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Abstract

Surface Wave Propagation in a Dielectric Waveguide Loaded with an Anisotropic,

Conductive, and Spatially Dispersive Substrate

by

Tushar Andriyas, Master of Science

Utah State University, 2009

Major Professor: Dr. Edmund Spencer
Department: Electrical and Computer Engineering

This thesis presents an analytical treatment of surface waves inside a dielectric slab
loaded with a conductive and spatially dispersive semiconductor-like substrate. The work
is primarily focused on the modelling of the substrate and getting the field solutions out
from the Helmholtz equation. Appropriate boundary conditions have been used in order
to get a unique dispersion relation. The surface wave modes are then extracted from the
relation by using a root-searching algorithm, which in this work is the MATLAB Genetic
Algorithm toolbox. Many different substrate configurations have been considered, starting
from the very basic isotropic case to the most complex spatial dispersion case. In between,
anisotropicity has also been added to the substrate by turning the static magnetic field on.
The permittivity tensors are derived from the fluid transport equations and through the
course of the thesis, extra terms such as plasma oscillations, damping, cyclotron resonance,
and density perturbations are added. Many assumptions, approximations, and limitations
of this analytical treatment have also been addressed. Simulations results have been shown
to see the effects of these various terms. The substrates analyzed in the chapters are only a
theoritical approximation of an actual substrate. The main idea behind this study is to get

a feel for how the transport equations can be utilized to obtain properties that might be on
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a macroscopic scale. The physical significance of this expose has also been discussed in the

last chapter. Issues such as scalability to space plasmas and future ramifications are also

included. The study done thus far will be useful in investigating such plasma mediums.

(159 pages)
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Chapter 1
Introduction

Surface wave analysis has always been a subject of great interest and diverse opinions,
ranging from being present only in a theoretical sense and then being actually detected in
practical situatuons [1,2]. They exist in different domains of investigation and dimensions.
Examples include ocean surface waves [3], ultrasonics [4], surface waves in space plasmas
[5-7], down to being present in the micro and sub-micro level chips and antennas [8-10]. In
electromagnetics, these waves were first analyzed by J. Zenneck in 1907 [11]. A surface wave
exists at a sharp discontinuity between two different mediums, that can be either isotropic
or anisotropic, permeable or nonpermeable, and gyroelectric or gyromagnetic media [12-16].
Many different modes can exist at the interface of different media, surface wave mode being
one of them. In the past, these modes were thought to exist only theoretically [1], but they
have been detected in many practical situations, such as solar wind driven waves that cause
generation of surface currents in the bow-shock region of the magnetosphere [5], surface
wave loss in a patch antenna [9,17,18], and even in seismic tremors. These waves have a
peculiar property analogous to skin depth in metals [2,9,10,19]. They are confined to a very
small region along the discontinuity and decay exponentially in direction perpendicular to
the discontinuity in both the mediums and travel parallel to the interface [1,2].

There are many techniques through which one can analyze these waves. Full wave
simulation tools such as Method of Moments (MoM), Finite Element Method (FEM), and
Finite-Difference Time-Domain (FDTD) [20] are used to draw an overall picture as to how
the fields are effected at an interface in the presence of such waves [9,21,22]. But such tools
are of no use until we have a theoretical background of what to look for. To an extent,
analytical techniques such as dyadic Green’s functions [9,19,23-27] can be approximated to

simpler forms, but even these simpler forms can be complex, depending how the material
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is described macroscopically. Another way to analyze these waves is by postulating fields
on one side of the discontinuity and using Snel’s law of reflection and refraction [21], the
reflected and refracted fields in the two media can be calculated by using specific forms of
field solutions [21,28-31]. This technique can be used to analyze media which have isotropic
behavior through TE/TM decomposition, as shown in fig. 1.1 [21].

Dispersion relation is one of the methods used to gain some insight into what conditions
lead to a surface wave [2,12,32]. These analytical techniques require assumptions on what
kind of field solutions can be typified as surface waves. Knowing the field solutions and using
the wave equations in the two mediums, the dispersion relation can be found after matching
of fields at the interface [8,33]. The time dependence is always assumed to be sinusoidal
(e77“!) and the spatial dependence is assumed as a traveling wave solution (el(kv¥+kz=2))
in the directions parallel to the interface and exponentially decaying perpendicular to the

T where ( is the decay constant in either medium). This form is generally

interface (e~¢
called a guided wave solution [14,16,19].

Mediums, at the interface of which these waves exist, can be finite, infinite, or semi-
infinite in one medium [14, 28, 34-37]. The form of field solutions are different for such
mediums. They can have either isotropic [2] or anisotropic behavior [32,38], both uniaxial
and biaxial [39]. Most of the work done till date has been focused on analyzing materials
that are nonmagnetic, but some papers have taken the magnetic behavior into account,
also [13,16].

The analysis done can be put to practical use in the field of antenna theory [9,17,40,41],
understanding how a laboratory two plasma system can behave under different assumptions
such as finite damping, presence of a steady magnetic field and finite pressure (or presence
of diffusion) [42]. Also, it can be used to determine how different signatures of surface waves
in magnetosphere suggest different structural properties of the bow shock, magnetosheath,
and magnetopause interfaces [5].

The main focus of this work is to analyze how different material properties of the sub-

strate of a patch antenna leads to different surface modes being supported at the interface.
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Fig. 1.1: Analysis of surface waves using reflection-refraction technique.

For patch antennas, these surface wave modes have a big part to play in reducing the ra-
diation efficiency of the antenna [9,17,27,43]. These modes can be observed as back lobes
in the radiation pattern of a patch antenna [10], as depicted in fig. 1.2. While doing full
wave analysis through Green’s function, the presence of such modes introduces poles in
the integrand [9,37], shown in fig. 1.3, which in turn brings down the performance of the
antenna as a radiator.

Many studies have therefore been done to reduce such interference of surface waves.
Surfaces such as high impedance surfaces [44], have shown that these modes can be mitigated
to an extent. There are asymptotic techniques elsewhere in the literature through which
reduced surface wave patches can be built which increase the leaky wave coupling and
enhance the radiation efficiency [45]. Most of the investigations with regards to studying
surface waves in anisotropic mediums have already been done, but many assumptions have
been taken, whether it be neglecting the damping term [46] or density perturbation [12,
29]. When density perturbations were included in the material parameters, the substrate
permittivity (€,) was assumed to be a scalar rather than a tensor [47], while in many other

papers, the substrate material with isotropic behavior and layered inhomogeneous material
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Fig. 1.2: Radiation pattern of a practical antenna.

with different inhomogeneity profiles was studied [43,48]. This thesis will therefore aim at
finding dispersion equations for such cases and verify the results against the specific cases
already in literature. Also, emphasis will be on investigating the surface wave behavior with
different material properties through dispersion curves rather than studying the effect of

these modes on the overall performance of a patch antenna.

1.1 Definition

Surface waves are characterized by a field that decays exponentially away from an
interface between two different media, most of which is contained in or near the dielectric
[2]. By different media, we mean the media should have different material parameters.
Macroscopically speaking, they should have a different ¢ and/or u. Throughout the work,
both the materials will be assumed nonmagnetic and it is only the permittivity that will
be worked upon. As one will find out during the course of this chapter, there are certain
conditions that should be met in order for a wave solution to be called a surface wave. From
an antenna prospective, these waves account for the loss along with metallic and dielectric
loss for an antenna [9,10,18,40], unless the antenna is a reduced surface wave antenna [45].
In other words, these waves are responsible for the lowering of the radiated antenna power.

In this work, we are not really interested in finding out how much power is actually lost

through the surface wave mechanism or how to minimize such waves (which has been done
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Fig. 1.3: Real and imaginary part of the integrand of the Green’s function.

elsewhere [9,10]), but to find these wave modes in different configurations of semiconduc-
tor media, viz. isotropic frequency dependent, anisotropic frequency dependent, isotropic
frequency and wave vector (E) dependent, and anisotropic frequency and wave vector de-

pendent. The anisotropic case will include different configurations of steady magnetic field

By and k such as Voigt and Faraday geometries [49,50].

1.2 Dispersion Relation

The method used to find the surface modes is through the derivation of dispersion
relation [2], which basically is a relation between the traveling wave vector k and the input

frequency w. In vacuum, this is given by

: (1.1)
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where ¢ is the speed of light [8,24,33]. Equation (1.1) means that k£ and w have a linear
relationship, i.e., vacuum is dispersionless meaning that all frequencies will travel with the
same phase velocities and there would be no distortion of signal shape [2]. But when the
material parameters are frequency dependent, k is no longer linearly related to the input
frequency [51], implying that different frequencies would travel at different phase velocities.
Therefore, by studying the dispersion relation, we can judge how different frequencies would
propagate in a given medium and at an interface between different media.

When there are two different media, each having different properties, the dispersion
relation is found by solving the homogeneous wave equation in the two media and matching
them across the interface with appropriate boundary conditions. It is of prime importance to
employ the right boundary conditions or the solution would not be unique and complete [52].
Since dispersion relation is an algebraic expression, the fields can be solved for as a function
of temporal and spatial frequency. Before starting the derivation, one therefore has to
assume some form of a solution for the field quantities, in order to make the space derivatives

into spatial frequencies [12,19,22,28,53]. For example, a form such as
Az, y, 2, t) = Age 0%l kyythzz—wt) (1.2)

for medium 1, and

Az, y, 2z t) = AyeBrei(byythzz—wt) (1.3)

for medium 2, would transform the time and space derivatives as % = —jw, a% = —aq,

0

3y = Jky, and % = jk,. This will transform the differential form of Maxwell’s curl

equations, i.e.,

_ OB
FE = ——— 1.4
V x 5 (1.4)
. - 9D
VxH = J+ T (1.5)

into algebraic equations, as per the conventions given (where Ais field quantity (either E or
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H)) and should not be confused with the spatial Fourier transform done in Chapter 5 [12,32].
Looking at the form given in eqs. (1.2) and (1.3), given that x is the spatial coordinate
perpendicular to the interface, & would have to be a positive real quantity or a complex
quantity with positive real part, for the solution to be a surface wave. « and ( are the
respective solutions of the wave equation in medium 1 and 2. The number of solutions, «;
and (3;, will depend on power of the characteristic equation. In other words, they will depend
on the order of the derivative in z, i.e., 8%. For an isotropic medium the wave equation
is of second order and so i or j would be 2 [2]. But when the medium is anisotropic, the
wave equation is of the fourth order implying that the characteristic equation would have
four solutions [12,29]. More details about the roots and their properties would be easy to

understand in the forthcoming chapters.

1.3 Patch Antenna

A patch antenna is a low-profile resonant structure which has many advantages in terms
of size, weight, and ease of integration with other electronics [10]. The basic construction of
a patch is shown in the fig. 1.4. A substrate is sandwiched between the ground plane and
the radiating element. The properties of this substrate determine the resonant frequency
of the patch. The radiation is in the broadside direction, i.e., in z direction.

Reduction in the radiation efficiency of a patch is mainly due substrate losses, copper
losses (due to the ground plane and the radiator), due to surface wave loss, and can also
be affected by spurious radiation from the feed itself [9]. These losses can be seen as minor
lobes in the radiation pattern (fig. 1.2). A surface wave decays as inverse square root of
distance from the excitation as opposed to space waves which follow inverse square law [9,11].
Surface waves are excited in a waveguide structure (such as a patch antenna), when €, > 1.

These are launched at angle § < ¢ < sin~1(—). When there lies a discontinuity in the

Ve,
propagation direction (which is the case with most finite structures), as shown in fig. 1.5,
they get partly reflected and diffracted, the latter being responsible for end-fire radiation (or

reduction in radiation efficiency of a patch) [9]. The main focus of this work is analyzing

surface wave modes in a dielectric slab loaded with a complex substrate such as that of



X ’jringe field P fringe field

& ,Probefeed o
= top layer
[ 1‘ l J substate
gl -

ground plane

z ¥ electrical field

s
N
feedline

Fig. 1.4: A coaxially fed patch antenna.

Pozar [2].

1.4 Isotropic Frequency Independent Media and Issues with Field Solutions
The generic example that helps in gaining some insight on how a dispersion relation
works is of a waveguide filled with isotropic media of relative permittivity €, and surrounded
by free space [2]. The waveguide is taken to be infinite in the interface plane, i.e., along
y and z directions. Solving the wave equation in both the media, we get the attenuation

constants in the dielectric and free space as

o = eki -k (1.6)

o= kK -k, (1.7)

respectively, where the wave numbers and attenuation constants have been defined before.
ko is the free space wave equal to “. As mentioned in Pozar [2|, a and 3 have been
chosen such that the x dependence of the field solutions inside the waveguide and in free
space are of the form Asin(ax) + Bcos(ax) and Ce* + De=P% respectively. The solution
put forth by Pozar [2] is thus one of the many solutions that can exist in the waveguide.

Also, the solution inside the waveguide is based on the fact that the backward and forward
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Fig. 1.5: Excitation of surface waves in patch antennas.

traveling waves have the same amplitude, which may not be the case in general. Although
the dispersion relation should be for the most general field forms, at times, because of the
complexity involved with the derivations of the wave equation inside the substrate, the final
relation would be a big square matrix, the determinant of which would be hard to find, even
computationally [12,31,47]. During the next chapters, therefore, to reduce the complexity
of the dispersion equation, the fields would be solved only for specific cases (i.e., the forward
and backward traveling waves would have the same amplitude).

Keeping this in mind during the analysis performed in the next few chapters, the fields

are matched across the interface to get the dispersion relation

atan(ad) = €. (1.8)

Going back to analysis, the dispersion equation is multiplied by d, the thickness of the
dielectric (metal thickness is assumed negligible in our frequency range of interest) [9], we

get (ad)tan(ad) = €.3d and from the attenuation constant equations, we get (ad)?+(3d)? =
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(€ —1)(kod)?, which represents a circle. Therefore, we have two equations in two unknowns
ad and (d. Pozar [2] solves these equations graphically and depending on the radius (i.e.,
on €, ), there would be points where the two curves would intersect, implying a solution for
ad and (d, as shown in fig. 1.6.

A similar procedure is adopted for T'E, case and instead of tangent function, the
dispersion relation has a cotangent function. Pozar [2] plots the curves for TE, mode in a
similar fashion to T'M, mode as shown in fig. 1.7. From fig. 1.7, it can be seen that a the

number of surface wave modes depend on the value of the substrate permittivity e,.

1.5 Frequency Dependent Permittivity

In the previous sections, a basic understanding of dispersion relation was constructed
and some concerns were put forth. In this section, two more issues are addressed before
going into details of a general dispersion relation in the next chapters. Until now, the
waveguide has been loaded with a frequency independent permittivity. Therefore, the radius
of the circle, traversed by the equation (ad)? 4 (B3d)? = (e, — 1)(kod)?, i.e., kod/ (e, — 1),
is a constant for a given value of ¢,.. Depending on the value of ¢,, therefore, the circle
intersects the tangent (cotangent in case of TE,) at two or more points.

But when €, is a function of frequency w, instead of a circle, there would be a family
of circles intersects the tangent or cotangent curve at many points, similar to that obtained

by Liu et al. [13] and Cory et al. [54]. This is depicted in fig. 1.8. It will therefore, be a

TI\."IZ surface maode for e = 1.1 TI\;’IZ surface mode for e = 4

7 A

PSS S IO ST NUN S
0

-5 o] 5
o’d o’d

Fig. 1.6: T'M, surface wave modes for different values of ;.
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el hed
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Fig. 1.7: TE, surface wave modes for different values of ¢,.

difficult task to determine the surface modes for such an €,(w). Instead of plotting the two
equations, the dispersion relation would be plotted for certain frequencies and the surface
waves would be determined from such a curve. The situation would be worsened when ¢, is
a tensor. For such scalar permittivities and tensors, therefore, plots of propagation constant
against input frequency is an easier option [12,29,32]. Therefore, through the course of this
work, the propagating wave numbers, corresponding to surface waves will be determined

through root-searching algorithms, such as GA.

1.6 TM/TE Decomposition

For a general medium, Helmholtz equation (wave equation) is given by VXxVxA=
k‘ge . ff, where A is either of the electric or magnetic fields and € can be a frequency indepen-
dent/dependent scalar/tensor. For free space and for mediums with no free electric charges

(i.e., V-A= 0), the equation reduces to
V2A 4 k2eAd =0, (1.9)

where A can be either electric or magnetic field. When this wave equation is solved for
the field quantities, they are independent of each other. Therefore, all the field quantities
cannot be determined from any two quantities. Pozar [2] and many other papers, such

as Mok and Davis [15] and Bailey and Deshpande [55], did a TE/TM decomposition of
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field quantities to circumvent these problems. To do such a decomposition, a propagation
direction is assumed and the fields are solved for accordingly. Such a decomposition would
therefore, be used whenever such degenerate forms occur [49]. Such a case will happen for
the anisotropic case when By is parallel to the interface for Voigt geometry.

Also, the decomposition works only when €, is a scalar or it would even work for a

uniaxial anisotropic permittivity tensor of the form

€ze O 0
e=10 em O0]- (1.10)
0 0 €,

Even if the permittivity tensor is a diagonal matrix with different elements, this technique
can work. The reason why this decomposition works for the permittivity configurations
mentioned above is that when the wave equation is solved for such a permittivity, the field
quantities are decoupled, so that a wave equation for any field can be worked out to get the
dispersion relation. So, the TE/T'M decomposition will be utilized for the cases where we
get permittivity tensors which are uniaxial, biaxial, or even for the most simplest case, i.e.,
when By = 0 and ﬁp = 0, which would yield an isotropic permittivity [54,56].

But when the permittivity tensor has off-diagonal unequal elements, all the three x, y,
and z components of the wave equation are needed to get a wave equation that has a single

field variable. An example will make this point clear. Let € be a tensor of the form

€xx C€xy €xz

(1.11)

The wave equation would be of the type

—

V x V x E = wpgeé - E, (1.12)
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whose z,y, z components will be

8? o2 82 82 ,
t=—F, —-——FE,+—F,— —FE, = kijlezzFs oy )
. oxoy Y 0y? * 020z 022 ol +ay By
+es.E), (1.13)
0? 0? 0? 0?
j= —(==FEy— ——FE,— ——FE.+ —F,) = k2(eyuEs E
Yy (8332 Yy 81383/ ay&z + 822 y) O(Gy + ny Y
ey Ey), (1.14)
and
0? 0? 0? 0?
bt ——_F.+—F,— —FE,+——F, = ki(exFE, P
: Ox? + 020z Oy? + 0z0y Y ol ey
+e.. E,), (1.15)

where kg = w?egpig is the free space wave number. For an isotropic material of relative

permittivity €, on the other hand, the components would be

Y 52 52 o2 )
P2 geoy™ ol T gaaa s g te = Roerb (1.16)
) 92 52 52 52 )
Yy = —(@Ey — mEx — @Ez + @Ey) = koerEya (1'17)
82 52 02 92
ts B4+ E, -2 FE.+4+-—FE, = kiE.. 1.1
*7 gt e T gt T ggyty T R (1.18)

When looking for TM/TE modes, one needs to first ascertain the direction of propagation
[2]. Let the direction of propagation be the z direction. Then for TM, /T E, decomposition,
H, or E, respectively, would be zero. Therefore, all the transverse field components could
then be written in terms of the longitudinal component (along the direction of propagation).
As can be seen readily, for an isotropic material, because €, is a scalar, there is only one
field component on the right hand side of the equation and therefore, deriving an equation
of single field component would be easy. But when dealing with an anisotropic material, the

right hand side contains all the three components, implying that the equations are coupled.
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So, decomposition into T'M,/TE, would not be as straightforward. Therefore, instead of
using this technique, we will derive a general relation without assuming a T'M /T E mode

of propagation [12].

