in this study and

introducing these disturbances will likely degrade performance, but that disturbance anal-

ysis is left to future work. If the errors of the first system presented are sufficiently low for

a specific aerial-robotic mission, the complexity of adding a manipulator can be avoided.

6.3.2 Full-Pose Tracking with 2-DOF Manipulator

For aerial-robotic missions that require smaller angle errors, adding a 2-DOF manipu-

lator caused a 60% improvement on the maximum angle errors seen for the simulated flights.
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Other simulation runs using different servo models caused an even greater performance im-

provement, thus a desired angle error can be achieved through choosing higher performing

servos. The steady state error for the roll and pitch angles are also reduced by more than

90%. The steady state error for the yaw angle is not reduced as expected.

Further work is needed to improve position tracking performance and to verify the

designs presented in this work can handle wake disturbances and other typical disturbances,

but the performance found in the simulation results show that the given designs have a great

potential to achieve full-pose synchronization.
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CHAPTER 7

NAVIGATION SIMULATION RESULTS

This chapter presents the results of the navigation architecture study. First, section

7.1 presents results from the Monte Carlo analysis and residual monitoring explained in

5.6.4 to help support that the implemented filters function properly. Next, the following

section provides tabulated data for the steady state relative state uncertainties for each

architecture and for each IMU grade at a 1-meter distance. Section 7.3 plots the relative

state uncertainties over the entire glide-slope maneuver simulation using low-grade IMUs

only. Finally, the concluding section discusses the presented results and gives conclusions

from those results.

7.1 Filter Validation

This section provides results from the validation methods given in chapter 5. The

plots in this section are generated using a medium grade IMU and architecture 1. Similar

plots were generated for each combination of architectures and IMU grades to verify proper

functioning filters. Since each set of plots had similar results, only one set of plots are

presented in this chapter. Plots for each architecture using a medium-grade IMU is provided

in appendix B.

The figures from Fig. 7.1 to Fig. 7.6 are the results from a Monte Carlo analysis. The

red dashed lines are the 3-sigma uncertainty values calculated from values in the state

covariance matrix. Each gray solid line is the error between the state estimate of the

navigation filter for a single Monte Carlo run and the true aircraft state. One-hundred

Monte Carlo runs were used for this analysis.
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Fig. 7.1: Architecture 1 Monte Carlo Analysis of Relative North Position.
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Fig. 7.2: Architecture 1 Monte Carlo Analysis of Relative East Position.
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Fig. 7.3: Architecture 1 Monte Carlo Analysis of Relative Down Position.
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Fig. 7.4: Architecture 1 Monte Carlo Analysis of Relative X Axis Attitude.
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Fig. 7.5: Architecture 1 Monte Carlo Analysis of Relative Y Axis Attitude.
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Fig. 7.6: Architecture 1 Monte Carlo Analysis of Relative Z Axis Attitude.
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The figures from Fig. 7.7 to Fig. 7.11 are the results from a residual monitoring analysis.

Only the follower position GPS measurement and the two LOS measurements for a single

beacon are given. Plots were generated for each measurement in the filter but the results

are extremely similar. The red dashed lines are the 3-sigma uncertainty values calculated

from values in the residual covariance matrix. The blue solid lines are the residuals of the

measurements.
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Fig. 7.7: Residual and 3-sigma Residual Covariance for GPS North Measurement.
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Fig. 7.8: Residual and 3-sigma Residual Covariance for GPS East Measurement.
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Fig. 7.9: Residual and 3-sigma Residual Covariance for GPS South Measurement.
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Fig. 7.10: Residual and 3-sigma Residual Covariance for LOS X Measurement for Beacon
1.
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Fig. 7.11: Residual and 3-sigma Residual Covariance for LOS Y Measurement for Beacon
1.
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7.2 Steady State Relative State Uncertainties

This section provides the steady state 3-sigma uncertainty values for each architecture

and IMU grade combination at the final rendezvous position of 1-meter distance. Tables

7.1 through 7.3 gives the north, east, and down 3-sigma relative position values. Tables

7.4 through 7.6 gives the x, y, and z 3-sigma relative attitude values. These values are

taken from the state covariance matrix at the end of the simulated flight, so these are the

uncertainty values of the relative states when the follower aircraft has remained at a 1-meter

distance for a significant amount of time.