1.7 Spatial Dispersion

Spatial dispersion occurs when there are density perturbations in a medium [31, 32,
47,48]. Macroscopically speaking, this effect is accounted for by wave vector dependence
of permittivity €, and permeability. Since throughout the expose, we will be dealing with
nonmagnetic materials, our main concern would be to get a permittivity tensor from the
fluid equations, called the transport equations for semiconductors [32,57—-60]. Until now,
we have only dealt with temporal dispersion, by the virtue of which total field at a point in
time is given not only by the input given at that time but also at previous instants. So, for
a linear and homogeneous material, one can write the constitutive relation between E and

D as

D(#;w) = ép(w) - E(Z;w), (1.19)

where the quantities have been temporally Fourier transformed. In eq. (1.19), €, is a
frequency dependent tensor [31]. Also, multiplication in temporal frequency domain implies

convolution in time, so the above equation can be written in time as

D(Z;t) = / t ep(t —t') - E(Z;t)dt'. (1.20)

—0o0

Equation (1.20) implies that there is nonlocal behavior in time in the sense that the dis-
placement vector at a point Z and time ¢ depends on electric field not only at that point
and time, but also on the previous times. In other words, there is a causal relation between
D and E. This nonlocality in time is what causes temporal dispersion, whereby after some
finite time, a signal will be dispersed [47].

When spatial dispersion is also included in a medium’s behavior, we encounter nonlo-

cality both in time and space. The same constitutive relation between electric displacement
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and field is then modified analogously to temporal dispersion [47,48], to accommodate the

spatial dispersion as

D(Zw) = /ép(f— #w) - E(@;w)d, (1.21)

which when Fourier transformed spatially gives
D(k;w) = &(k;w) - E(k;w). (1.22)

It is evident from the constitutive relation in spatial coordinates, that some assumptions
need to be made on the density perturbations, so that €, is a function of & — /. This can
be achieved by assuming that the medium is translationally invariant in directions parallel
to the interface, i.e., in y and z directions [32]. Also, by using the dielectric approximation,
i.e., neglecting surface corrections to the tensor [32], the tensor can be assumed a function of
|z —2'|. Note that Z is the coordinate system and x is one of the three coordinate directions.
While doing spatial dispersion, the main aim would be to derive a permittivity tensor

in spatial and temporal frequencies through the use of fluid equations [57,58,61] of the form
ep(Frw) =g+ 52— (1.23)

k2 — 72 (w)
such that when the tensor is inverse Fourier transformed in space, we get a Green’s function

for infinite space, i.e.,

(T — T w) = €d(@ — &) + =G (Z— 7). (1.24)
T

Gy(Z—-2') = ej;f_f;j,) is the Green’s function for infinite space, x is a constant and ~ is a
function of w, the input frequency. The functional forms of these parameters will be given in
Chapter 5, which will deal with spatial dispersion. The different terms in the equations will
be defined in the chapter which deals with spatial dispersion. The electric field and Green’s

function can then be written as two-dimensional Fourier transforms, in the directions that
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are infinite (i.e., y and z) as
E(#w) = / / E(ky, ks, z;w)ed By k=2 dr dk._. (1.25)
and
= ) j > <1 —y’ L (z—2 ) Fw~ |e—a'
Gy (|7 - 7)) = 27r/oo /Oo w—vef(’“y(y Ytk (=2t le=2 g k., (1.26)

respectively, where the inverse Fourier transform of Green’s function has been modified
using the Weyl formula [23,25,47,62] and w, = /(7% — k‘g —k2).

There are other theories for derivation of a dispersion relation in a spatially nonlocal
medium, such as Specular reflection method [32,63]. This method will not be viable in the
present context as it only applies for infinite mediums. More details about the derivation
of dispersion relation through the Green’s function technique will be analyzed in Chapter

D.
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Chapter 2
Derivation of the General Dispersion Relation

As mentioned in the introductory chapter, a dispersion relation is an algebraic equation
that relates the spatial wave number with the input signal frequency. It gives information
about what modes can propagate in a given medium or different media separated by an
interface [29,32,64-66]. As opposed to the full wave solutions, viz. MoM, FEM, FDTD,
ete. [9,10,20], the dispersion relation method is found from the differential form of the wave
equation using a defined spatial and temporal variation function for E and H fields called
the guided wave functions or solutions [16,19,21,24,53], converting the wave equation into
an algebraic equation instead of solving an electromagnetic problem with assumed fictitious

sources as done by the prior methods.

2.1 Field Solutions

Before starting the derivation for the most general case of a semiconductor material
separated from free space by a metal interface, assumptions are first made on the form of
the field solutions that are defined as surface waves. From the previous chapter, we can very
well foresee that a surface wave solution should have a exponentially decaying nature along
the direction perpendicular to the interface (i.e., z direction) [12,28], in both the mediums
as shown in fig. 2.1.

For the semiconductor material, we then have for E
E(:L', Y, %, t) = Eoe_axejkyy+jkzz_tha (21)

and

E(x,y, z,t) = Eje Pelkvytikez—jut (2.2)



19

Medium 1 {Fre&space) /\X Attenuation in x-direction

( p‘D!ED E r )
Propagation in y-direction

x=d

Medium 2 ( Semiconductor substrate)

(1,58, €,)

N

7 TR AT

Fig. 2.1: Depiction of a surface wave mode attenuating exponentially perpendicular to and
traveling along the interface.

for free space. The setup can understood more clearly from the fig. 2.2 [12].

The magnetic field will also have the same form, but since through Maxwell’s curl
equation (Faraday’s Law), we can get H components if we have the E components, it is
suffice to solve just for electric field quantities [29]. The above mentioned dependence will
result in us solving an algebraic equation rather than a partial differential equation. Before
doing that, the second curl equation should be made the same as the first one. This can
be done by employing the momentum and continuity equations. This would make the curl
equations as if the semiconductor medium was homogeneous, except for the fact that the
permittivity would now be a tensor instead of a scalar [19,24]. Lets say that the permittivity

tensor is given as

(2.3)

This makes the curl equations (with the sinusoidal dependence) [16] as
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Fig. 2.2: Setup of the coordinate system for the problem.

<L

X E_:(.ﬁ,y,Z) = jwﬂoﬁ(fﬁ’yaz)a (24)

ﬁ X Fl(x,y,z) = _jwe(]g' E($aya Z)’ (25)

where the semiconductor material has been assumed nonmagnetic. The wave equation then
follows simply as

—

V x V x E =wpeoé - E. (2.6)

2.2 Derivation of the Algebraic Form of Wave Equations and Field Solutions
in Semiconductor

It should be noted that the semiconductor material is of thickness d along the x direc-

tion and extends infinitely in both y and z directions. Sign of the x dependent exponent

indicates that a and (3, the decay constant inside the semiconductor material and in free

space respectively, should both be positive for a bonafide surface wave [12,29]. Applying



21

the above mentioned dependence on the wave equation, we get
b 7 Z
VxVxE= —a jky ik , (2.7)

ikyEQZ — ik’ZEOy OéEOZ + iszOm —OéEoy — ikyEoz

where Ej are the constants for the x, 1y, and z components of the electric field. The following

three algebraic equations result

& = —jkyaEoy + ki Fox — ik:0Fo; + k2Eoe = k§(ezoFor + €xyFoy + €2:Foz), (2.8)

§ = —a’Fo, — jkyaEoy — k.kyEo, +k2Eoy = ki(eyeFox + eyyEoy + €42Fo2), (2.9)
and
2 = —a’Ey. — jk.aEo + kj Eo: — kyk.Eoy = ki (€20 Fox + €zyFoy + €22 Eoz).  (2.10)

From the x component, we get

(jkyo + k3ewy) Eoy + (jk.o + kZers) Eos

Eoy = . , (2.11)
where k2 = k‘Z + kg — k%em for the ease of calculation.
Thus, we get two linear homogeneous equations for Fy, and Fy, as
A(a)Eyy + B(a)Ey, = 0, (2.12)
C(a)Eoy + D(a)Ey, = 0, (2.13)
where
Ale) = (—0®+ k2 — kjeyy)r® — (—kpo® + jhyakieay + jkyokgeye + keyzeay),

B(a) = (—kiky— k%eyz)KQ — (—kykzaz +jkyak86m —l—jkzozk:geyx + k‘éeyxem),
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and

Cla) = (—kyk, — k2ew)r? — (—kyko0® + jkoakdeny + jkyakde.s + kieonery),

D(a) = (—a*+ k; — k‘(Q)EZZ)K,z — (—k2a? —l—jkzakgexz +jk:zozk:(2]ezx + kéemem).

Either of the above mentioned two linear algebraic eqs. (2.12) or (2.13) can be solved

by assuming

Eoy =Y FD(a), (2.14)

and
Ey, = — Z FiC(a); (2.15)
Eoy =Y  FB(w), (2.16)

and
Ey, = — Z FiA(ay). (2.17)

The index ¢ depends on the number of roots of the characteristic equation governing the
wave equation inside the semiconductor material or in other words, the secular determinant
of the two algebraic equations [2,12,49] mentioned above (in terms of the = dependence,

viz. a). Mathematically speaking this would boil down to

Aleyw, by ks) = Ale) Bla)) (2.18)
C(a) D(a)
or simply
A(a)D(a) — B(a)C(a) = 0. (2.19)

Equation (2.19) is a polynomial in «, the roots of which are the decay rates inside the

semiconductor.
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Writing the determinant more explicitly, for the most general case of ¢,, we get

[(—0? + k2 — kfeyy)r® — (—kpo® + jhyakieay + jkyokieys + kgeyseay)]
[(—a? + szj — ke )k — (=K a® + jh.akier, + jkoakie., + kje.per)] —
[(—koky — kdey2)r® — (—kyk.a® + jkyakies, + jh.akieys + kjeyess)]

[(—kyk, — k3esy)w* — (—kyko0? + jk.akier, + jhyakie s + keswery)] = 0.(2.20)
This will yield a polynomial equation
wiot + wea® + w3 + waa + ws = 0, (2.21)

where ws, i.e., the coefficients of the equation will be a function of w, &y, and k., depending
on the different assumptions taken into account [12,29,49, 50].

As seen from egs. (2.20) or (2.21), the determinant is of fourth order in «, implying
that there are four roots. The decay constants o and (3 should be positive and real (or com-
plex with positive real part) to render the surface wave decaying away from the interface
(according to the notation adopted). If this is not the case (i.e., if the roots are imaginary or
complex), the surface wave would be traveling rather than decaying in nature or would be
exponentially growing if the roots are negative [21,28]. Also, if one of the roots is real and
the other is imaginary, the surface wave would be a pseudo-surface wave (it would be trav-
eling normal to the interface) [12]. Returning to the full solution inside the semiconductor

material is then be given by (assuming the first of the two solutions mentioned above),

By, = Y FD(o)e el (Fuythzzut) (2.22)
i
B = - Y Rl 22
A
and

B, = Z (jkyai + kgexy)-FzD(az) — (jkzal + kgEzZ)FzC(az) efaizej(kyy+kzszt)7 (224)

K2

i
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using eq. (2.11).

2.3 Algebraic Field Solutions in Free Space

In free space, the general solution is assumed as

—

E = Eje el (hyythez—wt) (2.25)

as mentioned above. We are looking for solutions which are positive or complex with positive

real part. The wave equation in free space is well known and is given by [2,8,19,24]

—

V x V x E = w?ppeoe, E. (2.26)

Since free space is an isotropic medium with no free charges [12,24,32], there would be
no cross terms as in the eq. (2.26) and the characteristic equation would be of second order.

Therefore, eq. (2.26) can be simplified using the mentioned field solution for free space as

V2E + k2e,E = 0, (2.27)

= (82— k2 — K2+ ke, )E = 0, (2.28)

where k:% = w?pep is the free space wave number and e, = 1 for free space and equal to
some other constant value, if a semi-infinite isotropic dielectric is assumed for = > d. The
vector wave equation can be written in component form as in the case of the substrate, but
since all the field quantities will have the same wave equation form, we just need this form

of the equation in order to get the roots for 3, which are

o= kg +E ke, (2:29)

Be = —/(k2+k2—kde,). (2.30)

Out of the two roots from eqgs. (2.29) and (2.30), the one with the positive sign would be

picked as a valid solution, since we need the fields to be finite as x — oo, which is not
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the case with the negative root (82) [2,12]. In other words, at very large values of z, the
negative solution would grow exponentially, rendering it to be a nonphysical solution. As
we now are left with a single root in free space, #; = (8 from now on and it means the
positive root of the wave equation.

The field quantities in free space are related through the divergence equation of E , e,

V-E = 0, (2.31)

= (=28 + 9jky + 2jk.) - (2E12 + 9B, + 2E1,) = 0, (2.32)
= —BFEw. + jkyEry + jk.E1. = 0, (2.33)

L, - hPy ;jszlz’ (2.34)

since there are no free charges in free space. Also, it has been been assumed that free space
is a dielectric of relative permittivity €, (which can be assumed 1 for vacuum).

To get a generalized dispersion relation, adequate number of boundary conditions must
be applied such that we can relate the decay rate in semiconductor («) to that of free space
(8). Boundary conditions will depend on the number of unknowns. In the most general case
given above, one would need six boundary conditions for six unknowns, namely F;s, E1y,
and FE1,, where is would be 4 in count. To get a dispersion equation that is unique, for the
given number of unknowns, we have tangential electric field condition (at the interface and
the ground plane) and the continuity of tangential magnetic field at the interface, which
gives us a total of six boundary conditions. This will ensure that our dispersion relation

uniquely describes the problem at hand [10,24,52].

2.4 Matching of Fields
Applying the boundary conditions, i.e., tangential electric field on the ground plane is

equal to zero, since it is infinite in extent in y and z directions [2] and continuous at the
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interface, we get

Eyl |$:0:> FlD(Oq) + FQD(OQ) + FgD(O&g) + F4D(Oé4) = 0, (235)

E.i |z=0=> —(F1C(n) + FoC(ag) + F3C(a3) + F4C(ay)) = 0, (2.36)
and

Ep = Eyp |s—a= FlD(al)e_o“d + FQD(O(Q)Q_OQd + F3D(a3)e_a3d
+F4D(oz4)e_o‘4d = Elye_ﬁd, (2.37)
E.q1=F, |x:d:> —(Flc(ozl)e_o‘ld + FQC(O&Q)G_QQd + FgC(Oég)e_an

+F4C (ay)e ) = By e P4, (2.38)

Till now, four of the six mentioned conditions have been applied. Before applying
the magnetic field boundary condition, we need to derive the magnetic field quantities in
both the media in terms of the already derived E fields. For both the mediums, through
Faraday’s Law of Electromagnetic induction [2,21,24], i.e., VxE= jwuoﬁ , the tangential
magnetic field quantities can be easily derived.

Firstly, we need a general expression for H in both semiconductor and free space, which

can be written as

H, (x,y,2,t) = Hoe % e (hyythzz—wt) (2.39)
and
Hy(z,y,z,t) = He %I kyythez—wt) (2.40)

respectively. The field solution will be a sum of individual solutions, depending on the
number of roots of the wave equation [12,29,49]. The tangential components of H are H,

and H,, respectively. In terms of E , these can be written in differential form as

OE, OE,

O0H,
= ox 0z )

— [0 8t )

(2.41)



and

OB, OE, OH,

or oy Mo

or in algebraic form (using the mentioned general expressions) as

aky, +ik,Eop = iw,U/OHOya

_aEOy_ikyEOz = iwpoHos,

or simply

aFy, + ik, Eoy

H, =
o iwfto
—aFy, — ik, E
HOZ = < 02’.’ "y Ox,
W o

for semiconductor medium, and

BE1, +ik.F, = Z‘('UMO]{lz,n

_ﬁEly_ikyElx = iwﬂOlea

or

/6E1z + iszlx

Hly = .
1w
—BEq, — ik, E
H,, = B ly. 1Ry lx’
W o
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(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

in free space. Finally, the Eys are substituted from the previously derived equations to get

the final dispersion relation, which is an equation in Fis and Ejs only [12,28]. Therefore,
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the tangential components of H; are found to be

e
HOy = jw’uo Z —OziFiO(Oél') + %[(]k‘yai + k%exy)FiD(ai)
i
—(jks0; + kEep) FiC(0y)], (2.51)
and
Jky
0= o Z —;F;D(a) [(]k a; + k2ery)FyD (o)
—(jkoa; + kiews) FiC(ay)], (2.52)
so that the full solution looks like
Hyi(z,y,2,t) = Z Hgye*aizej(kyy+kzzf‘”t), (2.53)
i
H,(x,y,z,t) = ZHOZe—aixej(kyy-l—kzz—wt)’ (2.54)

i
where Hy, and Hp. have been derived above and are functions of «, that is why they have
been included inside the sum [12]. Once H, and H, have been derived, H, can easily be
determined, but since we have adequate number of boundary conditions, we do not need
the continuity of normal magnetic field. This condition will come in handy while deriving
a dispersion equation for the spatial dispersion case [31,47]. To match the fields across the
interface, we need the field values in free space. Since we have the F field expressions, we

can similarly derive the H fields as

1 jk.
Hy, = By + kyE kB4, 2.
1y qu —[BEy 5 == (jky By + jk=Erz)), (2.55)
'k
Hy, = E kyEry + jk.E1)], 2.56
1 quo[ﬁ 1y + ﬂ(] 1y + jk-E12)] (2.56)

so that the full solution in free space can written as

Hy(z,y,2,t) = Hyye Preilbuythez=ot) (2.57)
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and

Ho(x,y,2,t) = Hy e Preilkyythzz—wt) (2.58)

The summation sign has not been put for free space solutions, since we need the fields to
decay and become finite at very large distances [2], which reduces the number of solutions
in free space to just one root. Also, the notation Hi, denotes the field coefficient value in
free space, whereas H.s denotes the full solution. Similarly, Eyi, E.1, Ey, and E.5 are
the expressions for electric fields in medium 1 (semiconductor) and medium 2 (free space),
respectively, that depend on x, y, and z coordinates. Also, the wave numbers parallel to the
interface should be the same in both the media (according to Snel’s law) [21,24]. Therefore,
they drop out or get cancelled when the fields are matched at the interface or equal to zero
on the ground plane.

Having found the respective H fields in the two mediums, we can match them at the

interface as

1 L
Hy = Hyp |p—d=> o ;[O‘iFiC(ai) + ?[(Jkyoéi + kf€ay) FyD(c)
. 1 k., . . _
—(jkooy + kders) FiC(i)]]e™ %4 = ——[BEy, + L(]kyEly + jk.Ey,)]e P,
Jwho B
(2.59)
1 Jky ., . 2
H. = Hux|i—d=> oo zi:[_aiFiD(ai) — ﬁ[(jkyai + kezy) FiD(0y)

17 ) _
[/BEly + u(]kyEly + ]k;zElz)]e 5d7

(ks + Klen ) FiC(an) ]|l = — = :

 jwho
(2.60)

where the common factor can be cancelled.

1

7 Jwho?
2.5 Dispersion Relation for the Most General €,

We have six linear algebraic equations in six unknowns, implying that we have a unique

dispersion relation [52]. The determinant of the system of equations gives the required
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dispersion relation. In matrix form, the equations can be written as

_D(al) D(a2) D(ag) D(aa) 0 0 ] _Fl_
—C(a1) —C(az) —C(az) —C(o) 0 0 Fy
Dy D, Ds Dy —e P 0 F3 o (261
e G N N2 0 —esd || B | 200
M, M, M My MEepd KBopd) gy
N Ny Ns Ny Pemst Mk opd| gy
where
D; = D(aq)e
Dy = D(ag)e
D3y = D(ag)e ™,
Dy = D(ay)e (2.62)
C, = Clag)e 4,
Cy = C(ozg)e_o‘?d,
Cy = C’(ag)e*%d,
Cy = Clay)e 4, (2.63)

M, = [—a1C(a1) + %((jkyozl + kEery)D(a1) — (jkooq + kfer,)Clar))]e™ 19,
M = [—a2C(a2) + %((jky% + kjezy) D(az) — (jhoaz + kiers)Claz))]e™ 2%,
Ms = [-a3C(as) + %((jkyag + kieny)D(as) — (hoas + kjew:)Claz))]e 3,
My = [—asC(as) + %((jkyoux + keny)D(au) — (jhoau + kjers)Clau))]e 4,

(2.64)
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and
N = [raD(ar) - %((]kyo‘l + kjeay) D(ar) = (jkz0n + Kfeaz)C(an))Je™ 7,
Ny = [-asD(a2) — ]F&igy((]kya2 + kgeny) D(az) — (jkzaz + kfers)C(az))]e 2,
ky . o
Ny = [~azD(as) - ‘],Tf((ﬂkya?) + kbeay) D(as) — (jkzas + kfes:)C(as))le ™,
Ni = [FasD(as) = T ((kyou + kea,) Dla) = (ko + ke Claa) e

(2.65)

Although we have a relation between « and 3, the matrix form of the general dispersion
relation (eq. (2.61)) is very complex to solve numerically [28]. We need to find those k, and
k. wave numbers that will satisfy the transcendental equation formed by taking the secular
determinant of eq. (2.61). Since we already have the fourth order algebraic equation in
semiconductor medium and a second order one in free space, the coefficients of which are
functions of ky, k., and w, the above matrix will be reduced to a transcendental equation
that will yield what wave numbers k, and k. satisfy the equation [12,29,32,49]. Also, the
above dispersion equation is valid only when spatial dispersion or density perturbation is
neglected.

When spatial dispersion or pressure term ﬁp is included, the fluid momentum equation
would include the ﬁp term [32,64,65], which would make the tensor a complicated function
of temporal and spatial frequencies in different directions. As mentioned in the first chapter,
the wave equations inside the substrate would be integro-differential in nature [31,32,47]
and some operations will be needed to get to a differential equation. Before doing that, one
would need to have a model of the permittivity such that the inverse Fourier transform of
of the permittivity gives a function in the form of Green’s function [23,25-27] for infinite
space. Once, the microscopic perturbations have been handled through the fluid momentum
and continuity equations, macroscopic boundary conditions can be applied in order to get
a surface wave dispersion relation [32]. It would become more clear when spatial dispersion

is considered in detail while deriving €,.
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Chapter 3
Isotropic Semiconductor Medium and Derivation of Scalar

Permittivity

3.1 Scalar Permittivity with Damping and Pressure Neglected

A semiconductor medium can be rendered isotropic in the absence of a steady magnetic
field [64,65]. As we will find through the course of the chapter, in absence of an external
steady magnetic field, the cross terms in the momentum equation vanish and the medium
becomes an isotropic material, the only difference being that the permittivity would be
a frequency dependent one [12,64]. Apart from the Maxwell’s curl equations, we need

momentum, continuity (if the material is spatially dispersive), and the current density (J)

equations, which can be written in general as [64-66]

0 4 - . Lo L L
palay +Us VU = Qu(E+Tsx B) ~ VP +ps > ver(Up — Uy), (3.1)

Ns = =
f = ZqusﬁSa (33)

for species s. By species, we mean the charge carriers, i.e., either holes or electrons.

In the above equations, Ny, ps, (73, U}, P;, Qs, and v, stand for number density
per m3, mass density, flow velocity of species s and r, pressure, total charge on species s,
and collision frequency, respectively. P and L are production and loss mechanisms in the

semiconductor which can be assumed to be zero or some value depending on time scales.

Also,

Ps = msN87 (3'4)
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and

Qs = qsNs, (35)

are the mass density and total charge respectively on species s. In egs. (3.4) and (3.5),
my is the effective mass of either electron or hole and ¢, is the charge on the species. It
is important to mention the two Maxwell’s curl equations again so as to easily understand

why the fluid equations are needed after all. They are

q OB

VxE = o (3.6)
. . 0D

VxH = J+ 0 (3.7)

ot

3.2 Perturbation Theory

Equations (3.1) and (3.2) cannot be solved analytically, as they are nonlinear in nature
[64,66]. To make them feasible to solve so as to extract a permittivity tensor €&,, the
equations are linearized through the perturbation technique, in which every field quantity
as well as number density, flow velocity, etc., are split into large DC unperturbed values

and small AC perturbations, that depend on time [64-66], i.e.,
Z = Zy+ Zye I, (3.8)

Doing this operation on egs. (3.1), (3.2), and (3.6), would give us zeroth and a first order
equations. All the nonlinear terms (second order and above) can then be neglected and
the U, - VU, term is also neglected [66], firstly owing to the fact that there can be no
Doppler effects inside such a small device and secondly since the bulk flow, i.e., Tj’o, is zero.

Therefore, the zeroth order perturbations are,

0Ny
ot
= Ny = constant, (3.10)

= 0, (3.9)
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and
0 = 0, (3.11)

assuming Ups and Ej to be zero, i.e., no bulk flows and no background electric field [65].

The first and higher order perturbations for a given species i can be written as [64,66]

8]8\27:1 +V-(No+Na)Un = 0, (3.12)
m;i(No + Nil)(% +Un-V)Un = ¢(No+ Na)(Er + Us x (By + B1))
—Vpi +mi(No + Nir) Z vij (Ui — Us), (3.13)
J
= —jwm;NoUpn = ¢:NoEl, (3.14)
VxE = jwB, (3.15)
VxH = J —jwekl, (3.16)
which simplify to
—jwNi +V - (NoUn) = 0, (3.17)
Ua = T‘; qwﬁl (3.18)

Note that the constitutive relations, viz.

D = ek, (3.19)

o]
I

S

=

(3.20)

have been used and it has been assumed that the material is nonmagnetic and the relative
permittivity (e, ) is 1. The collision frequency has also been neglected for ease of explanation
and as mentioned, the material has isotropic behavior due to absence of an external magnetic
field BO, Now that we have a relation between the perturbed flow velocity and electric field,

using the relation J = >N q(j , we can apply perturbation theory and get the required
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relation between .J and E, noting that the background velocity Uy is zero [66]. Therefore,

J1 = Nog(@y — ). (3.21)

Equation (3.21) is valid for the case when the semiconductor is quasi-neutral (i.e., the
background density for holes and electrons is equal) [12,64], which in turn implies that
there is no background DC potential or electric field. Also, uy, and u, denote the perturbed
hole and electron flow velocities and the negative sign in front of the electron velocity is

because of the negative charge on the electron. From eq. (3.18) derived above, we get

i = 2LE. (3.22)
mpw

i, = -1, (3.23)
Mew

for holes and electrons, respectively. Substituting eqs. (3.22) and (3.23) in eq. (3.21), we
get
Ji = Noa(-2 4+ LR, (3.24)

wmpy  WMe

Equation (3.16) then becomes

6 X ﬁl = Noq(ﬁ + 19 )El — jWEOE1, (325)
wmp WM,

. . N, 2 iN, 2 .

=VxH = (0L 0T e B, (3.26)
wmy, WM
which simplifies to give

- o w2, Wi o
VxH = —jwel— -2 _"PE 3.27
1 jweo(l = —5 = —5)E1 (3.27)

where wp. and wy;, are the respective plasma frequencies for electrons and holes. The

isotropic permittivity can then be written as [65,66]

w2 2

Wph
wp; - (Tp2 (3.28)

ep=1-—
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or in matrix form as

2
1— 25 Zop 0 0
2 2
ep(w) = 0 1 Zhe  Zoh 0 : (3:29)
2 2
0 0 1— e _ Zap

Unlike €y and €., €, depends on frequency throughout the frequency spectrum of interest

(although e, starts depending on frequency after a certain cutoff).

3.3 Derivation with Finite Damping
The derivation of semiconductor permittivity with finite damping can be done by in-
cluding the collision term in momentum equation. Therefore, the first order perturbation

in momentum equation for electrons and holes is given by [64-66]

—jwmeNotle = —qNoﬁl + meNOVeh(ﬁh — ﬁe), (3.30)

—jwmpNotp, = qNoﬁl + thOVhe(ﬁe — Uh), (3.31)

where i, and ) are the small amplitude AC perturbations in electron and hole flows.

Simplifying egs. (3.30) and (3.31), we get

) o
U = — Jq El—{—J Eh(uh—ue), (3.32)
WM w
i = LB+ 2@, —a). (3.33)
wmy, w

Finally, the two equations are subtracted to get a relation between u}, — 4, and E; which is

Jq Jq
- - wm wm '
Ty — e = e [, (3.34)
1 + JVeh + JVhe
w w

Substituting eq. (3.34) back into eq. (3.21)
Ja 4 _Ja

wMe wmp,

1+w+w

—

Ji = Nog E, (3.35)



and then into eq. (3.16)

—

Nog® Nog®
- _, . 2 2
VxH = —jwe(l— (=0 ——n=
J-en Jhe
1 + w + w
we get
wge + wzh
T . 2 2
VxH = —jwe(l—(—~ =

and the required permittivity €, as

= 1—(

1+w+w

2 2
h_}_wﬂ
w? w?

1+w+w

).

)E

))Ela

In tensor form, the substrate permittivity can be written as [65]

1 (

2
w,

pe
w?2 +

0

2
ph
w2

w

JVeh | IVhe

)

0

2 w2

Wpe ph
L~ (s )

JVeh | IVhe

0 1—(

0

2
w.

pe
Tt

9

2
Woh
w2

JVeh | IVhe
1+ w + w

)
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(3.36)

(3.37)

(3.38)

(3.39)

€p, even though a scalar, has been written in tensor form for ease of transition into the

anisotropic tensor case. The plot for €, is shown in fig. 3.1, for negligible (e,1) and finite

(€p2) damping.

3.4 Dispersion Relation and Results for Isotropic Behavior (T'E, case)

Having derived the scalar permittivity for a semiconductor medium in absence of a

steady magnetic field, we can now move on to the derivation of dispersion relation. As

mentioned in the introduction, for scalar permittivity, we can assume a TM or TE mode,

because when the propagation direction is fixed to a certain coordinate, one of the three

wave equations will become completely independent of the other two [15,54]. So, the only

avenue left would be to break down the fields into certain modes, which leads to such
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Fig. 3.1: Isotropic permittivity of the semiconductor substrate.

solutions. This is even true for a diagonal permittivity tensor with unequal elements, such

as a uniaxial or biaxial substrate [14,39]. The wave equation in terms of electric field is
VxVXxE = kie(w)kE, (3.40)

and with the field distribution as

—

Ei(z,y,z;w) = Ege 0w el (hyythez—wt) (3.41)

—

Es(x,y,z;w) = Eye P eilbyythzz—wt) (3.42)

in the semiconductor substrate and in free space, respectively. We still do not know the
number of roots a and 3. This will become evident only while solving the wave equation
in the two mediums. We are looking for wave solutions that propagate in y direction and

decay in z direction, with no z dependence [2,35]. The wave equation in semiconductor
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substrate for a T'F, mode is written in matrix form as

T 7 z FEoz
o jk, 0 = kgep(w) | Eoy | - (3.43)
jkyEOZ aky, _aEOy - jkyEOx Ey.

which in component form is

& = jky(—aEoy — jkyFoz) = kjepEos, (3.44)
§ = a(—aFy, — jkyEoz) = kiepEoy, (3.45)
= —a’Eo. + kBo. = kjepFEo:. (3.46)

The form of the wave equations tells that there is some arbitrariness in the isotropic
case when % = 0. In other words, the E, component (eq. (3.46)) is completely independent
of the other two, which means that one would get a different solution for £, and E,, E,
combined. So, this arbitrariness forces a TM and TFE solution, implying that the field
quantities E., H,, H, would be solved as T'E, mode and H, E,, E, as T'M, mode [15,35,
54,55]. Note that when T'M, mode will be solved, it will imply H, = 0 rather than H, = 0.
This weird notation comes in because of the cross terms (since V-E # 0 in the substrate)
in the wave equation. T'M, just means that we are looking for transverse magnetic wave
solutions propagating in y direction and vice-versa, as shown in fig. 3.2. From eq. (3.46),

we get o? = k:z — k:gep as the two roots. Eo. is therefore of the form ), F;, where ¢ = 2 for

the present case. The total solution is given as
E.q = (Fle™ 7 4 Fye~2®)e i (kyy—wt), (3.47)
On the other side of the interface, i.e., in medium 2, we similarly get

By = ByeB0e—ilkyy—wt) (3.48)
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Fig. 3.2: Pictorial representation of a T'F, mode.

where the negative root is not considered, since we need the fields to decay to a finite value

as x — 0o. Applying the boundary condition on E,; at x = 0, we get
E.|;—0=0= F, = —F>. (3.49)
The solution looks like
E, = Fy(e**®* — e_aﬂ)e_j(kyy_“’t), (3.50)
since a1 = —ap. Simplifying eq. (3.50), we get

E, = 2F18inh(a2x)e_j(kyy_“’t), (3.51)

= E,1 = Fsinh(agx)e k=t (3.52)

where the constant 2F) has been replaced by F. Applying the continuity of F, at © = d,

we get

E.1 = E.5|y—q = Fsinh(aad) = Eye P, (3.53)
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Since we have two unknowns, we need another condition that relates ' and FE;,. This
condition is the continuity of H, at the interface [12,29], since the other tangential magnetic

field component H, = 0 (for TM, mode). From eq. (3.15), we use the y component to get

«
Hy, = —FEy,. 3.54
0 Jwhio 02 (3:54)

Since Hy, has a dependence in the coefficient, we will use Eyp, = ), F;. Doing this and

using F} = —Fb, along with o = —aw, we get after some algebra
it % (Fion + Pyao) (3.55)
oy = = 101 202), .
Y Jwho
1 .
= Hy = ——(Flaje” 1 4 Fyage ®2%)e I kyy—wt), (3.56)
Jwito

Further simplification of eq. (3.56) yields

—asF .
Hy = szO cosh(agm)e I Fuy=wt), (3.57)

where some precaution should be taken when coefficients are functions of «.
A similar procedure for free space yields Hyy, = ﬁEl ». Matching the two fields at the
interface, we get the second relation between F' and F7, and finally the dispersion relation

as

—agFcosh(agd) = [Ee P4, (3.58)

sinh(aod) —e P | F
= 0. (3.59)

ascosh(and) pe Pl | By,
The determinant of the above matrix gives the required dispersion relation. As can be seen,
the equation is a transcendental equation in £, since o and 3 are both functions of k,. The
above dispersion relation, i.e., eq. (3.59), was coded into MATLAB and the GA toolbox
was used to minimize the relation using a range of frequencies. The sweep of frequencies

was chosen so as to include the hole and electron resonances. The cases studied were effect
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of collisions, effect of different background densities, and effect of different dimensions.

Figure 3.3 shows that when collisions are included in the the substrate permittivity,
there is a distinct shift in the positions of the surface wave roots.

Having two semiconductor substrates with different background density results in dif-
ferent hole and electron plasma frequencies, which results in shifting in the dispersion curves
for the two densities as shown in fig. 3.4. The size of the finite dimension (i.e., x direction)
also plays a part in defining the number of surface wave modes that can exist in a slab.
With d; = .000762m and ds = 10d3, for do (thicker substrate), the modes increased by ten
fold as seen in fig. 3.5.

It is important to note that the GA runs were done at a low resolution, so the function
values would not go exactly to zero a low number. When the same code was run at a higher
resolution, the surface modes reduced the value of the dispersion relation to a low enough

number.

3.5 Dispersion Relation and Results for Isotropic Behavior (7'M, case)
For the T'M, mode, a similar procedure is undertaken as done for the T'E, mode.
Writing the wave equation for the magnetic field, i.e., VxVxH= k‘%gp . ﬁ, we have in

matrix form

z @ z HOx
—a gk 0 = kep(w) | Hyy | » (3.60)
jkyHOZ aHo, _aHOy - jk;yHOgﬁ Hy,

where the same field distribution ff(a:, Yiw) = Age=ei(kyy=wt) hag been used [16,19,21].

Therefore, the three components of the wave equation are

& = jky(—aHoy, — jkyHoz) = kiepHog, (3.61)
§ = a(—aHy, — jkyHoy) = kiepHoy, (3.62)

2= —a’Hy, + kiHo. = kiepHo.. (3.63)
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Fig. 3.3: TE, mode dispersion relation for v = 0 and v # 0.

The same arbitrariness is found as in the T'E, case, since the z component is completely
independent of the other two field components. Because of this, one has to resort to again
solving for the longitudinal mode H, (see fig. 3.6).

From eq. (3.63), we get a? = k:Z — kZe, as the two roots. Hp, can then be written in

the form ), F}, where ¢ = 2 for the present case. The total solution is given as
H.i = (Fle™ ™7 4 Fpe= 2%~ (hyy—wt) (3.64)
On the other side of the interface, we have
H.o = Hye e hyy—wt) (3.65)

where the negative root is not considered, since we need the fields to decay to a finite value
as & — oo [2], # being the solution to the wave equation (V2 + k2e,)H = 0 (since in free
space, V-H= 0). We need to apply the boundary conditions on Fy4,1 at £ = 0. Since

E.1 = 0 for TE, mode, we are left with E;, which can be found from the y component of
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Vx H= —jweoepE as

VxH = —jweoepﬁ, (3.66)
z 1y Z
= |-a jk, 0| = —jweoeEy, (3.67)
HO.Z’ HOy HOz
§= aHp, = —jweoepEoy, (3.68)
= Eyy = —— Hy.. (3.69)
JWeEp€Ep
Therefore, the total solution for F,; is given by
Eyl = —— (Floéleialx + anzefazx)ej(kyyfwt)’ (370)
Jweoep
since the coefficient Ey, is itself a function of . a1 = —as simplifies eq. (3.70) into
1 QT —aoz\ ,j(kyy—wt)
Eyl = — (—Flozge 2P 4+ Foage 2 )eJ vY . (3.71)

Jweoep
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Fig. 3.5: TE, mode dispersion relation for d; = .000762m and dz = 10d;.