Table 7.1: North 3-Sigma Relative Position Uncertainty.

IMU Grade Arch 1 Arch 2 Arch 3 Arch 4 Arch 5 Arch 6 Arch 7

Low 0.00658 0.304 0.008 0.00807 0.0141 0.00914 0.00921

Medium 0.00472 0.241 0.00578 0.00587 0.00982 0.00665 0.00673

High 0.00447 0.189 0.00537 0.00544 0.00789 0.00629 0.00634

Table 7.2: East 3-Sigma Relative Position Uncertainty.

IMU Grade Arch 1 Arch 2 Arch 3 Arch 4 Arch 5 Arch 6 Arch 7

Low 0.00636 0.304 0.00649 0.0065 0.0135 0.00672 0.00672

Medium 0.00383 0.241 0.00383 0.00384 0.00904 0.00371 0.00371

High 0.00317 0.189 0.00318 0.00318 0.00705 0.00321 0.00322

Table 7.3: Down 3-Sigma Relative Position Uncertainty.

IMU Grade Arch 1 Arch 2 Arch 3 Arch 4 Arch 5 Arch 6 Arch 7

Low 0.0135 1.7 0.0135 0.0135 0.0141 0.0131 0.0131

Medium 0.0106 1.41 0.0106 0.0106 0.011 0.0104 0.0104

High 0.00874 0.997 0.00876 0.00876 0.00899 0.00898 0.00901

7.3 Relative State Uncertainties with Respect to Distance
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Table 7.4: X Axis 3-Sigma Relative Attitude Uncertainty.

IMU Grade Arch 1 Arch 2 Arch 3 Arch 4 Arch 5 Arch 6 Arch 7

Low 0.124 0.168 0.125 0.125 0.125 0.363 0.363

Medium 0.0244 0.0266 0.0244 0.0244 0.0244 0.363 0.363

High 0.00203 0.00256 0.00204 0.00204 0.00204 0.361 0.361

Table 7.5: Y Axis 3-Sigma Relative Attitude Uncertainty.

IMU Grade Arch 1 Arch 2 Arch 3 Arch 4 Arch 5 Arch 6 Arch 7

Low 0.126 0.168 0.128 0.128 0.128 0.375 0.375

Medium 0.0244 0.0266 0.0244 0.0244 0.0244 0.376 0.375

High 0.00203 0.00257 0.00203 0.00203 0.00203 0.375 0.375

This section plots the relative state uncertainties with respect to the distance between

both aircraft. Assuming that navigation architectures using low-grade IMUs will have

the most difficulty in close-proximity environments, the in-depth look at each navigation

architectures performance provided in this section is limited to only using low-grade IMUs.

Table 7.6: Z Axis 3-Sigma Relative Attitude Uncertainty.

IMU Grade Arch 1 Arch 2 Arch 3 Arch 4 Arch 5 Arch 6 Arch 7

Low 0.115 0.922 0.115 0.115 0.115 0.209 0.209

Medium 0.0967 0.811 0.0969 0.0969 0.0969 0.209 0.209

High 0.0962 0.809 0.0963 0.0963 0.0963 0.209 0.209
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Fig. 7.12: North Relative Position 3-Sigma Values Over True Distance.
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Fig. 7.13: East Relative Position 3-Sigma Values Over True Distance.
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Fig. 7.14: Down Relative Position 3-Sigma Values Over True Distance.
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Fig. 7.15: X Axis Relative Attitude 3-Sigma Values Over True Distance.
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Fig. 7.16: Y Axis Relative Attitude 3-Sigma Values Over True Distance.
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Fig. 7.17: Z Axis 3-Sigma Values Over True Distance.
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7.4 Discussion