Applying the boundary condition at the ground plane [2,28], i.e., Ey1|z—0 = 0 gives '} = F5.

Then, E,; further simplifies to

F; .
Eyi(z,y;w) = _jwlei:: (—e2® 4 e~z I (kyy—wt) (3.72)
P
I3 .
= Bz, y;w) = - a2 sinh(agz)e? Fvy=wt) (3.73)
JWeEoEp

where F' = 2F}.
On the free space side, from eq. (3.65), using Maxwell’s curl equation V x Hy =

- jweoerﬁg, E,5 is found using the y component to get

,Ble = —jWEQGTEly, (3.74)
N —_ (3.75)
Jweoer

where €, = 1 for free space and equal to any constant value for some arbitrary dielectric.

The matching of tangential fields F, across the interface x = d, gives

F
e—aQSinh(QQd) = feﬁlee_ﬂd, (3.76)
P T
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Fig. 3.6: A T'M, mode representation.

where the common factor, jw%o’ has been cancelled. Since we have two unknowns, viz. F
and Hi,, we need another equation that relates F' and Hy,. This is achieved by matching
the tangential H fields at = = d [12,29] or the continuity of magnetic fields across the

interface. This condition gives
Fcosh(aod) = Hye P4, (3.77)

Then, we have the dispersion relation in matrix form as

2 ginh(agd) e hd F
Ep e =0. (3.78)
cosh(aod)  —e P4| | Hy,
The determinant of eq. (3.78) gives the required dispersion relation. The equation is a
transcendental equation in k,, with o and 3 substituted for in terms of k.
The same cases as T'F, mode were investigated and it was found that 7'M, has the

same behavior as a T'E, mode, since the electric and magnetic fields swap [2, 8], but their

functional forms remain the same.
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Chapter 4
Anisotropic Behavior and Derivation of Permittivity Tensor

Anisotropicity shows up in a semiconductor when there is a steady magnetic field (go)
[64,65], as mentioned in the previous chapter. In presence of an external steady magnetic
field, the cross terms in the momentum equation do not vanish and the medium becomes an
anisotropic material, with the plasma permittivity (e,) being a frequency dependent tensor.
The same procedure is applied to derive the tensor. Maxwell’s curl equations, momentum,
and continuity (if the material is spatially dispersive) fluid equations, are required, which

can be written as

0 - - - . -
pal; +Ue V)T = QS(E+USxB)—VPﬁpSXijsr(Ur—Us), (4.1)
aézs V-(NO,) = P-L, (4.2)

j = ZqusU87 (43)

for species s. In eq. (4.3), J is the current density due to different species traveling
at different velocities. All the terms have been explained in the previous chapter. The

Maxwell’s curl equations are the same as before, i.e.,

B 0B
E = —— 4.4
q - 0D

H = e
V x J+8t

These equations are linearized through the perturbation technique, in which every field

quantity as well as number density, flow velocity, etc., are split into large DC unperturbed
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values and small AC perturbations, that depend on time as [64-66]

Z = Zy+ ze It (4.6)

Applying eq. (4.6) on egs. (4.1), (4.2), (4.3), (4.4), and (4.5), we get the zeroth and first
order perturbations. All the nonlinear terms (second order and above) can then be neglected
along with U, - VU, as it is also a second order perturbation (since the background flow
velocity is zero). Proceeding along these lines, the first order perturbations for electrons

can be written as

—meNojwile = _qNO(El + e X EO) + meNo Z Veh(ﬁh - ﬁe)a (47)
J

V x El = ngl, (48)

V x ﬁl = ji — jWEle. (49)

Before going further with the derivation, it should be stated that the steady magnetic field

is aligned at an arbitrary angle 6 with the x axis, as shown in fig. 4.1, i.e.,

By = By(icos + jjsind). (4.10)

Expanding the @ x By term in eq. (4.7), which turns out to be the term that is
responsible for anisotropy in absence of the ﬁp term, we get for the perturbed electron flow

velocity

>

T Y
e x Bo= | wg, Uey — Ues| > (4.11)
Bycosd Bysind 0

= i, X By = Z(—uerBosint) — §(—ue, Bocost) + Z(uey Bosind

—Uey Bocosh). (4.12)
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Fig. 4.1: Magnetic field and k vector orientations.

Equation (4.1) for electrons and holes then becomes [65],

—jwile = —i(E_) — ZUe; Bosing + Jue, Bocost + Z(uey Bosing — uey Bocost))
Me

Ve (U, — 1),

—jwip, = i(E’H — ez Bosing + Jue, Bocost + Z(uey Bosing — uey Bocos))
mp,

+Vhe(ﬁe - ﬁh)

The &, 9, and Z components for electrons using eq. (4.13) are

. jwyq . .
P = Wy = _]m (Ey — uezBosin®) + jwven(Ungy — Uex),
€
. Jjwq .
7= w2uey = - (Ey + ez Bocost) + jwven(Uny — tey),
(4
. 9 _ Jwq . .
2= WUy, = — (B, + ez Bosing — ueyBocost) + jwvep(upz — Uez),

Mme

49

(4.13)

(4.14)

(4.15)
(4.16)

(4.17)
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and for holes using eq. (4.14) are

. jw . .

&= wup, = jm—q (Ey — up,Bosind) + jwvpe(Uer — Uphyz), (4.18)
h

N 2 _ Jwq .

U= wupy = —(Ey + unBocosh) + jwrpe(tey — Uny), (4.19)

. 2 _ Jwq . :

2= wup, = —(E; 4 upgBosinb — upyBocosd) + jwvpe(te; — upz),  (4.20)

mp

where the two equations have been multiplied by jw before the components were found for
ease of calculation. Also, F denotes the first order perturbation and not the whole quantity
having both DC and AC perturbation terms in it.

It is more feasible to write these in matrix form so that an inverse can be found readily
or else finding a relation between @ and E would be complex and time consuming [65]. The

six equations can be written as

2 wqB
w 0 qu =IYI20 6l | | ey
. jwq .
0 w? ]“:737&)0089 Uey | = E + jwvep(tp — ). (4.21)
e me
J“;ZBO sind %Bocose w? Ues

Dividing throughout by w?, we finally get an equation that relates @, to E,

1 0 jQ“ sinf| | Uesp
q Veh
0 1 ]Q“ cosf Uey | = _w]m E + ]we (dp, — te). (4.22)
e
mﬁsin@ %Q“cose 1 U
Similarily for holes, we get
w? 0 J“;gBO sind | |upg
Jjwqg = . L

0 w? ]m&BOcosH Upy = mihE + jwlpe (e — 1p). (4.23)

j:;zBO sind 2 quo cosb w? Up»
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Again, dividing throughout by w?, we get an equation that relates @}, to E,

1 0 JQCh sinf | | upg
4 = JVhe,» -
0 1 ]Q“h cost | |upy| = wjith + ]Te(ue —p). (4.24)
JQCh sinf jQTChcosG 1 .

It is important to keep in mind that we need a relation between u}, — @, and E, so that
ultimately we arrive at an equation that relates J; and E [64]. Writing egs. (4.22) and

(4.24) in a more compact form, we get

q = v,
M, = —JUE g g, (4.25)
WM w
My-iy = 2LE e g, (4.26)
wmy, w
where
1 0 ]chsmﬁ
M, = 0 1 39“0039 ) (4.27)
J%ce sind ]ch cosb 1
and
1 0 J%hsme
M, = 0 1 ]QChcosﬁ . (4.28)
JQCh sinf JQCh cosb 1

Since we need to subtract the electron and hole momentum equations, the two equations

are multiplied by M_ ! and M b L respectively, to give

i = ALyt Y ehMe (), — 1), (4.29)
WM
i = 2L By e, - ), (4.30)
wmp w
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and after subtracting

- - Jq -1 Jq -1\ B JVeh  ;—1 |, JVh -1 - _
Ue — Up = (_wmeMe - rq’nth )E—( ; Me +76Mh ) (ue—Uh), (431)
and simplifying, we get
JVeh 1 JVhe -1 = = Jjq —1 Jq -1 =
— . — = (— i . 4.
(I+ o M+ " M, ) - (e — up) = ( o M, wmth ) E, (4.32)

where [ is the identity matrix. The required relation is then found to be

_. 5 JVeh y =1 . JVhe  ;—17-1 Jjq -1 Jq -1\ A
— =7 M M - M - =M - F. 4.
Ue — Up [ + w e T w h ] ( WM. e wmp, h ) ( 33)
Finally,
J = Nogliy — i), (4.34)
= jVeh -1 jl/he —11—1 jq -1 jq —1 nl
J = —NyglI +——M —M - M - —M -B. 4.35
oall + 20t et - gy - S gy B (a3

As can be seen from the amount of complexity in the equation, some simplification needs
to be done. In the next section, it will be assumed that damping is negligible [65] and
then including damping, the permittivity tensor will be found for different configurations
of §0~ The first case will be Bo perpendicular to the interface and next would be parallel
to the interface. Special cases such as Voigt (k L By) and Faraday (k || By) configurations

[29,49, 50] would then be adopted to make the analysis simpler.

4.1 Derivation of Permittivity Tensor with Negligible Damping
As mentioned in the previous section, the relation between Jand E, i.e. eq. (4.35), is
too complex to be handled as it stands. Some simplifications need to be made, the first of

which would be to neglect damping, i.e., v < w [65]. Keeping this assumption in mind, the
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electron and hole momentum equations become

Jq

T = Uy = — (Ey — ue,Bosind), (4.36)
wme
U= Uey = wme (E + e, Bocosh), (4.37)
Z= U, = (E + Ueyp Bosing — ey Bocosh), (4.38)
WM.
. g .
T=up, = ——(Ey— up,Bosinh), (4.39)
wmy,
. Jq
= = —(F B 0 4.40
Y = Uny wmh( y + un.Bocost), ( )
Z=up, = ﬁ(EZ + upg Bosin® — upy Bocost), (4.41)
wmy,
or in matrix form as

1 0 ]ch sinf | |ves

0 1 ]QCE cosf | |u S | E, (4.42)
ey WM

JQ” sind JQ“ cosf 1 Ues

1 0 ]QCh sind | | upe
0 1 JQC” cosf| |u = &E (4.43)

hy wmyp,
JQCh sinf ]QCh cosf 1 Uhz
In compact form eqgs. (4.42) and (4.43) are written as

. Jq -1 7
= — M - F 4.44
Ue WM e ’ ( )
i = 2Lt E, (4.45)

wmp,

where M ! and M, ! have been stated previously. Already, deriving €p is now not as

complex as it was previously. Subtracting eqs. (4.44) and (4.45), we get

. . Jq —1\ 7
— @y = MV 2Ly 4.46
Ue — Up (wme + wmp, h ) 5 ( )
- = (ALt Iy B (4.47)

WM wmy,
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Substituting eq. (4.47) back into J = Nog(i), — i@.), we get

jNquM_l N iNg*

wme  © wmyp,

J=( MYy E. (4.48)

To get €,, we need to find the inverse of the matrices M, and Mj,. They are

1— X2c0s?0 —XZ2cosfsind  jX.sinb
_ 1
M7t = Al —X2cosfsind 1 — X2sin?0 —jX.cosf| (4.49)
—jXesinf jXecost 1
1-— X%cos29 —X%cosﬁsin@ —jXpsinf
_ 1
M, = A —X%cos@sin@ 1-— X%sinQH jXpcost | (4.50)
jXpsind —jXpcos0 1

where X, = Q:f, X, = %, and A, Ay are the respective determinants of M, and Mj,

given by

A, = 1-X2 (4.51)
Ay, = 1-X7 (4.52)
Substituting eq. (4.48) into eq. (4.5), we get
V x ﬁl = ji — jweoﬁl, (4.53)
. w? L W =
. (& — —
=VxH = —jwe(l— w”z M - w—p?Mh )-E, (4.54)

where the field quantities H and E are first order perturbations. For the assumption v < w,

we finally arrive at the permittivity tensor ¢, given by

Ep(w) =1 — 2t — 2epg-t) (4.55)
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where wp. and wp;, are electron and hole plasma frequencies, respectively, as mentioned

before.

4.2 Eo Perpendicular to the Interface with v << w
The dispersion relation for this case can be found if # = 0° [64,66] is substituted in the

the permittivity matrix. In matrix form, the permittivity tensor €,(w) can be written as

1 00 1 0 0 ) 1 0 0
2
~ _ Wpe X, “ph 1 iX
€p ((,U) =10 1 0f— w2 0 171)(3 — 1]7X2 - wg 0 m 1']_)?2 ) (456)
00 1 0 IJ—XZ 1-Xx2 0 - 1J—)?§ 1-X?

or after simplification as

w2 w?
1 e Can 0 0
2 2 2 2
“pe “ph iy “he ix, “ph
c (UJ) _ 0 1— =2 __ 22 JXe w2 i Xn 2 (4 57)
p 1-X2  1-X? 1-X2 1-X7 ’
w2 wf' w2 w2
iXe B | GXnlp 5
0 Tt oo ke
L e h e h
Equation (4.57) implies that the tensor has the form
€rz O 0
W) =10 ey €l- (4.58)

Although some matrix elements, viz. €y, and €.., are equal and some elements, viz. €,.
and e€,,, are the negative of each other, still they have been written as unequal elements
since this will allow us to use the general dispersion relation derived in second chapter.
The simplifications on the elements will be made once the final dispersion relation has been
found. In the next two sections, dispersion relation would be found for Voigt (E €L Eg) [12]

and Faraday (k || Bo) [29,49] geometries, with By perpendicular to the interface.
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4.2.1 Dispersion Relation for Voigt Geometry with v << w and By Perpendic-
ular to the Interface

For this geometry, since k L By and By = 2By, the traveling wave numbers are k, and
k.. We can pick either of the two mentioned wave numbers. So, let k= yky and let k. = 0,
since we have rotational symmetry about By as shown in fig. 4.2. This simplification has
been made so that we finally arrive at a dispersion equation which will only be a function
of k, alone.

Inside the semiconductor substrate, solving the wave equation, we have the following

coefficients of Fy, and FEjp.:

Ala) = (—a2 + kg — k;geyy)/iQ — (—ksaz —i—jkyak’gexy —i—jkyakgeyx
o eyaeay), (4.59)

B(a) = (—k:ky — kJeyo)w* — (—kyk.a® + jkyakies, + jhakiey,
+hg€yreas), (4.60)

Oa) = (—kyk, — kfeoy)k? — (—kyka® + jk,akber, + jkyokie..
kg erreay), (4.61)

D(a) = (—a® + k] — ke )k® — (—k2a® + jk.akfer: + jh.akie.,

+k‘§emem), (4.62)

which had already been derived in the second chapter dealing with the general dispersion

relation. The permittivity tensor €, is of the form

pw) =10 ey €]- (4.63)

We just need to simplify the equations according to the configuration so that the dispersion

relation we finally get is specific to the configuration.
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Fig. 4.2: k orientation for Voigt geometry around By along x direction.

For the present configuration, we have

k. = 0,
€zy = 0,
€z = 0,
Cyr = 0,
€z = 0,

so that A, B,C, D in eqgs. (4.59)-(4.62) are reduced to

Ala) = (=0 = kgeyy)r? — (—k2a?),
B = (—kle,.)k%,
Cc = (—k%ﬁzy)KZ,

D(a) = (—a®+ k; — ke, )R,

SN

o7

(4.64)
(4.65)
(4.66)
(4.67)

(4.68)

(4.69)
(4.70)
(4.71)

(4.72)
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where Kk = \/(kg — k:gem) and the a dependence on B and C has been removed, since they

are no longer functions of . We had the following interdependence between Ep, and Ep.:

A(a)Ey, + BEy, = 0, (4.73)

CEoy + D(a)Ey, = 0, (4.74)
and the other field component Ep, was related to Ep, and Ep. as
Eg, = 7472, (4.75)

It is important to note here that although it might seem that with all the above simplifi-
cations, there is again an issue of arbitrariness, implying that one of the field component is
completely independent of the other two [2,15,55], but if the wave equations are written in

matrix form

k‘g —jk?ya 0 €z 0O 0
- 0 =k | 0 ey el (4.76)
0 0 —a? + k; 0 €y €

which shows that for an anisotropic case, even though the left side of the z component of
the wave equation is just in Fjp., the right side still has FEjp,, implying that all the three
fields are related. This was not the case when the isotropic behavior was studied, since the

wave equations were of the form

k2 —jkya 0 € 0 0
—jkya —a? 0 =kg | 0 €y 0 |> (4.77)
0 0 —a?+k 0 0 e

which implied that Ey, was completely independent of the z and y components [2,21,
54]. That is why the dispersion relation was found using a T'M/TE decomposition. In
short, having cross terms in the permittivity tensor ensures that the wave solution for the

three components would be tied down and one would not have to resort to using TM/TE
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decomposition as done by Wallis et al. [12].
To find the roots for «, we need to find the secular determinant of the matrix formed

from egs. (4.73) and (4.74), i.e.,

A(a)D(a) — BC =0, (4.78)

which gives a fourth order polynomial [12]. So, we have a sum of four solutions for E, given

as

By, = Y FiD(a)e ekt (4.79)

B, = *CZFie_aizei(kyy_m), (4.80)
ko, F;D(og) o _

B = ZMG 0w i (kyy—t). (4.81)

where the coefficient C' has been pulled out of the summation since it is no longer a function

of a. The solutions in free space (medium 2) are

Ep(z,y;w) = Elye*ﬁxej(kyy*“’t), (4.82)

E.» (I’, Y w) = Elze_ﬁxej(kyy_wﬂ, (483)
and using the divergence equation V.-E= 0, we have F, as

ik, E ,
Ex(z,y;w) = jiyﬁ 1y o =B gjlkyy—wt) (4.84)

Having simplified the field equations inside the substrate and having found all the field
values in free space, we can now apply the boundary conditions. Applying the boundary

conditions, i.e., tangential electric field on the ground plane is zero and continous at the
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interface [24,52], we get

Eyl |z:0:> FlD(Oq) + FQD(OZQ) + FgD(O&g) + F4D(Oé4) = 0, (485)

B g=0= —C(F1 + Fa+ F35+ Fy) = 0, (4.86)
and

Ep = Eyp |s—a= FlD(oq)e_o‘ld + FQD(ag)e_O‘2d + FgD(ag)e_o‘3d + F4D(a4)e_°‘4d
= Eyye P (4.87)
E.i = Eas |peg= —C(Fre” ™ + Fpe™24  Fye 34 4 Fye~ 1)

= Ep.e74.(4.88)

Matching the H fields at the interface (the derivation of which has already been done the

second chapter), we get

1 1
Hy = Hyp |p—a=> —— Z —q;FiCe % = _—_ BB e P (4.89)

Jwio Jwho

%

k.2
Z —aiFZ’D(Oéi)—l-;gOéiFiD(ai) efaid

i

Hzl - Hz2 ’z:d:>

JWwo
B -1
Jwho

ik
<5E1y + ‘% ik, E1y> e, (4.90)

where the common factor , can be cancelled. Having matched the fields, we have six

_1
? Jwho

equations in six unknowns, viz. Fy, Fy, F3, Fy, By, and Eq,. In matrix form, the dispersion



relation is written as

where

Also,

D(au) 0
—C 0
Dy —e~Pd
—Cy 0
My 0

Cy
Co
Cs

Cy

_ —aid
= (Ce M%
_ —asad
= (Ce ™%

—asd
= (e ™%,

— Cefoqd

0,

61

(4.91)

(4.92)

(4.93)

(4.94)
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Ny

No

N3

Ny
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k2
a1D(aq) (—1 + Kg) e~ d,

k2
asD(ag) (—1 + ;ﬁ) e 2d,

k2
asD(as) (—1 + Hg) e sd

(4.95)

The matrix, as it stands, is a 6 x 6 matrix. For a matrix of this order, the secular

determinant, i.e.,

Mo 2~ oo

~ 89 O w = W

cC D 0 0
G H 0 0
K L M 0

:0,
P Q R
u v 0 W
Z a b 0
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is given as

—TAGMRa+TGMRDX —TGRbDI +YAMWPH — YAGMWQ — BSGRbL
—FAURbL — FCSMRa — FUMRDX + BXMRUH + BNMWZH — TCERbL
+TCEMRa+YGMWDN +YAGMRV —YGMRDS —TMRCXH —TARVKH
+TAMRZH + BEPMWa+TAGRbWL + FCSRbL + FCXMRV + BEURbL

- YMWPDE - BXMWPH + BEZMRV + FPMWDX 4+ FURbDI + TRbDKDE
+FAZMWQ — FCIRVW + FKWbDN + BEKWbQ — BEPWbL + JARDU H
—JRWUDE — OAGWbOL — JRbCSH + JCERbDV + JWOPDE — JCEWbDHQ
—JAWbPH + FCIWbQ — FAZMRV — JAGRbV + JGRbDS + TRbCIH
—-TMRZDE - YMWCNH —YAMRUH + JWbCNH — BSMRZH + BSRbKH
+BSGMRa — BIGWb(Q + BIGRVW +YMRUDE +YCEMWQ - YCEMRV
+FAUMRa+ FZMRDS — FCXMWQ — FZMWDN + BXGMWQ + JAGWbQ
—JGWODN + OAWbKH — BEKRVYW — BXGMRV +YMRCSH — BIRWUH
+BIWbOPH — OWbKDE — OWbCIH — OAMWZH — OGMWDX + OAGMWa
+OCEWbBLL — OCEMWa+ OGWbDI + FAPWbOL — FAKWbQ + OMW ZDE
+OMWCXH + BNGWbL — BNWbKH — BNGMWa — BEZMWQ + FAKRbV

—FKRbDS — FCNWbHL — FAPMWa — BEUMRa+ FCNMWa — FPWbDI =0

by MATLAB.

Therefore, as mentioned in the introductory chapter, we will focus the analysis to only
specific modes which have backward and forward traveling waves with equal amplitudes.
This means that since a; = —ag and a3 = —ay, the number of unknowns inside the
substrate, i.e., Fi, Fo, F3, and F}y, can be reduced to just F} and F3. The above matrix
is then reduced to a 4 x 4 matrix, the determinant of which can be calculated. Also, the
number of unknowns has been reduced to four, implying that we have more boundary

conditions than unknowns. So, only the tangential electric field boundary conditions would
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be used here [12].
The required matrix is, therefore,

D(ay) + D(—a1) D(az) + D(—a3) 0 0 '3
—-C —C 0 0 F3
=0, (4.96)
Dy, D3, —ePd 0 Eyy
i —Chy —Csy 0 —E_ﬁd_ | £ |
where
D1, = D(aj)e %4+ D(—aq)e™?,
Dy, = D(ag)e "+ D(—az)e™?,
Cr, = C(e e 4 end),
C3y = C(emd 4 g3y, (4.97)

The determinant of eq. (4.96) gives the dispersion relation.

4.2.2 Results for Voigt Geometry with Eo Perpendicular to the Interface

To analyze this case, many subcases were studied including effect of damping and effect
of different values of the static magnetic field. With damping, the difference can be seen in
the values of the dispersion relation in fig. 4.3.

When zoomed in, the inclusion of damping produced a distinct shift from the undamped
case as shown in fig. 4.4, which is also present when By = 57. With different values of
static magnetic fields, a cutoff appears for By = .057 which does not show for By = 57" [46],
indicated by the arrows in fig. 4.5.

Another interesting feature in the plots is that when zoomed in at lower frequencies
for any value of By, the cyclotron resonances (2. and Q) can be seen as anti-resonances
(place where function goes to a maxima, rather than a minima (for surface wave poles))

shown in fig. 4.6, which are damped out when collisions are included. Also, the lower peak
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30

Fig. 4.3: Effect of damping for Voigt geometry with By = .057.

is of . and the higher of Q..

4.2.3 Dispersion Relation for Faraday Geometry with v << w and By Perpen-
dicular to the Interface

Faraday geometry (k || Bo) [29,49] enforces only traveling wave components along
the Eo field. Since éo is perpendicular to the interface, we need to have traveling waves
along x direction. For a bonafide surface wave, the wave should attenuate in the direction
perpendicular to the interface, i.e., in x direction. Therefore, this case has no usage when
studying the surface wave phenomena for By along z direction. This special case will be
utilized while deriving surface wave dispersion relation for By parallel to the interface, i.e.,

in y direction.

4.3 EO Parallel to the Interface with v << w
To analyze this case, we first need to simplify the permittivity tensor €, for 6 = 90°

[12,35]. Since the tensor is specified by the equation

w2 w2
M - LY Vet (4.98)

w

gp(w) =1-



where

and

Fig. 4.4: Effect of damping for Voigt geometry with By = .05T zoomed in.
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are the respective determinants of M, and Mp. 6 = 90° is now substituted in the above

matrices to get

1 0 jX.
1

—1 o

M, = A0 1-X2 0 |,
—jXe 0 1
1 0 —jX,

M_l — i X2

o= oA |0 1-XE 0 s
iXp, 0 1

(4.103)

(4.104)
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Fig. 4.6: Hole and electron cyclotron resonances for By = .057T zoomed in.

or through further simplification to get

Then, €, can be written as

& (w)

1 00
010
0 01

-1
M, =
1
1-X2
2 e
wpe 0
w2
JXe
1-X2

1 0 JXe
1-X2 1-X2
0 1 0 1>
le O 1
| 1-x2 1-X2
e 0 -
1-X7 1-X7
0 1 0
B 0
| 1-X7 1-X7
0 le 1
1-X2 5 | 1-X3
w
ph
1 0 - 9 0
w
O 1 th
1-X2 1-X2

(4.105)
(4.106)
JXn
1-x?
0 . (4.107)
1
1-X7?



69

or as
[ “)ge wgh le“’I%e thwgh i
w2 _ w w? w?
=% 1-X? 0 xz T Xz
2 2
~ - w, Won
épl(w) = 0 1— % “xb 0 : (4.108)
iXewse J‘th;fh “he @
“52 wl ] 0 1 w? 3 w 2
| T-X2 1-X7 1-X 1-X7 |
So, the form of €, is
€ze 0 €
bW =10 ¢, 0] (4.109)

Having found the permittivity tensor for § = 90°, the analysis can now be narrowed
down to Voigt (k L By) [12] and Faraday (k || Bo) [29,49] geometries as done in the previous
section. Dispersion relation for these simplified cases with v << w has been done here, since
the form of the permittivity tensor would still be the same when collisions are not neglected.
Although, there would be some extra terms in the tensor elements, the tensor as a whole
would still have the same elements going to zero for different configurations of éo. This
implies that the same dispersion relations will hold for the cases where v ~ w and it would

not be necessary to derive them again.

4.3.1 Dispersion Relation for Voigt Geometry with v << w and B Parallel to
the Interface

For this geometry, kL EO, with By = 9By. The traveling wave numbers are k, and k..

Out of the two, we can only chose that wave number that is perpendicular to the steady

magnetic field along ¢ direction. We cannot have traveling waves along = direction, since

that would not correspond to a surface wave, we only have k, which is perpendicular to g.

The other wave number, k£, is along By and so cannot be considered for this case.
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Inside the substrate, we have

Ala) = (—oz2 + kg — kgeyy)/-i2, (4.110)

B =0, (4.111)

¢ =0, (4.112)

D(a) = (—a®—kie)r? — (—k2a® + jk.akde,. + jk.akie., (4.113)
+kg€z€az),

implying that the pair of linear simultaneous equations, viz.

A(a)Eoy + BEy, = 0, (4.114)
CEOy -+ D(OJ)E()Z = 0, (4115)
will be reduced to
A(a)Eyy = 0, (4.116)
D(a)Ey, = 0. (4.117)

Thus, we find that this configuration reduces to a degenerate case. This becomes clear when

the wave equation V x V x E = k3ép(w) - E} is written. The equation is

T = _a(_aEOx + szEOz) - (a2 - kZ)EOm = k(%(ezm:EO:v + G:UZEOZ)v (4118)
§= —(a®—k)Ey, = kieyEoy, (4.119)
2 = jk.(—aFo, + jk.Eo.) — (@® —k?)Eo. = ki(e2xFos + €:2Fp.).  (4.120)

It can be seen that Fy; is completely independent of the other two electric fields. The mode
turns out to be a T'M, mode if E;; and E.; are solved for and is a T'E, mode if Ey is

solved for. In this analysis, therefore, the T'M, mode will be solved, i.e., the fields F., E,,
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and H, [35,49,54]. Simplifying the x and z components of the wave equation, we get

(—jka — k:gezx)EOx + (—a2 - k:gezz)EoZ = 0.

Equations (4.121) and (4.122) imply that we have two linear equations

AEo, + B(a)Ey, = 0,

Cla)Eo + D()Eo: = 0,

where

A = k2 — kegs,

Bla) = —jkya— kgem,
Cla) = —jkya— k‘%ezm,
D(a) = —a?—ke...

Equating the determinant of the matrix

A B(a)

equal to zero, i.e.,

(4.121)

(4.122)

(4.123)

(4.124)

(4.125)

(4.126)

(4.127)

gives a polynomial equation in «. Since A is independent of o and B, C, D have powers of

1, 1, and 2, respectively, the power of the equation would be two. Some interesting facts

can be derived from this. Although the medium is anisotropic, the orientation of By has

had a vast impact on the field solutions. One would have expected the number of roots («)

to be four for a general anisotropic medium, but in this case, the medium does not behave
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as expected [12].

The solution can be written as either

Epe = > FiB(o), (4.128)
Ep. = —-A) F, (4.129)
Eo, = ZFz’D(Oﬁ), (4.130)
Ep. = =Y FC(a). (4.131)

The full solution in medium 1 (semiconductor) can be written as

Eu(z,z;w) = ZFiD(ai)e_o‘imej(kzz_”t), (4.132)

E(z,z;w) = —ZEC(ai)e*ai‘”ej(kzz*“t), (4.133)

where the second solution, i.e., egs. (4.130) and (4.131), of the pair of algebraic equations
has been used. The unknowns are Fy, Fy, and Ej, for this TM, mode [15,56]. To get a
unique dispersion relation, the tangential fields at © = 0 and x = d are to be matched.
We also need Hyi, which can be found from the y component of Maxwell’s curl equation

V x El = jw,uoﬁl to get

_(_aEOz_jsz()z) - jwMOHOyy (4-134)
E k. E
= Hy, = M. (4.135)
Jwho

The full solution for Hy; is then given by

Hyi(z, z;w) ZF Cloy) + jk.D(a;)) el k=zmwt) (4.136)

JWHO
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In medium 2, the required field equations are

E(x,z;w) = Elze_ﬁzej(kzz_“’t), (4.137)
- ‘

Ep(z,z;w) = ‘]ﬂz Eye Preilkzz—wt) (4.138)
52 o k’2 .

Hyp(z,z;w) = jﬁwm)z Elze_ﬁxej(kzz_m), (4.139)

where E,o is related to E.2 through V- Eg = 0 (nonexistence of free charges in medium 2)
and H, through the y component of V x By = jw,uoﬁg.
Having found all the required fields in both the mediums, they can be matched across

the interface and at x = 0. Using Etan\ z=0 = 0 gives
FiC(ay) + FoC(ag) =0, (4.140)
and matching the tangential fields at x = d gives

—Flc(al)e_c”d — FQC(OQ)G_OQd = Elze_’gd, (4.141)

Fl(—alC(al) +jk:ZD(a1))e_o‘1d + FQ(—OZQC(OQ) +jkzD(Oé2))€_a2d
_ ﬂQ o k‘2

2 Be P, (4.142)
Finally, the above equations can be written in matrix form
C(aq) C(ag) 0 Fy
C(ar)e™@14  C(ag)e 24 e Pl F| =0, (4.143)
Ly Lo —%eiﬁd FEq,
where
L1 = (—a1C(ay) + jk.D(ar))e %, (4.144)

Ly = (—0420(@2)—i—jkzD(ag))e_o‘?d. (4.145)
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Equating the secular determinant of eq. (4.143) to zero will result in the required dispersion

relation.

4.3.2 Dispersion Relation for Faraday Geometry with v << w and B, Parallel

to the Interface

For this geometry, k I By, with By = §By [35,49]. This geometry implies that the

propagating wave number parallel to By is k. So, the equations derived for a general

dispersion relation can be simplified using the following information

k., = 0,
€y = 0,
€ye = 0,
€. = 0,
€y = 0.

(4.146)

Inside the semiconductor, solving the three components of the wave equation, we have the

following coefficients of Ejy, and Ey.:

Ala) = (—a2 + k‘z — k‘%éyy)/{2 — (—k§a2 —I-jkyakgexy +jkyozk(2)eyw
+k§€yl‘%y),

B(a) = (—k.ky — kley) v — (—kyk.a® + jkyakies, + jk.akiey,

+hgeysenz),

C(a) = (—kyk, — kjesy)K? — (—kyk.0® + jhoakiery + jkyakie.,

+k{€20€ay),

D(a) = (=a® + kj — k§ez.)r” — (—kZa? + jh.akes. + jk.akfes,

4
+k0 szezz) s

which have already been derived in the second chapter.

(4.147)

(4.148)

(4.149)

(4.150)
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Using eq. (4.146), A, B,C, and D can be reduced to

Ala) = (—a® — kjeyy)w? — (—kja?), (4.151)
Bla) = —(jkyakjes:), (4.152)
Cla) = —(jkyokpez), (4.153)
D(a) = (=a®+kj —kjea)r” — (kgearers), (4.154)

where k = ﬂk; — kgem). The first observation is that for this simplifying case, all the four

coefficients are functions of a. Epy, and Ep, are realted through the linear equations

A(e)Eoy + B(a)Ey. = 0, (4.155)

C’(Oé)Eoy—l-D(Oé)EoZ = 0, (4.156)

and the remaining field component Fjy, is related to Ey, and Ep, through the equation

_ jkyoBoy + Kjea- o

Ey

(4.157)

To check if the field quantities are dependent or independent of each other, the wave equa-

tions are written in matrix form to get

k‘g —Jjkyo 0 €ze 0 €2
—jkya  —a? 0 =k |0 ey 0], (4.158)
0 0 —a? + kg € 0 €,y

which shows that even though the left side of the z component of the wave equation is just

in Ey,, the right side still has Fy,, implying that all the three fields are related, which is
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different from the isotropic case [12], which had the form

k2 —jkyo 0 €ze 0 0
—jkya —a? 0 =k§ |0 ey 0], (4.159)
0 0 —a?+k 0 0 e

which implied that Ey, was completely independent of the z and y components.

Having ensured that we are not dealing with any sort of arbitrariness, the roots for «
can be found by equating the secular determinant of the matrix formed from eqs. (4.155)
and (4.156) to zero, i.e.,

A(a)D(a) — B(a)C(a) = 0. (4.160)

Equation (4.160) gives a fourth order polynomial in « [12,29]. So, we have a sum of four

solutions for F, given as

Eyl = Z FiD(O[i)e_aiwei(kyy_wt), (4161)
EFq. = - Z FiC(Ozi)e_aixei(kyy_Wt), (4.162)
1 N, ) k2 X )
B, = Z (.]kyal)ED(al) a koeftz‘FlC(al) efaimej(kyyfwt)' (4163)
K

i

On the free space we have the field solutions as

Eyp(z,y;w) = Byye el bvy=et), (4.164)

Eap(z,y;w) = Eyze el hoy=et), (4.165)
and again using the divergence equation V-E= 0, we have E, as
iky B .
Ep(z,y;w) = Mlee*ﬁxe](kyy*“’t). (4.166)

After simplification, having found all the field equations inside the substrate and in

free space, we can now apply the boundary conditions to the fields at the ground plane and
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at the interface. Applying the tangential electric field boundary condition on the ground

plane and at the interface [52], we get

Eyl ‘z:0:> FlD(Cvl) + FQD(()Q) + FgD(Ozg) + F4D(Oé4) = 07 (4167)

E. ‘w:0:> —(FlC(al) + FQC(O{Q) + Fgc(ag) + F4C(Oé4)) = 0, (4.168)
and

Eyl = Eyg ‘x:d:> FlD(Oq)eiald + FQD(O[Q)@ian + FgD(ag)eia‘"’d
+FyD(a)e 4 = By e, (4.169)
E.1=F., |oc:d:> —(F1C(041)€_a1d + FQC(O{Q)C_OQd + F30(053)€_a3d

+F4C(a4)e_o‘4d) = Ey,e P4, (4.170)

Matching of H fields at the interface (the derivation of which has already been done in the

second chapter) gives the required equations for the number of unknowns. These are

1 1
Hyp = Hyp loea= —— > [, FC(a)]e™ % = ——[BE,]e P, (4.171
1 = Hy2 |o=d G Zj:[ ()] ]Wo[ﬁ 12] ( )
1 Jky ., .
H.i = H.s |3=—q= o ;[—O@FZD(O@) - F[(]k’yai)FiD(ai)
Jky , . —3d
[ﬁEly + 7(JkyE1y>]€ ) (4.172)

~(Rews) EC (o)l = —— 5

 jwho

where the common factor can be cancelled. Having matched the fields, we have

1
> Jwpo’

six equations in six unknowns, viz. Fi, Fy, F3, Fy, F1y, E1,. In matrix form, the dispersion
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relation is written as

D(a1) D(a2) D(asz) D(aa) 0 0 Fy
—C(Oq) —C(Oég) —C(O&g) —C(Oé4) 0 0 F2
D D D D —e~Pd 0 F.
Y 2 5 Y =0, (4173)
—le —CQf —Cgf —C4f 0 —e P Fy
My Mo My My 0 —ﬁe‘ﬁd Ely
2_1.2
Ny Ny N3 Ny %efﬁd 0 Ey,
where
le = D(al)eiald,
Doy = D(ag)e 2%
Dgf = D(ag)e_a5d,
Dy = D(ag)e % (4.174)
Ciy = C’(oq)e_ald,
Cyp = C(Oég)e_(md,
Czp = C(Oég)e_QSd,
Cyp = Clay)e ™, (4.175)
Also,
M, = —o1C(ay)e 4,
M2 == *0420(0[2)6_&2{
My = —agC(Ozg)efan,

My = —asC(ay)e” (4.176)
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and

N = <—a1D(a1) — %(jkyalD(oq) - l{:gemC(al))) e~ d

Mo = (“aaD(en) - L Gik0aD(0z) - KerClon) ) o

N3 = (—agD(ag) — %(jkyagD(ag) — k:gemC(ag))> e~ sd,

N, = <—a4D(a4) _ %(jkya4D(a4) _ kgemC(oq))) emosd(4177)
As before, we have to reduce the number of unknowns using the simplification that a; = —ae
and a3 = —ay.