Looking first at section 7.1 to validate the implemented navigation filters, the Monte

Carlo and residual plots look as expected. It appears that the vast majority of each of the

relative estimation errors remained within the three standard deviation bounds through-

out the whole simulation time. This is what the plots are expected to look like because

about 99% of the estimation errors should remain within those bounds. The measurement

residuals also remained within the 3-sigma residual covariance bounds. The distribution of

measurement residuals also appeared to be zero-mean, white, and Gaussian as expected.

These results support the claim that the implemented navigation filters used for the archi-

tecture study were implemented correctly.

7.4.1 Steady State Uncertainty Discussion

Section 7.2 arguably presents the most important results of this study. The tabulated

results in this section give steady state 3-sigma uncertainty values for each architecture and

IMU grade at the point where the two aircraft are the closest. Since this study is attempting

to focus on close-proximity relative navigation, these results are important because they

show how well relative attitude and position can be estimated at a close 1-meter distance.

As expected, architecture 1 that uses all of the sensors on both aircraft has the best

performance according to these metrics. For the lowest IMU grade, architecture 1 is capable

of estimating 99% of the time the relative north, east, and down positions to within 6.58

mm, 6.36 mm, and 13.5 mm respectively. With the highest grade IMU, architecture 1 is

capable of estimating the relative north, east, and down positions to within 4.49 mm, 3.17

mm, and 8.74 mm respectively. Attitude estimates using architecture 1 with the lowest

grade IMU were found to be within 0.124, 0.126, and 0.115 degrees respectively.

Deciding whether any of these architectures are appropriate for close-proximity mis-

sions depends on the specific mission requirements, but the fact that each architecture has

attitude estimate errors well below 1 degree supports the idea that each architecture can

satisfy the majority of attitude estimate performance requirements. The position estimate

performance is more likely to disqualify some architectures for certain close-proximity, such
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as architecture 2 with maximum north, east, and down position errors of 30.4 cm, 30.4 cm,

and 1.7 m.

Architecture 2 is by far the lowest performing architecture. The GPS error model

implemented in this study was chosen to be analogous with a low-quality, hobby-grade GPS

with only 4 satellites available at a time. Further studies could be performed to explore

how these navigation solutions would perform with higher grade GPS sensors, but the GPS

model used in this study highlights how well systems with LOS measurements perform even

with low grade GPS sensors or even in GPS-denied environments. Architecture two’s low

performance is attributed to the fact that it is the only architecture that does not process

LOS measurements and so it must rely on the low-quality GPS sensor for measurement

corrections.

Architecture 6 and 7 are particularly attractive architectures because they do not rely

on any communication between the two aircraft. This reduces the complexity of the nav-

igation system tremendously when the system is implemented on actual hardware. These

two architectures have an extremely similar performance with architecture 6 outperforming

architecture 7 on a scale of sub-millimeters for position and sub-millidegrees for attitude.

Architectures 6 and 7 outperform architectures 2 and 5, and perform at a similar level to

architectures 1, 3, and 4. Since architecture 6 performs on such a similar level to the other

highest-performing architectures but with significantly less system complexity, architecture

6 seems like a good choice for the close-proximity mission simulated in this work. The per-

formance achieved for this architecture is dependent on the time constant and steady-state

covariance parameters of the first order Markov process chosen to propagate the leader’s

states. Future studies should explore how this architecture’s performance varies with these

parameters.

Conclusions can also be drawn form how the uncertainty metrics improve when the

IMU grade varies. The uncertainty values for each relative state does indeed improve

as better performing IMUs are selected as is expected, except for relative attitude with

architectures 6 and 7. The provided tables show no performance improvement within the
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significant figures provided. Relative attitude is insensitive to IMU noise parameters for

architectures 6 and 7 because there is no IMU information from the leader aircraft. The

IMU located on the follower provides absolute attitude information for that aircraft, but

relative attitude information is not available. Relative information for these architectures

can only be obtained from the LOS measurements. Architectures 1 through 5, however, have

IMU sensors on both aircraft and so are able to obtain relative attitude information from

the IMUs and the LOS measurements. The relative attitude for architectures 1 through 5

improves by about an order of magnitude as the IMU grade is improved.

7.4.2 Relative State Uncertainties with Respect to Distance Discussion

The plots in section 7.3 presents the estimate uncertainty over a range of distances

obtained from the glide-slope maneuver simulation. The conclusions and observations of

the previous subsection seem to mostly hold over the entire set of distances in this study.

For example, architecture 1 has the lowest estimation error over the entire set of distances.

Also, architecture 2 is the worst performing by far and the other architectures each perform

at a similar level to each other.

An insight given by these plots that was not apparent from the tabulated results is that

the attitude uncertainty for architecture 7 is significantly higher than the other architectures.
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CHAPTER 8

CONCLUSION AND FUTURE WORK

8.1 Conclusion

In this thesis, research to develop guidance, navigation, and control algorithms for a

package exchange maneuver of two quad-rotor aircraft was proposed. Benefits and chal-

lenges of the chosen topic were discussed. Literature for aerial robotics, trajectory tracking,

and relative navigation were then reviewed. Research tool development was also discussed.

A full pose tracking controller was successfully designed and implemented in simulation

to achieve synchronization of two multi-rotor robots. A simulator for multi-rotor drones

was first created to simulate the dynamics and kinematics of two drones. The non-linear

equations were presented in this paper. Linear models were derived for the system and

used to tune an LQR controller. The LQR controller was used with a differential flatness

command feed-forward feature to achieve desired performance. It was found that synchro-

nization error was low enough for the full pose states that the design could be suitable for

some applications even without a manipulator. This is expected to only hold for systems

with similar dynamics. Adding a 2-DOF manipulator greatly reduced the roll and pitch

angle errors.

A navigation architecture study for close-proximity missions was performed. EKFs were

designed for each architecture and each filter was simulated using an identical trajectory. It

was found that the architecture with the best performance had access to GPS sensors on each

aircraft, IMU sensors on each aircraft, and LOS measurements from a camera on the follower

aircraft. It was also found that each architecture that used LOS measurements performed at

a similar, high performance level. Finally, it was discovered that the only two architectures

that do not require a communication link between the two aircraft estimated states with a

very low error. These two architectures’ state estimate errors were not significantly different
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to the highest performing architectures. Without the need for a communication link, these

two architectures are much simpler to implement and are therefore attractive architecture

options.

8.2 Future Work

When aircraft fly in close-proximity, the wake of an aircraft can cause powerful dis-

turbances on the other. This wake disturbance was ignored in this work, but this large

disturbance could make it more difficult for two aircraft to be synchronized. Before imple-

menting the controller designed in chapter 4 onto hardware, disturbance rejection analysis

should first be done. In order to analyze the wake disturbances, work would need to be

done in modeling those disturbances as well.

The disturbance rejection analysis may show that improvements need to be made on the

tracking controller design, such as adding an integrator to the LQR controller. Developing

and adding a disturbance observer to the system would most likely improve performance in

the presence of wake disturbance and may even be necessary to avoid collisions.

Once disturbances have been considered, the tracking controller could be implemented

on hardware. Experimental test flights would be used to validate the synchronization control

design.

Implementing the navigation systems on a hardware platform and generating flight

data would validate this study for real world applications. Since this study found architec-

tures that work well in simulation, a hardware implementation could further validate these

architectures so that they could be used in close-proximity missions. The architecture study

in this work could also be expanded to other architectures and GPS sensor grades.