The unknowns are reduced to Fi, F3, E1y, and Ej,. Therefore, the four required rela-

tions are
Fl(D(Cu) + D(—a1)) + F3(D(043) + D(—ag)) = 0, (4.178)
Fi(D(a1)e % 4+ D(—ay)e®?®) + F3(D(az)e % 4+ D(—az)e™?) = Ep,e
(4.179)
—[F1(C(a1)e™ Y + C(—ay)e*?) + F3(C(a3)e™ % + C(—a3z)e®?)] = Epe P,
(4.180)
and

Fil(=a1D(a1) = L [jkya1D(en) = KeazClan)))e™ ! + (D (—an)
_Jky
Iﬁ;2

+F3[(—asD(as) — %[jkya:ﬂ)(%) — kpes=Clas)])e™ 3 + (agD(—as)

[—jkyarD(—a1) — kfep-C(—a1)])e* ]

by, o ky .
— L [ jkya3D(—as) = kea.C(—az)))e™] = ~[3Ey, + %(]kyEly)]e Bd,

(4.181)
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which can be written in matrix form as

D(al) + D(—al) D(ag) + D(—Oég) 0 0 Fy
M M. —e~hd 0 F.
' ’ *l =o, (4.182)
N1 N3 0 e Bd Ely
P Py Fligod o | |Ew
where
M, = D(o)e % 4 D(—ay)e*, (4.183)
Mz = D(az)e ¢+ D(—a3)e®?, (4.184)
N = C(ar)e 4+ C(—ap)e™, (4.185)
N3 = Cl(az)e %+ C(—az)e*?, (4.186)
and
" 3
Pi = (~a1D(en) = 2 [jky,an D(en) = ez Clan)])e
_— )
+(arD(—ay) — %[—jkyalD(—al) — K2ezC(—ar)])ed, (4.187)
- -
Py = (—asD(as) — 2/ [jk,asD(as) — kier:C(as)))e
_ )
+(azD(—as) — %[—]kyagp(—ag) — k260, C(—a3)])e™ . (4.188)

The following sections will have some more information about the medium through the
permittivity tensor €,, but their forms will still be the same with some minor changes to
the tensor elements. In the sections below, only the final dispersion curves will be given.
The plots for dispersion relation are listed in the section when damping is considered for

the same orientation of magnetic field.

4.4 ]§0 Perpendicular to the Interface

In this section, emphasis will be put on the derivation of €,, with é(] = 2By, i.e., 0 = 0°,



81

without neglecting the damping terms v, and vp.. The current density equation can be

written as

. . —1 . .
J = —Nog (I SRELLLY Y st j”hth—l> <—]q Y p— Mh_l) E.  (4.189)
w w WM wmy,

With 0 = 0°, M, and M} become

1 0 0
Me = |0 1 By, (4.190)
0 e
1 0 0
=M., = |0 1 iX.| > (4.191)
0 —jX., 1
1 0 0
My = o 1 =iy, (4.192)
Q.
_0 J Wh 1 -
1 0 0
=M, = [0 1 —jiXu|> (4.193)
0 jXu 1
where X, and X}, stand for the ratio % and %, respectively, as before. The inverse of

M, and M, are, for the present orientation of éo, leads to

1-X2 0 0
0 1 —jX.|: (4.194)

0 jX. 1

1
Mt = —
e Ae
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and

Mt = — | 0 1 Xl - (4.195)

0 —jX, 1

First, we need to find the matrix [I + L%er)71 + e pp-1=1 or [T + jT M +
JU M, 1]_1. Having already found the inverses, we just need to add them and take the

inverse of the matrix [64,65]. We, therefore, get

100
I+ T M7 +4T,M = o 1 0
00 1
iTe 0 0
iTe XTI
T10 1]—X§ 1—X2
0 _XeFe er
| 1-X2 1-Xx2
ip 0 0
+10 f;?g —l)jg%h . (4.196)
0 thg ]Fh2
L -X7  1-X7

Further simplification yields

1+ j(Te+Th) 0 0
R e R - == o
XpT XTI il 4T

0 ﬁ T 1-X2 L+ 1—X2 + ﬁ

(4.197)
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Let Yi =1+j(Te+Th), Yo = 1+ L + 710, Vs = {55 — 3k, and A = T+ T M+
jThM, *. Then
Y1 O 0
A=10 v w, (4.198)
0 -Ys Y,
where
Ay = V(Y5 +YP), (4.199)

where Ay is the determinant of A. We need the inverse of A, which is given as (after

multiplying with A 4) [65]

v 0 0
At=10 G | (4.200)

Y-
0 Yffyg YoYs + Yy

The current density equation can be simplified as

. .N 2 .N 2 .
J= (2 I gy E, (4.201)

WMe wmp,

and the Maxwell’s equation V x H becomes

. . N 2 N 2 .
VxH = (%A*Me—l + %A—IM; —jweol) - E, (4.202)
e
. w? w2, .
=VxH = —jwe(l - WZSA_lMe_l — TZA_lM’:l) -E. (4.203)

€p can therefore be formed as

Whe 111 Wi 1y—1
Ep(w)=1— w’; At - w—”ZA* M, (4.204)
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y% 0 0
—1 —1 — Yo—j X Y- —jXcYo—Y-
ATM, 0 wrivhi-x3) Z XD (4.205)
0 Y3+7 X Yo —jXcY3+Ys
LY OVZYyH(-X2)  (YZYDH(1-X2)
y% 0 0
—1as—-1 _ Yo+ X,Y: j XYY
ATM, T = ZOD(1-X7) VEYDHI-XD) (4.206)
0 Y3—3Xp Yo JXpY3+Yo
LY OVZYH(-XD)  (YE YD) (I-XP)

4.4.1 Voigt (k L By) and Faraday (k | By) Geometries for By Perpendicular to
the Interface

In the previous section, €,(w) was derived for arbitrary wave vectors (k, and k).
When the permittivity tensor elements are substituted back into the general transcendental
dispersion equation, it will be easier for a root finding algorithm to find the roots if the
equation has only a single variable. Although root finding can be done for multiple variables,
to visualize what propagating wave numbers (k, and k) satisfy the dispersion equation,
most of the works [29,49,50] consider the case of a single wave number which is governed by
the orientation of the DC magnetic field go. To get more insight into what modes can exist
given a surface wave type field distribution, a similar approach will be undertaken. With
By = 0, it was found that arbitrarily any wave number can be neglected. But for By £ 0,

Voigt or Faraday geometries can be considered to aid the investigation.

4.4.2 Voigt Geometry (E L gg) with B, Perpendicular to the Interface

Having found the permittivity tensor é,(w) for By = #By, the dispersion relation can
be found by using the analysis done before for v << w, since the form of the tensor is the
same as before [65]. The only difference is that the elements have some additional terms
owing to the fact that the damping has also been included. The results have been discussed

in the previous section when damping was neglected.
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4.4.3 Faraday Geometry (k || By) with By Perpendicular to the Interface
This geometry is of no importance in the context of analyzing surface waves, since

there are no traveling waves in the z direction [49].

4.5 Eo Parallel to the Interface
When By is parallel to the interface, i.e., 8 = 90°, similar simplifications as mentioned

above can be made [64,66]. Going back to the equation

J = —Nog[I + j—ZBhMgl + j—':j‘eM,jl]*l(——jq Mo - 2Ly B (4.207)

WMe wmp,

the general matrix inverses M, ! and M h ! have been derived before as

1— X2c0s?0 —X2cosfsind  jX.sind
_ 1
M7t = Al —X2cosfsind 1 — X2sin?0 —jX.cos0| (4.208)
—jXesind jXecost 1
1-— X%coszﬁ —X,%cos@sin@ —jXpsind
_ 1
M, = A, —X%cos@sin& 1-— XﬁsinQH jXpcost | (4.209)
jXpsind —jXpcosl 1

where again A, = 1-X2and A, = 1-X }QL are the determinants of M, and My}, respectively.

Applying 6 = 90°, we get

1 0 jX.
1
-1 o
M. = Al 1-X2 0 |, (4.210)
—jX. 0 1
1 0 —jX,
1
-1
M, = A, 0 1-X7 0o |- (4.211)
iXn 0 1

The inverse of A = I + j”TEhMgl + W%Mh_l is to be found first. The notations I, and T,
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are used for the ratios “ and “:, respectively, and X, = Q:f,Xh = onh. Therefore, A is

given by
10 0 1 0 jX. 1 0 —jXp
Jle JTn
A= _ X2 — — X2 . (4.212
0 1 0 +x | 0 1-X2 0 |+Rx"|0 1-X2 0 (4.212)
0 0 1 —jXe 0 1 iXn 0 1
Doing the required operations on A, we get
iLe —XcTe Jr XpI'
100 1]—)(52 0 1-X2 1—),5,% 0 1—}1)(%
A=lo 1 0/+| o 4. o0 |+| 0o 4T, 0 |, (4.213)
XTI iTe —XuT iT
001 1-X2 0 1J—X3 1—}3(,2? 0 1j—)?,§
or
iTe T Xupl Xele
L+ ]Xg + 11)’55 0 15{% T 1-X2
A= 0 §(Te +T4) 0 : (4.214)
XeFe _ XhFh 0 1+ er _|_ ij

1-X2 1-X7 1-X2 1-X7

As done before, let Y7 = j(Te +T), Yo =1+ 111;‘52 + 1]'_1;’52, and Y3 = 1)(_‘3)1;3 - f(_h;%, to be
e h e h

consistent with # = 0° case. The required A matrix that we needed is therefore given by

Y 0 -Ys
A=10 v o0 |- (4.215)
Y 0 Y
Further, the inverse of A is given by
Y1Ys 0 YiYs
1
—1 _
AT=R 0 Y 0y (4.216)

-Y1Y3 0 Y1Ys
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and Ay = Y1 (Y# + Y2) is the determinant of matrix A. Simplifying eq. (4.216) further, we

get
Ya Y3
Y22 +Y32 Y22 +Y32
Al =1 o = 0 |- (4.217)
—Y3 0 Yo
Y22 +Y32 Y22 +Y32

Thus, Jand V x H equations can be written as

J o= (St A B, (4.218)
e h
= = . N0q2 —1as—1 N0q2 B —1 =
H = - I—(5——A"'M L ATIMIY))CE, (4.219
V x JWEO( (meeeo e +w2mh60 h )) ’ ( )
L w? w?, .
=VxH = —jweo(f—(%A—lMe—ww—gA—lM,;l))-E. (4.220)

The required permittivity tensor €, can be written as

w2

2
w,
Eplw) =1 - —FAM !~ W%‘A*M,;l, (4.221)

which is the same expression as before, but A=*M ! and A‘lM,; ! have different values

owing to a different orientation of By. These are given by

Yo—jXeY3 0 Y3+jiXeYo
X2 (V2 +72) T X2) (V2 +72)
ATV = 0 i 0 , (4.222)
—Y3—jX.Y: Yo—jX.Y:
_(1—X?;2)(Y22+52/32) 0 (1—;62)(Y22+3Y32)_
[ YerixuYs 0 Ys—iXpYe |
(1_X}2L)(Y22+Y32) (1_X;21)(Y22+Y32)
A Mt = 0 e 0 : (4.223)
—Y3+j X, Yo 0 Yo+j X,Ys
_(1_X2)(Y22+Y32) (1_X}21)(Y22+Y32)_

It is evident that the form of the permittivity tensor is the same as for the case when
v << w. So, the dispersion relations will be the same apart from the tensor elements, which

will have some more information about the semiconductor substrate [29,49, 50,64—66].
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4.5.1 Results for Voigt Geometry with By Parallel to the Interface

As mentioned before, this case is a degenerate case since the wave equation inside the
substrate reduces to one with two field quantities being independent of the other one. The
same cases as studied for when Eo was perpendicular to the interface, are analyzed. Effects
of damping and magnetic field strengths are discussed below.

Firstly, when damping is included, for any strength of the static magnetic field, the
cyclotron resonances are damped out for a nonzero collision frequency. This is shown in
fig. 4.7, where the arrows indicate 2. and €2, and the anti-resonance is more pronounced
in this case compared to that of By perpendicular to the interface. Secondly, there exists
no cutoff in the lower frequency region for any value of static magnetic field as shown in
fig. 4.8, which was the case with By perpendicular to the interface [46]. Plots for different

strength of magnetic field is also shown in fig. 4.9.

4.5.2 Results for Faraday Geometry with By Parallel to the Interface

In this section, the plots of dispersion relation with different magnitudes of By and
effect of damping are discussed. A plot which compares the effect of damping is shown
in fig. 4.10. It might seem that there are many surface wave poles for both damped and
undamped dispersion relations, but when the figure is zoomed into, one finds that not only
are the poles for the two cases shifted, there are only few frequencies at which the dispersion
relation value goes to a sufficient minimum. This can be seen in fig. 4.11, shown by arrows.
There are also issues with the resolution, since the function value does not go to a number
which is low enough to be called a minimum. But when the same case is run at a higher
resolution, a more accurate pole can be found.

When the strength of the static magnetic field is varied, one can see a sharp peak
at Qg for By = 5T, which does not happen when By = .057, even if zoomed in pretty
well, as shown in fig. 4.12. Also, the low frequency cutoff after which the surface poles
start, is absent, as was the case with By perpendicular to the interface [12]. The plots for
dispersion curves with different strength of By is shown in fig. 4.13, which were run for a

high resolution and were plotted on a semilogy scale.
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Fig. 4.7: Effect of damping on cyclotron resonances for By = .057", Voigt geometry.
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Chapter 5
Spatial Dispersion in Semiconductor Medium

Spatial dispersion in a semiconductor can occur if there are density perturbations or
background flow, i.e., Uy # 0 (implying a DC current density [32,63]) in the medium.
Background flow is generally important when dealing with space plasmas [63] and for semi-
conductor devices, such flows can generally be neglected. During this chapter, therefore,
changes in density that cause the permittivity tensor €, to be a function of spatial coordi-
nates along with w, will be investigated. €,, being a function of spatial frequency, will be a
nonlocal function of space coordinates. Mathematically, spatial dispersion is accounted for
by including the Vp term in the fluid momentum equation [64,65] of electrons and holes.
As mentioned in the first two chapters, this would require us to consider the fluid continuity
equation as well as a closure equation [66], so that both the fluid and the Maxwell’s curl
equations are sufficient to describe the medium [38]. Whenever a plasma like medium such
as a semiconductor is considered and a closure is needed on the system, a model for the
medium has to be assumed. Therefore, either a degenerate gas model or a thermal model
can be used for the closure equation. For a semiconductor, the model mostly used is the
degenerate gas model [32].

Before going further into the details of the derivation, an analogy between temporal
and spatial dispersion is needed that would be useful in understanding the dynamics of the
medium. This has already been discussed in the introductory chapter. While deriving the
tensor elements, first the By = 0 case would be considered and then a thorough investigation
will be done when the steady magnetic field is turned on. Also, during the derivation, many

important concepts will be reiterated so that spatial dispersion is clearly understood.
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5.1 ¢, Derivation for EO =0

For this case, momentum and continuity equations will be needed for both the species,
viz. holes and electrons. Since in this case the ﬁp term will be included, the derivation will
start with the most general form of the two equations after which perturbation theory will
be applied to linearize the equations. This will finally give the required tensor. The general

momentum and continuity equation for a species s is given by [66]

0 -

ps(a"i_ﬁs’ﬁ)[]s = QS(E+(78 XB’)_ﬁps_’_pSZVST(U_;_U)S)’ (51)
- Y mad 53

and the pressure closure equation, for a degenerate gas model by

2
msvaNS

s= g (5.4)

J being the current density due to different species traveling at different perturbed velocities
and vy is the Fermi velocity of species s. P and L are production and loss mechanisms
and will be assumed to be zero, since they have negligible part to play in the behavior of

surface wave modes [60]. Also,

ps = mgNg, (5.5)

Qs = ¢sNs, (5.6)

where my is the effective mass of either electron or hole and ¢ is the charge on the species
[66]. The Maxwell’s curl equations should also be mentioned to complete the set of equations

needed to solve the problem. They are

, 0B

E = -2 .
V x TR (5.7)
Vi = g+ 2P (5.8)
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The equations are then linearized through the perturbation technique [2,66], in which
every field quantity as well as number density, flow velocity, etc., are split into large DC

unperturbed values and small AC perturbations, that depend on time, i.e.,
Z = ZO + Z@ijwt, (59)

where the lower case alphabets will denote the perturbed quantities (except for electric
and magnetic fields, where for electric field and current density only E and J would be
used denoting the perturbed quantity and for magnetic field, By and B will be used for
unperturbed and perturbed quantities, respectively). The equations reduce to the following
linear form, under zeroth order (and assuming [705 and Eo to be zero, i.e., no bulk flows

and no background electric field [65]),

ONy

— = 0, 5.10
T (5.10)

= No = -constant, (5.11)
0 = 0 (5.12)

according to our assumption mentioned above.
The first order perturbations, through which the substrate permittivity will be derived,

for a given species s is given as

W) 4G (Now + )T+ 10) = R (5.13)
ma(No-+ ) (ar + - D) = a(No+0)(E + i, x (Bo+ B)) = Vi
+m(Ny + ny) Z vi;j (U — ), (5.14)
J
= —jwmsNot; = qNOE — 6])
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which simplify into

—jwns + 6 : (NO'L_[S) = R, (5'16)
- = 1 = L
—jwiy = misE — msNOVp+mNozj:uij(uj — ), (5.17)
VxE = jwB, (5.18)
VxH = J-jwek, (5.19)
msv%.n
bs = ° st S- (520)

Note that the constitutive relation, viz. B = poH [8,10] has been used and it has been
assumed that the material is nonpermeable. When a relation between the perturbed flow
velocity and electric field is derived, using the relation J=N qay. U , we can apply pertur-
bation theory and get the required relation between J and E , noting that the background
velocity U'o is zero. Therefore,

—

J = Noq(ﬁh - ﬁe). (5.21)

Equation (5.21) is valid for the case when the semiconductor is quasi-neutral (i.e., the
background density for holes and electrons is equal). ), and @, denote the perturbed hole
and electron flow velocities. The negative sign in front of the electron velocity is because of

the negative charge on an electron. For the two species, i.e., holes and electrons, we get

. Jq J & JVhe 1~ -

= — Vv — 5.22
iy, o T N VPt (te — ), (5.22)
o jq = ] = jyeh - o
te Mew wmeNovP6+ w (= te), (5.23)

where p. and py, are the electron and hole pressure terms. As such, there is no direct relation
between pressure gradient ﬁps and fluid velocity i#s. Some sort of equation generally called
a closure equation is needed which relates pressure to perturbed density. Before writing
a closure equation, we need to assume what type of gas/fluid a semiconductor is. Either
it can be assumed a classical gas in which case the universal gas law would be the closure

equation and the we would define thermal velocity or if it is assumed a degenerate gas, Fermi
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statistics would give us the required relation and Fermi velocity would be defined [32,66].