Other studies that could contribute to this work include alternative controller designs

such as Model Predictive Control (MPC) based control design that leverages propeller the-

ory, on-line estimation of Markov model parameters, and modern linear covariance analysis

for go/no go autonomous decision making.
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APPENDIX A

Derivations

A.1 Velocity and Attitude Quaternion Kinematics Linearization

This appendix documents the linearization of the velocity kinematics and attitude

quaternion kinematics presented in chapter 5.

Velocity Kinematics Linearization

Beginning with equation 5.2:

˙̂v
ned

+ δv̇ned = Rnedb ([I − (δθb×)])T (ν̃b − b̂accel − δbaccel + nν) + gned. (A.1)

Distributing the transpose yields

˙̂v
ned

+ δv̇ned = Rnedb ([I + (δθb×)])T (ν̃b − b̂accel − δbaccel + nν) + gned. (A.2)

Expanding yields

˙̂v
ned

+ δv̇ned = Rnedb (ν̃b− b̂accel− δbaccel+nν)+Rnedb (δθb×) (ν̃b− b̂accel− δbaccel+nν)+gned.

(A.3)

Subtracting the estimated ˙̂v
ned

from both sides yields

δv̇ned = Rnedb (−δbaccel + nν) +Rnedb (δθb×) (ν̃b − b̂accel − δbaccel + nν). (A.4)

Reversing the cross product yields

δv̇ned = Rnedb (−δbaccel + nν)−Rnedb (ν̃b − b̂accel − δbaccel + nν)× δθb. (A.5)
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Neglecting second order terms yields

δv̇ned = Rnedb (−δbaccel + nν)−Rnedb (ν̃b − b̂accel)× δθb. (A.6)

Rearranging yields the final equation:

δv̇ned = −Rnedb (ν̃b − b̂accel)× δθb −Rnedb δbaccel +Rnedb nν . (A.7)

Attitude Quaternion Kinematics Linearization

Substituting the definition of the estimated attitude quaternion into equation 5.3 yields

q̇bned = δq̇b
b̂
⊗ qb̂ned + δqb

b̂
⊗ 1

2

 ω̃b − b̂gyro

0

⊗ q̇b̂ned. (A.8)

The right-hand-side of equation 5.3.1 can also be expanded about the current estimate

by substituting equations 5.3.2 and 5.3.2 to yield

q̇bned =
1

2

 ω̃b − b̂gyro − δbgyro + nω

0

⊗ δqbb̂ ⊗ qb̂ned. (A.9)

The objective of the rest of this section is to isolate the δq̇b
b̂
. Setting the previous two

equations equal to each other and right-quaternion-multiplying each side by
(
qb̂ned

)∗
yields

δq̇b
b̂

+ δqb
b̂
⊗ 1

2

 ω̃b − b̂gyro

0

 =
1

2

 ω̃b − b̂gyro − δbgyro + nω

0

⊗ δqbb̂. (A.10)

Substituting the definition for the angular error from equation 5.3.2 yields
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 δθ̇b
2

1

+

 δθb
2

1

⊗ 1

2

 ω̃b − b̂gyro

0

 =
1

2

 ω̃b − b̂gyro − δbgyro + nω

0

⊗
 δθb

2

1

 .
(A.11)

Evaluating the quaternion multiplications yields

1

2

 δθ̇b + ω̃b − b̂gyro +
(
ω̃b − b̂gyro

)
× δθb

2

−
(
ω̃b − b̂gyro

)
· δθb2

 =

1

2

 ω̃b − b̂gyro − δbgyro − nω +
δθb
2 ×

(
ω̃b − b̂gyro − δbgyro + nω

)
− δθb

2 ·
(
ω̃b − b̂gyro − δbgyro + nω

)
 . (A.12)

Eliminating like terms and second-order terms yields the simpler form

 δθ̇b +
(
ω̃b − b̂gyro

)
× δθb

2

0

 =

 −δbgyro + nω +
δθb
2 ×

(
ω̃b − b̂gyro

)
0

 (A.13)

Equating the vector portion of the quaternions and rearranging yields the final form

δθ̇b +
(
ω̃b − b̂gyro

)
× δθb

2
= −δbgyro + nω +

δθb
2
×
(
ω̃b − b̂gyro

)
(A.14)

δθ̇b −
δθb
2
×
(
ω̃b − b̂gyro

)
= −δbgyro + nω +

δθb
2
×
(
ω̃b − b̂gyro

)
(A.15)

δθ̇b = −δbgyro + nω +
δθb
2
×
(
ω̃b − b̂gyro

)
+
δθb
2
×
(
ω̃b − b̂gyro

)
(A.16)

δθ̇b = −δbgyro + nω + δθb ×
(
ω̃b − b̂gyro

)
(A.17)
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δθ̇b = −
(
ω̃b − b̂gyro

)
× δθb − δbgyro + nω (A.18)

A.2 LOS Measurement Model Linearization

This appendix gives the full derivation of the LOS measurement error vector δl as a

function of the error state vector δx. Recall that the nonlinear LOS measurement equations

with perturbations is given by

l̂ + δl = [I3x3 − (δθbF×)]Rb̂Fned

(
p̂nedL + δpnedL − p̂nedF − δpnedF

)

+ [I3x3 − (δθbF×)]Rb̂FnedR
ned
b̂L

[I3x3 − (δθbL×)]T pbLj,L (A.19)

Distributing the transpose, rearranging terms, and expanding terms, the equation ob-

tains a new form

l̂ + δl = Rb̂Fned

(
p̂nedL − p̂nedF

)
+Rb̂Fned

(
δpnedL − δpnedF

)
− (δθbF×)Rb̂Fned

(
p̂nedL − p̂nedF

)
−

(δθbF×)Rb̂Fned

(
δpnedL − δpnedF

)
+
[
Rb̂FnedR

ned
b̂L
− (δθbF×)Rb̂FnedR

ned
b̂L

]
[I3x3 + (δθbL×)] pbLj,L

(A.20)

Eliminating higher order terms and further rearranging yields

l̂ + δl = Rb̂Fned

(
p̂nedL − p̂nedF

)
+Rb̂Fned

(
δpnedL − δpnedF

)
− (δθbF×)Rb̂Fned

(
p̂nedL − p̂nedF

)

+Rb̂FnedR
ned
b̂L

pbLj,L − (δθbF×)Rb̂FnedR
ned
b̂L

pbLj,L +Rb̂FnedR
ned
b̂L

(δθbL×) pbLj,L (A.21)

Using properties of cross products
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l̂ + δl = Rb̂Fned

(
p̂nedL − p̂nedF

)
+Rb̂Fned

(
δpnedL − δpnedF

)
+
[
Rb̂Fned

(
p̂nedL − p̂nedF

)
×
]
δθbF

+Rb̂FnedR
ned
b̂L

pbLj,L +
[
Rb̂FnedR

ned
b̂L

pbLj,L×
]
δθbF −R

b̂F
nedR

ned
b̂L

(
pbLj,L×

)
δθbL (A.22)

Let the nominal marker position vector be defined as

l̂ = Rb̂Fned

(
p̂nedL − p̂nedF

)
+Rb̂FnedR

ned
b̂L
p̂b̂Lj,L (A.23)

Canceling and combining like terms gives the final equation

δl = Rb̂Fnedδp
ned
L −Rb̂Fnedδp

ned
F +

([
Rb̂Fned

(
p̂nedL − p̂nedF

)
×
]