In most of the works, it is assumed that a semiconductor is a degenerate gas for which the

2
following equations hold. For such a gas, the closure equation is given by ps = msﬂg sns,
where vy, is the Fermi velocity given by vys = 27r}7Ln - (37‘(’2]\70)%, where h is the Planck’s

constant [32].
Our aim is to get an equation that relates i, — #. and E. The hole and electron

continuity equations, i.e.,

—jwiiy + Ng§ -up = Ry, (5.24)

—jwiie + NoV - e = R, (5.25)

must be employed. Ry is the net recombination rate for holes or electrons and will be
assumed zero in the final steps. This rate is related to the perturbed density ng through
the corresponding lifetimes ¢,, from Shockley-Read-Hall statistics and recombination theory

[57]. In other words,

Te

R = =%, (5.26)
R, = (5.27)
th

Before starting with the derivation of €,, it should be understood that the assumptions
made on the wave vectors with regards to the pressure term are separate from that of the
wave equation. In other words, the modelling used for the derivation has nothing to do
with the final wave equation. This is a valid statement, since the phase velocity of the
electromagnetic waves is very much greater than the Fermi velocity. In other words, the
electromagnetic waves travel at a phase velocity which is close to the speed of light and the
waves due to density perturbations travel at a much lower velocity [64,65]. Hence, the wave
vector assumptions made during the derivation of €, has no bearing on the way the wave

equations are written.



Starting with the momentum equation, we get

R AR S
or

. Jjq = j”]%h = JVhe ,~

Uy, = mhwE_SwNovnh+ » (e — tp),
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(5.28)

(5.29)

(5.30)

(5.31)

and from eqs. (5.24) and (5.25), we can substitute for Vn, in terms of the fluid velocity @,

as
. = . n
—jwnp + V- (Noup) = t—h,
h
. = . n
—jwne + V- (Notle) = ==,
e
or simply
No
np = ——V U,
Jw+ g,
N, -
Ne = 701V . ﬁe.
Jw+ i
Equations (5.28) and (5.29) can then be rewritten as
— jq E ]v?h 6(6 —») jV}'L6<—» —»)
u = — U + Ue — U ]
h — 3w(jw+i) h o e = Un
. - .
— Jq 2 JVfe S JVeh ;- N
Ue = — E - V(V - te) + Up, — Ue)-
C T T (e gy )

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)

We need to put some constraint on the V(V - @) term so that €y is a manageable

function of wave number. Firstly, we assume that the perturbed density only varies along
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the direction perpendicular to the interface, i.e., 8% =0 and % = 0 [47]. This makes the V

9

operator in spatial frequency domain as V= Tz, = Tjk,. Taking these assumptions into

account, the hole and electron momentum equations will become algebraic in nature that

are easy to handle as far as finding a relation between u}, — @, and E is concerned. These

can be written as

or

jq = ]62 A . . jVeh - -
_ _ Lk k _

IG5 B i e + 2 — )

.jq “ ]ﬂg ~79 .jl/eh - -

— Tkives) + Up, — Ue),

MW w(jw + i)( otier) (i@ 2
Jq = JB;, 2 JVhe >

E+ zkiung) + — Up),

(5.38)

(5.39)

(5.40)

(5.41)

2 N =
where (32 = “fe  Even though By = 0, spatial dispersion (Vps) can cause anisotropy in the

3

€p tensor, which was absent previously when ﬁps was neglected. Writing these equations

in component form, we get

T = Uey

A~

Y = Uey

Z = Uey

or in matrix form as

_ g
MeWw

- gy
MW

_ _Jip
MeW

_ kS
w(jw-i—i) 00
0 10

0 01

32 Veh
%(k%uez) =+ JVe (U/hx - uex),
w(jw + )

JVeh

; (uhy - uey),

Ve
J: (uhz - uez)v

Ueg

J4 7, JVeh,~ -

Uey __mewE+ : (Uh—ue).
Uez

(5.42)

(5.43)

(5.44)

(5.45)



Similarly for holes, through the same procedure, we get

jﬂ2k2
Cw(wtd) 0 0 | une
J49 7, JVhe - -
0 0 1 Uhz

In compact form, eqs. (5.45) and (5.46) can be written as

v
M, i, = - E—l—jeh(uh—ue)
MeW
v
My, -, = —E+‘7 " ity — i),
mpw w
where
iB2kz
1 w(jw+i) 00
M, = 0 1 0f-
0 0 1
and
_iBkZ
w(jw-&-i) 00
My, = 0 10
0 0 1

100

(5.46)

(5.47)

(5.48)

(5.49)

(5.50)

Finally, multiplying the eqs. (5.47) and (5.48) with the respective inverses of M, and My,

we can readily subtract

. ' v L
7. = — 24 E+‘7 ehMe () — 1),
Mew
mhw w

to get the required relation between i}, — i, and E as

. )
[1+]@hM +]—whth*1].(ﬂ'h—ﬂ'e):( M+ 2y B,

Mew mpw

e

(5.51)

(5.52)

(5.53)
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or

o .7 eh the 17— Jq -1 -
— Ue = [T + M+ 2Ry M, Ly 22 - F. .54
Up, — Ue = | . h ] (me o h ) (5.54)

Substituting eq. (5.54) back into the current density equation, we get

JVeh JVhe

Heh pp=t 4 I%he pp=t-y( JL -ty J9 pp-1y R (5.55)

J = Noq[I +
MeW mpw

where such a relation can be written only when one is in both spatial and temporal frequency
domain. The Maxwell’s H curl equation can then be made homogeneous by using eq. (5.55)

and we get a tensor for €, as

1,99 2,1, J4 -1\ B
Mt M 2 MY E
h ] (mew e T mpw " )

—jweoE, (5.56)

JVhe

vV x H =N [I+‘7 gLy

=V x H = —jwey(I — [I—i—] ch

M +.7 heM ] 1(w§eM_1
h w2 e
u)2h -
+w—”2M,;1)) - E, (5.57)

where wpe and wyy, are the respective plasma frequencies for electrons and holes [64-66].

The permittivity tensor can then be written as

er w2
& =1—[I+" ehM +J”hth | M+ . (5.58)

Although, the steady magnetic field is absent, the semiconductor permittivity is still
a tensor. In other words, density perturbations can cause the semiconductor medium to
behave anisotropically. To get a solution for the dispersion relation given that €, has the
above form can still have issues since both k, and k. are nonzero. In order that a root-
finding algorithm be applied to such an equation, either of the wave numbers have to be
assumed zero. Also throughout the chapter, it will be assumed that the recombination time,

i.e., ts = oo [50]. This makes the matrices a lot simpler.
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Derivation of &, requires M, M, !, A = I + e )71 4 e At and A7L. Since M,

and M;, are given by

Then, M ! is

: _ B3 1.2
since Ay =1 — “3k3.

Next, A = I + et 4

being equal to

A=

1 00
0 1 0|+
0 01

jl“;
g
1-56 k2

0

0

|~

«

27,2
1 _ ﬁz}];z
0
0
B 212
1 - /8‘}:]2.7‘
0
0
1 0
0 1-%2
0 0
1
e
0 1
0 0

(5.59)

(5.60)

(5.61)

(5.62)

(5.63)

Before adding the matrices, one needs to get a permittivity model similar to that of Agarwal

et al. [47], so that the finite spatial Fourier transform in the z direction can be manipulated

without doing the integration itself. To do that, we need to unify in some sense, the hole
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h

T 3m2Np [32]. Since these velocities depend on

and electron Fermi velocities, i.e., vy, =
the effective masses of holes and electrons, which in turn are m. = 2.3665 x 1073! Kgs and
my = 1.5764 x 1073 Kgs [60], i.e., a difference of two units approximately on a scale of
10731, they can be assumed equal. This implies that 8, ~ 3, ~ fr, which is called the
thermal ( of the semiconductor medium [32]. Note that the x dependence in medium 2,
i.e., e 9% is completely different from this thermal $ and should not be confused with it.

Using the above simplification, the matrix A can then be written as

](Fe+rh)
1+° Y 0 0
A= 0 14T +T4) 0 : (5.64)
0 0 145(Te +Th)

Note that the assumption of the effective masses being comparable has only been considered
for the Fermi velocities and the plasma frequencies of holes and electrons are still unequal.

We now need to invert this matrix and multiply the result with M;! and M b LA is

given as
1
1+ 1Tty 0 0
1—w—72"k§
A7l = , : (5.65)
0 1+ 5T +T4) 0
0 0 1+ j(Te+Th)
which in turn gives
_ 2 i,
3 0 0
2 L j(TotTy)— 2L k2
Coe g1t = ST (5.66)
w? ¢ 0 “Be (14 j(Te +Th)) 0 '
2
i 0 0 (14 j(Te+ Tn))|
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Similarily for holes, we get

_ ) -
“ph
s 0 0
w}%h 1 1 1+](F6+Fh)7w%k%
——ATM,; " = 2 5.67
w? h 0 "o (14 §(Te +T4)) 0 (567)
2
0 0 (14 j(Te +Tn))
Thus,
w2 W2h
~ /7 e 41— — — _
Ekw) =1 — wg A tpmt - TI’ZA VA (5.68)
can be reduced using the above matrices as
_ o, -
1- o 0 0
. 1+j(FE+Fh)—w—§kg
ép(k,w) = ) (5.69)
P 0 €y O
I 0 0 €yy

where the first element of the matrix (e;,) has both the local and nonlocal behavior of the
material, the rest elements being independent of the wave vector. Also,
2 2
Wre + Wiy )

€y =1— % (1+5(Te +T4)). (5.70)
Therefore, the wave equation will be in integro-differential form only for the x component
[31,32,47]. The rest of the components have the same permittivity as derived for the
isotropic case with ﬁps = 0. €, although a diagonal matrix is not isotropic, but is uniaxially
anisotropic [53], due to spatial dispersion. For a permittivity matrix (eq. (5.69)) to be
analytically feasible, one needs to inverse Fourier transform e;,, so that a Green’s function

form in space coordinates can be derived and appropriate manipulations be done to render
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a differential equation in z. €, is given as

Whetwhy,
oe(bp;w) =1 — w? > (5.71)
1+ j(Te +Tp) — 25 k2

or after simplifying, as

“’%eergh
62
€ox(kpiw) = 1+ L , 5.72
wolheied) k2= 5 (14 j(Te +T)) o7
X
2 2
where y = % and 72 = g—;(l + j(Te + Tp)). Taking the inverse spatial Fourier
T T

transform, we get

x el

e (T;w) = 0(x) + (5.74)

o x|
It was previously stated that the material is translationally invariant in directions parallel
to the interface. This assumption is taken further and through the dielectric approximation
(surface corrections to the dielectric tensor are negligible) [32], which says that €, (x,2';w)

can be written as €,,(|x — 2/|;w). This assumption enables us to write €., as

bua(m, 7 w) = 0(z — ') + %G,yqx — 7)), (5.75)

eivlz—a’|
[2—a]

where G (Jz—2'|) = is the kernel, well-known as the free space Green’s function [26].

Then, the permittivity tensor can be written as

S(x—a)+£Gy(Jz—2'[) 0 0

2T
&l —aswl) = 0 ey 0| (5.76)
0 0 ey
where
wge + wﬁh

w = (1= 2P (14 (0 + Tw))o(a — o) (5.77)



106

Also, €, is a delta function of x coordinate, since the inverse Fourier transform of a constant
in spatial frequency is the constant multiplied by delta function in spatial coordinates. These
elements of are still local functions of spatial coordinates and so the y and z components
of the wave equation will be of the same form as the isotropic case analyzed in the third
chapter.

Writing the vector wave equation, we have

el

00 ) d
V x V x E(#w) = w2M060/ / dy/dz’/ d'e,(Jx — 2';w) - E(T;w). (5.78)
—o00 J —o0 0

To reduce the above differential equation to an algebraic equation, let the spatial Fourier
transform be first defined for the infinite coordinates, in the form of a two-dimensional

transform as [47]

E(F’ w) = / / E* (l’, w>€j<kyy+kzz)dkydkza (579)

and the spatially dependent permittivity kernel G, (|z — z'|), with the Weyl approximation
[23,25,47,62] as

G, (|z — ') / / L bt gl g, (5.80)
vy

where w,, = \/(72 — k:g — k2). Also, E* is just a notation denoting the two-dimensional
Fourier transform in the infinite coordinates.
This simplification is necessary because the wave equation is an integro-differential

equation and we need to get rid of the integration on the right hand side of the wave

- —

equation, which will give a differential equation in z. Using the vector identity VxVxA=

—,

V(V - A) — V24, we have

= —

V(V - E(z,y, zw)) — V2E(z,y, z;w) = wz,uoeg/ dydz/ da”

o0 J =00

ep(|lz —2'|;w) - (w Y,z w). (5.81)

We can then apply the above mentioned two-dimensional Fourier transform on E and the
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Weyl approximation formula for the kernel G, of the tensor element €,, we have the three

components of the wave equation as

. d, d _, I s
T = %(%Ex(x, kyu kz?‘U) + jkyEy(.%', kyu kz?‘u) + szEz(x7 kya sz“))
d2 2 2 2 d / / /
—(—d2$ —ky — ED)E (2, ky, kayw) = w Moeo/o Mo —a')EL (2, ky, kzyw)dx

ivE2 [ e—iw |x—2'|
+IX 0/0 EN& ky ksw)de,  (5.82)

2
47 W

d
7= jky(%E;(x, ky, k.;w) +jk:yE;(x, by koyw) + jk.EL (2, ky, kzyw))

d? . .
(g = Ky = R By (w,ky ke w) = ke Ey (o, by, hiw),  (5.83)
d
8= ke B by, i) iy By (0, ey s 0) o G B2 Ky i )
d2
(o — k2 = BB (o, Ky i w) = Ky B Ry i), (5:84)

where the spatial and temporal dependence has been explicitly written for ease of under-
standing and the partial derivatives in x are now total derivatives, since the other spatial
and temporal dependences have been taken care of through the Fourier transforms. Also,
the triple integral on the right hand side of y and z components has not been written since
the permittivity elements have no  dependence. The first integral on the right hand side
of the z component is just kzg , but the second function has an x dependence in the kernel.
We need to operate upon the kernel in such a way that gives us a delta function. This can

be done if we multiply eZdvalee] by % + wg [47]. This gives

Wy

2 ) efjww|xf:t’| . .
(% wy o ) =27jé(x — ). (5.85)

Using this operation in the x component of the wave equation, we then get rid of the integral

to get
2 ,d d_, . o
(o + W) (G B (ks ) by B (s st ) + R B2 0 Ry i )
d 212 2\ k3 .
—(oay —ky = K ko) Eg(w by hayw) = =BG (@ ky, K w). (5.86)
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The above derivation in a sense means that the following field distribution function has
been taken as E(x,y, z;w) = E*(z)edkvvth=2=wt) In order to reduce the above differential
equations to an algebraic equation, therefore, requires some assumption on the x part of the
distribution. Since we are looking for surface wave modes, we already have a distribution
which is of the form E*(z) = Ege ®* [32]. Substituting this form back into the wave
equations, we would get the desired algebraic form for a surface wave. So, the wave equations

can be written in algebraic form as

Yy z
k2
k2 Eoy) = — 20 g .
+k§) Eoz) o 0w (5.87)
§ = jky(—aEoz + jkyEoy + jk.Eo.) — (a® — k:Z — k3 Eoy = kjeyy Eoy, (5.88)
2 = jk.(—aEoy + jkyEoy + jk.Eoz) — (o — ki — k) Eo: = kjeyy Eos, (5.89)

and we need to find the constants Ej. Having gotten these equations, now we can assume

propagation in y direction only (k, = 0), which further simplifies the equations to

‘ 2
(0® + w?)(~a(—aEo, + jk,Fo,) — (0® = k2 + k) Eo,) = —%TOEM, (5.90)
Jky(—aEos + jkyEoy) — (0 — k) Eoy = kieyyFoy, (5.91)
—(0? = k) Eo. = kjeyyFEo:, (5.92)

which again because of the form of the permittivity tensor has a lot of arbitrariness [49].
Therefore, we resort to only 7'M, and TE, solutions. Since we have the wave equation in
E, firstly, T'M, mode will be solved first and then the T'F, case through a similar wave

equation in H.

5.1.1 Dispersion Relation for 7'M, Case with Spatial Dispersion Effects
For this case, although one needs to solve for H,, but since the spatial dispersion is
only encountered in €, or the x component, £, and E, will be solved for and from that,

we will get H,. This technique, though strange, has been employed by Halevi [32]. This
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other route is undertaken, because for a spatially dispersive media, this technique is less
complex than the other one. In other words, the other way would give an integro-differential
equation again, which is avoided if one uses this route. Also, F, = 0, since we are dealing
with T'M,, case.

We have the x and y components of E field as

k2
(a2 + 'w?y)(—a(—OéEgz —I—jkyEOy) — (()é2 — ]{;5 + k%)on) = —%EO% (593)
jky(_aEOz + jkyEOy) - (042 - k;)EOy = k(%ﬁnyOyv (5.94)
which can be simplified into
2 )2 — ) + X0 By, jka(e® 4 w)Byy = 0 5.95
(O[ +w'y)(y_ 0)+§ 0x —J ya(a +w7) 0y — ’ ( )
—jkyaEo; + (—a® — kjey)Foy = 0. (5.96)
In simple terms egs. (5.95) and (5.96) can be written as
A(Oé)E(]x + B(Oé)E(]y = 0, (597)
C(a)Eo, + D(a)Eyy, = 0, (5.98)
where
2 2\ (7.2 2 Xk(2)
Ala) = (o +wy)(k, — k) + G (5.99)
Bla) = —jkya(a®+w?), (5.100)
Cla) = —jkya, (5.101)

D(a) = —a*—Kdey,. (5.102)
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Since A, B, C, and D are functions of « only, the secular determinant of the two equations

would give us the possible roots, i.e.,

A= = 0. (5.103)

The form of the above equations is again the same as for the general case derived in Chapter

2. Therefore, a similar procedure is used as for the general case [12]. Then, we can have

either of these as the solution to the above set of linear algebraic equations

Epe = > FiD(w), (5.104)
Eoyy = =) FC(a), (5.105)
Epe = Y FiB(o), (5.106)
Eoy = —ZEA(%)7 (5.107)

where the index ¢ would depend on the number of roots « derived from the secular deter-
minant of the matrix A. The full solution for E;; and Ey;, the field solutions inside the

semiconductor substrate, going with egs. (5.106) and (5.107) as the solutions, are given as

Eu(z,y;w) = ZFiB(ai)e_aﬂej(kyy_wt), (5.108)

Ey(z,y;w) = —ZFiA(ai)e_aizej(kyy_‘”t). (5.109)

The remaining component, H,1, is found from the z component of the first Maxwell’s curl

equation VxE= jwuoﬁ as

—aEoy — jkyEox = jwpoHo:z, (5.110)
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or simply

1
H = —aFy, — jkyEog), 5.111
0z jwﬂo( aEoy — jkyEoz) ( )

which has an o dependence, even in the multiplier of Hy,. So, the form of H, is

H.(z,y,z;w) =

Z(aiFiA(ai) — jkyF;B(oy))e e (yy=wt), (5.112)

Jwho <
after substituting the respective electric field solutions found earlier. We have solved the
field values inside the substrate for the T'M, case, since we have found H.1, E;1, and E;.
The fields in free space would still remain of the same form, since it is a nondispersive
medium, both temporally and spatially.