+
[
Rb̂FnedR

ned
b̂L

pbLj,L×
])
δθbF

−Rb̂FnedR
ned
b̂L

(
pbLj,L×

)
δθbL (A.24)
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APPENDIX B

Additional Plots

B.1 Monte Carlo Hair Plots for Architecture 2 with Medium-Grade IMU
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Fig. B.1: Architecture 2 Monte Carlo Analysis of Relative North Position.
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Fig. B.2: Architecture 2 Monte Carlo Analysis of Relative East Position.
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Fig. B.3: Architecture 2 Monte Carlo Analysis of Relative Down Position.
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Fig. B.4: Architecture 2 Monte Carlo Analysis of Relative X Axis Attitude.
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Fig. B.5: Architecture 2 Monte Carlo Analysis of Relative Y Axis Attitude.
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Fig. B.6: Architecture 2 Monte Carlo Analysis of Relative Z Axis Attitude.
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B.2 Monte Carlo Hair Plots for Architecture 3 with Medium-Grade IMU
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Fig. B.7: Architecture 3 Monte Carlo Analysis of Relative North Position.
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Fig. B.8: Architecture 3 Monte Carlo Analysis of Relative East Position.
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Fig. B.9: Architecture 3 Monte Carlo Analysis of Relative Down Position.
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Fig. B.10: Architecture 3 Monte Carlo Analysis of Relative X Axis Attitude.
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Fig. B.11: Architecture 3 Monte Carlo Analysis of Relative Y Axis Attitude.
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Fig. B.12: Architecture 3 Monte Carlo Analysis of Relative Z Axis Attitude.
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B.3 Monte Carlo Hair Plots for Architecture 4 with Medium-Grade IMU
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Fig. B.13: Architecture 4 Monte Carlo Analysis of Relative North Position.
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Fig. B.14: Architecture 4 Monte Carlo Analysis of Relative East Position.
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Fig. B.15: Architecture 4 Monte Carlo Analysis of Relative Down Position.
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Fig. B.16: Architecture 4 Monte Carlo Analysis of Relative X Axis Attitude.
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Fig. B.17: Architecture 4 Monte Carlo Analysis of Relative Y Axis Attitude.
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Fig. B.18: Architecture 4 Monte Carlo Analysis of Relative Z Axis Attitude.
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B.4 Monte Carlo Hair Plots for Architecture 5 with Medium-Grade IMU
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Fig. B.19: Architecture 5 Monte Carlo Analysis of Relative North Position.
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Fig. B.20: Architecture 5 Monte Carlo Analysis of Relative East Position.
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Fig. B.21: Architecture 5 Monte Carlo Analysis of Relative Down Position.
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Fig. B.22: Architecture 5 Monte Carlo Analysis of Relative X Axis Attitude.
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Fig. B.23: Architecture 5 Monte Carlo Analysis of Relative Y Axis Attitude.
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Fig. B.24: Architecture 5 Monte Carlo Analysis of Relative Z Axis Attitude.
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B.5 Monte Carlo Hair Plots for Architecture 6 with Medium-Grade IMU
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Fig. B.25: Architecture 6 Monte Carlo Analysis of Relative North Position.
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Fig. B.26: Architecture 6 Monte Carlo Analysis of Relative East Position.
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Fig. B.27: Architecture 6 Monte Carlo Analysis of Relative Down Position.
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Fig. B.28: Architecture 6 Monte Carlo Analysis of Relative X Axis Attitude.
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Fig. B.29: Architecture 6 Monte Carlo Analysis of Relative Y Axis Attitude.
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Fig. B.30: Architecture 6 Monte Carlo Analysis of Relative Z Axis Attitude.

B.6 Monte Carlo Hair Plots for Architecture 7 with Medium-Grade IMU
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Fig. B.31: Architecture 7 Monte Carlo Analysis of Relative North Position.
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Fig. B.32: Architecture 7 Monte Carlo Analysis of Relative East Position.
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Fig. B.33: Architecture 7 Monte Carlo Analysis of Relative Down Position.
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Fig. B.34: Architecture 7 Monte Carlo Analysis of Relative X Axis Attitude.
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Fig. B.35: Architecture 7 Monte Carlo Analysis of Relative Y Axis Attitude.
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Fig. B.36: Architecture 7 Monte Carlo Analysis of Relative Z Axis Attitude.
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