We need a field equation for H.5 only, since we are dealing with the 7'M, mode. The

form is

Ho(z, y;w) = Hye Pl buy=wb) (5.113)

where 3 is the positive root of the equation § = \/(k:g —k2e,) [2].

To match the fields across the interface, we need the tangential electric field as well.

From the y component of Maxwell’s curl equation, viz. V x Hy = — jweoerE_é, we get
BH1, = —jweoeFiy, (5.114)
= Ely - ﬂ HlZ7 (5115)
Jweper
= Ep(z,y;w) = —- b Hy e B ei(kyy—wt), (5.116)
JWEEr

At present, we have four unknowns inside the substrate and one in free space, viz. Fy, Iy,
F3, Fy, and Hi, and have four boundary conditions, two on tangential electric field, one
on the normal component of electric field, and one the tangential magnetic field [52]. This

forces the reduction of the number of unknowns. Since oy = —as and a3 = —ay, we can
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combine the field solution in the substrate to be

En(z,y;w) = [Fi(B(aa)e” ™" + B(—ay)e™”)

+F3(B(a3)e™% + B(—ag)e®®)]el Fvy=wt) (5.117)
Bz, y;w) = —[Fi(A(ar)e % + A(—ay)e™?)

+F3(A(os)e™ % 4+ A(—a3)e®3®)]ed Fuy=wt) (5.118)
Ha(e.yiw) = ——[R(faA(or) - jhyBlanle™ + [~aid(-a)

—JjkyB(—a1)]e™”) + F3([asA(as) — jkyB(as)le”**"

—[asA(—asz) + jkyB(—az)]e®s®)]e I kyy=wt), (5.119)

We have a fourth boundary condition on the normal component of electric field, D,. The
continuity of this boundary condition depends on the thickness of the depletion charge
region formed at the interface [59]. This thickness depends basically on the inter-lattice
separation and the frequency of operation. But because medium 1 is spatially dispersive
and moreover, €., is spatially dependent, matching will cause a problem. Therefore, only
the tangential fields will be matched at x = d.

Now that the number of unknowns is reduced to three in count, we have have sufficient
boundary conditions to get a unique dispersion relation [52]. The tangential boundary

condition at z = 0, i.e., Ey1|z—0 = 0 gives
Fi(A(a1) + A(—a1)) + Fy(Alas) + A(—az)) = 0, (5.120)
and at the interface x = d gives

Fi(A(ay)e™®14 + A(—aq)e®d) + F3(A(az)e™ 4 + A(—az)e®s?)

= e Hye P4, (5.121)
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The continuity of tangential magnetic field at = d finally leads to

ot [Fi(far A(ar) = jkyB(aa)le™ ™1 + [~an A(=an) — jky B(—an)]e'?)
+F3([azA(az) — jkyB(az)]e ¢ + [—azA(—az) — jk,B(—az)]e®?)] = Hye P4,

(5.122)

We have solved for the dispersion relation and in matrix form, the relation is written

as
A(a1)+A(—a1) A(Ogg)—i—A(—Oég) 0 Fi
", YO T ) I RN CRES)
N N3 —ePd Hy,
where
My = Alay)e %+ A(—aq)er?, (5.124)
Mz = Alasz)e %+ A(—az)e®?, (5.125)
and

Ny = jwlﬂo ([alA(al) — jkyB(ap)]le ™ 4 [~y A(—aq) — jkyB(—al)]eO“d> . (5.126)
No= - ([agA(ag) — jk,B(as)le= + [—azA(—a3) — jk:yB(fozg)]ea?’d> . (5.127)

The determinant of eq. (5.123) gives the required dispersion relation.

5.1.2 Results for TM, Mode

To see the effect of spatial dispersion in absence of a steady magnetic field, the derived
dispersion equation was run using GA and compared against 7'M, mode when spatial
dispersion was neglected. The plot of the two dispersion curves is shown in fig. 5.1.

The first difference that can be noticed is that there are some surface poles missing

in the spatial dispersion and some have shifted. This difference could be due to additional
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Fig. 5.1: Effect of spatial dispersion 7'M, mode.

roots (a) for the spatial dispersion. When a semilogy plot for fig. 5.1 was plotted for a
higher resolution for the same range, surface poles close to the spatially nondispersive case

were found indicated by arrows in fig. 5.2.

5.1.3 Dispersion Relation for T'E, Case
The derivation of this case is similar to that of the T'M,, case. The only difference is
that instead of solving the wave equation for E, we solve the wave equation in H. The form

of these wave equations is the same as for the electric fields [32]. Mathematically, we have

&= (o + w2)(—a(—aHo + jkyHoy + jk.Ho:) — (o — ki — k? + ki) Hoz)
= -29H,, (5.128)
§ = jky(—aHoy + jkyHoy + jk.Ho.) — (o® — ki — k2)Hoy = kgeyyHoy,  (5.129)

2 = jk.(—aHo, + jkyHoy + jk.Ho.) — (o — ki — k2)Ho. = kjeyyHo..  (5.130)
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Going through the same procedure as for T'E), case, we have

. k3
(0® + w?)(—a(—aHy, + jhyHoy) — (0% — k2 + k3) Ho,) = _’;701{0% (5.131)
jky(—aHogz + jkyHoy) — (o — k2)Hoy = kgeyyHoy, (5.132)
—(a? = k2)Ho. = kjeyyHo-, (5.133)

from which we can see that again, we have the same arbitrariness, since H, is completely
independent of the other two fields. We, therefore, are forced to have a transverse mode
TM,. This mode makes H, = 0 and the field quantities we need to solve for are F,, H,
and H,. Since H, and H, are dependent, we solve these first and using Maxwell’s curl
equation, we will get F.,.

So, we have

k2 ,
((0® +w2)(k? — k) + 27‘))1&1096 — jkya(a® + w)Hy, = 0, (5.134)

—jkyaHo, + (—a® — k3ey )Hoy = 0, (5.135)
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or simply

A(a)Ho, + B(a)Hyy, = 0, (5.136)

C(a)Hoy + D(a)Hy, = 0, (5.137)

where A, B, C, and D have been defined in the T'E, derivation. The roots can be found by

equating the determinant of the matrix

Ale) Bla) , (5.138)
Cla) D(a)
and equating it to zero, i.e.,
Ao |Ae) Bl (5.139)
C(a) D(«)

From the above determinant, we get i roots, so that the solutions to the coefficients

Hy, and Hp, can be written as

Hye = Y FD(o), (5.140)
Hyy = —Y FC(w), (5.141)
%w:EﬁwW% (5.142)
Hyy = =) FA(w). (5.143)

The full solution is then given as

Hy(z,yyw) = ZF}D(ai)e_aixej(kyy_‘“t), (5.144)

Hy (2, y;w) = — Y FC(ap)e e/ Fuvmet), (5.145)



117

where the first solution of the coefficients, i.e., eqs. (5.140) and (5.141), have been substi-
tuted. Then, the E, field can be found from the z component of the curl equation on H ,

ie, 2-V x H = jwey, E,, which is written as

—aHoy — jkyHoe = jweyyEos, (5.146)
1
= Fy, = - —OéHo —jk Hox s 5.147
jweyy( Y yHoq) ( )
1 :
= Eop. = - Z(%Fic(ai) — jkyF;D(w;)). (5.148)
jWEyy -

The full solution to E,; is then given as

By (x,y;w) = Z(aiFiC’(ai) - jk‘yED(ai))e_aixej(kyy_m). (5.149)

JWEyy

Again, we are forced to reduce the number of unknowns, since we have four boundary

conditions (E1|x:0 = 0, continuity of E |z=q, continuity of tangential H |x=d, and continuity

of normal g/ﬁ at © = d) and five unknowns. Observing that a; = —ae and a3z = —ay, we
have
1 . —1x . a1
Ei(v,y;w) = T [Fi([a1C(ar) — jhyD(ar)]e™ ™ + [-a1C(—au) — jkyD(—a1)]e™")
vy

+Fy([asC () = jhyDl(ag)le™

+H—aaC(—az) — jky D(—az)]e?s”)]el Fvv=t), (5.150)
Hp(z,y;w) = [Fi(D(an)e” ™" + D(—on)e™™) + F3(D(ag)e” 3"

+D(—ag)e®s)]ed Fvy=—wt) (5.151)
Hyi(z,y;w) = —[F1(Clan)e” " 4+ C(—ar)e™®) + F3(Clag)e "

+C(—ar3)es)) el kvy—wt), (5.152)

Having found the fields inside the substrate and knowing that for a T'E, mode, E,2(z,y;w) =

Ey.e Peiky=wt) s the only field in free space that is needed to find the rest of the fields [2],
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we will use the y and x component of the curl equation VxE= jw,uoﬁ ,

and

BE1. = jwpoHyy, (5.153)
B
Hyy = —Fu, 5.154
ly Jomg ( )
S Hp(ogw) = —o— e dnewen), (5.155)
JwWHo
JhyEr. = jwpoHi., (5.156)
k
Hy, = —LE, (5.157)
WHo
k .
= Hua(x,y;w) = —=Epe #7eltov=et), (5.158)
wio

Before applying the boundary conditions, since after reducing the number of roots from

four to two, we have four boundary conditions for three unknowns, the continuity of fields

at the interface x = d will be used. Applying the boundary conditions at the interface, we

get

1
Jweyy

+F3(JasC(az) — jkyD(az)]e” 4 + [—a3C(—a3) — jk,D(—az)]e®*?)] = A.(5),

[F1([e1C(an) — jkyD(ar)]e % + [—on C(—an) — jkyD(—ay)]e™?)

(5.159)
—[F1(C(a1)e™ 9 4+ C(—ay)e™?d) + F3(C(az)e” ¢ + C(—az)e®?)] = j{ioAz(ﬁ)
(5.160)
Fi(D(a1)e” % + D(—aq)e®™?) + F3(D(az)e” % + D(—az)e®?) = uiioAz(ﬁ),

(5.161)



where A, (3) = E1.eP%. Writing the derived equations in matrix form, we get

where

and

Also,

The determinant of eq. (5.162) gives a dispersion relation for T'E, mode.

N N3 —ehd Fy

—Bd —
Clspat C3spat jwﬁ/,to € p F3 - 07

i e P FEy,

Dlspat D3spat - w;zo

Clspat = C(al)e_ald + C(—al)ea1d7
Caspat = C(ag)e_a3d + C(—ag)ea3d,
Dlspat = D(al)e_ald + D(_al)ealda
Dsspat = D(az)e 4 D(—az)e®?.
Ni = —([anClar) — jky D(ay)]e
Jweyy Y
+—anC(—a1) — jkyD(—ay)]e™?),
1
N3 = - asC(as) — jk,D(asz)]e” 3¢
3 ]weyy([ 3C(a3) yD(as3)]

+[—a3C(—as) — jkyD(—ag)]e®).

5.1.4 Results for TE, Mode

119

(5.162)

(5.163)

(5.164)

(5.165)

(5.166)

(5.167)

(5.168)

Again, the same case of comparing plots of dispersion curves with and without spatial

dispersion is undertaken. The plot is shown in fig. 5.3.

Compared to T'M, mode, spatial dispersion causes a lot more surface modes to appear.

More analysis needs to be done on these modes to understand why the poles shift and what
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causes this shift. A high resolution case for spatial dispersion was run and similar to 7'M,
mode, there were surface poles in close proximity to the nonspatially dispersive case as
shown in fig. 5.4. It has to be said that the results are not conclusive and more work needs

to be done before something can be said about the effect of spatial dispersion.

5.2 ¢, with By #0

The derivation of €, will be carried out for the most general orientation of the steady
magnetic field, i.e., By = Zcosf + §sind [64,65]. Then, as done before, simplifying assump-
tions will be made to get to a dispersion relation. With a finite magnetic field, along with
the pressure term and finite damping, the first order perturbations in the fluid equations

for holes and electrons can be written as

—jwily, = ——(E+1y x By) — + Upe(Tie — i), (5.169)
m MpiNQ
—jwil, = _mie(ﬁ+ 7. x By) — mj\‘;o Fven(@n — @), (5.170)
—jwnp, + NoV - @), = %7 (5.171)
h
—jwne 4+ NoV - @, = 2 (5.172)
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and the recombination rates are finite so that the continuity equations are inhomogeneous
or in other words, the P — L term is nonzero [59, 60].

Using the degenerate gas model for holes and electrons as used by Halevi et al. [32],
the pressure terms can be substituted for in terms of density perturbations and thereafter
by fluid velocities using the continuity equation. Working along these lines, firstly, using a

degenerate gas model, egs. (5.169) and (5.170) can be modified as

. . 9 .
. Jjqa = 5 JVsh = IVhe >
= ——(F By) — — — 1
Up, wmh( + up, X 0) 3wNg Vny, + » (ue uh), (5 73)
N jq i - >3 jvj%e =, jVeh — N
U = ~om. (E + . X Bp) — 30Ng Vne + " (tp, — Ue). (5.174)

The continuity equations for holes and electrons, i.e.,

Ny =
th
N, -

ne = —00V -, (5.176)

Jw+ i
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are then used to substitute for ns in the momentum equation. Thus, egs. (5.173) and

(5.174) can be rewritten as

- jq =t — =4 ]/B}QL = = the . R

U, = —(FE+U,xBy)— ——2—V(V- + —— (e — uy,), 5.177
b= g 4T By) = SR (T )+ S - ), (6570
. Jjq = . 3 i ee L dVeh,.

Uy = — E + i, x By) — Vi) + up — Ue), (5.178
e wme( e ) W(jw—l-i) ( e) w ( h e) ( )

2 .,
where 2 = Ugs. Now that we have a pair of equations that have @s and E as the only vari-

ables, the cross product can be performed to get a matrix representation of the equations.

This is done as (with s representing either of the species),

T 7 Z
ﬁs X BO = Uy usy Ugy | » (5179)
Bycosd Bgsinf 0

= i, x By = —Z(uszBosinb) + y(us,Bocosh) + 2B (usesinf — ugycosh). (5.180)

The momentum equations can then be written as [65]

. Jq

U, = 7(5 — Z(up.Bosinb) + y(un.Bocost) + 2By(ungsind — upycosd))  (5.181)
wmy,
]ﬁ]% == - the - .
-1V (V- + —up),
w(jw + i) (V- in) w (e = n)
Up = — 19 (E — Z(tezBosin®) + §(ue, Bocost) + 2By(uezsind — ueycost))  (5.182)
WM
- _V(V-i,)+ Up, — ).
ey YA+ )

With the same assumption as before, i.e., 8% = 0 and % = 0 in the ﬁ(ﬁ - Us) term or no

density variation in directions parallel to the interface, the above vector differential equation



is reduced to an algebraic equation,

Uy = /4 —Z (E — 2(up>Bosinb) + §(unsBocosh) + 2Bo(upgsind — Upycos))

b Vhe (> -
—7hl‘jk (Jhzung) + JVhe (te — tp),
w(jw + )
Ue = — /4 (E — &(ues Bosing) + §j(te Bocost) + 2By (ueysind — Ueycos0))
WM
2 .
Veh , -
1P ——— 2k (fhrties) + JYeh (dp — te),
wjw+ 3

the components of which are

i

. v,
ch sinfBuy,, = AE + %(kz?uhm) + %(Ue;c - Uhx)7

T = Upg +
ha wmyp, " w(jwﬂ—ti) v

. Q v
Y = Upy — h costup, = TE + Ihe (uey - Uhy)a
1Q Q)
2= up, — "tk sinBup, + S ch costup, = —E + TVhe (uez — Upz),
w w wmy,
and
R Q ‘ ) i
T = Uey — I fce $in0Ue, = — 4 E, + ‘jﬂe T (kguex) + JVeh (Upz — Uez),
w WM w(jw + 7-) w
~ che ]Veh
U = Uey + TCOSGUCZ = _wmeE + (uhy — Uey),
i 1 v
2= Uy + Joce $iNnOUey — I oce cosOUey = — E + JVen (uhz — Uez),
WiMe

123

(5.183)

(5.184)

(5.185)

(5.186)

(5.187)

(5.188)

(5.189)

(5.190)

for holes and electrons, respectively. Before writing the above equations in matrix form,

we assume infinite recombination time, i.e., t; = oo, implying no production or loss terms

in the continuity equation. Also, with the effective masses of holes and electrons being

comparable [60], we have 8. ~ [, ~ [p. Then in matrix form, the above set of six
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equations can be written as

2
- ’i—gkg 0 ]QCh sinf | |upe
Qe _ .jq =l .jl/he 5 o
0 1 —Lehcosl | |upy | = TthJFT (e —Up), (5.191)
JQ°hszn9 jQTChcosG 1 Uz
2 . T
1 Z—Ekg 0 —]QisinG Ueg
Q(‘P — _ Jq ]Veh o
0 1 Leecosh | |uey| = wmeE+ " (dp, — ). (5.192)
]Q“szne —jgﬁcose 1 Ues
In compact form, egs. (5.191) and (5.192) are written as
My iy = LG q ), (5.193)
wmp, w
M, i@, = --L E+‘7yeh(h—ue) (5.194)
wme w

Since the two matrices, M}, and M., are not the same, before subtracting egs. (5.193)
and (5.194) we need to multiply them by the respective matrix inverse, i.e., Mh_1 and M L.

Doing so, we get

Jq

- ]Vhe -1 N -
= LM E+ M (d, — 5.195
Uup, oy, h + h (Ue uh)7 ( )
7, = -2 E+‘7V€hMe (@), — @), (5.196)

WM
and after subtracting to get
jyhe —1 jVeh -1 - - .jq —1 -

I M M- — = M, M;)-E. 5.197
o+ 20 4 g (@, - ) = (b (5.197)

Let A=1+ W#Mh_l + j"TEhMgl. Then, multiplying the above equation with A~! we get
an equation that relates the fluid velocity difference to the electric field (both perturbed

quantities)

(ip — 1) = (LAt 2L A B (5.198)
wmy, WM
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Knowing that the current density is given as J = Noq(ip,—1,), this expression is substituted

into the V x H equation, to get a tensor that combines the effect of a static magnetic field

and spatial dispersion, as has also been done before,

J

V x H
=V xH
=V xH
= &p(ky;w)

(O yotngt 4 DT oy

J— jweOE,

[MA—th—l + M/l_lMe_1 — jweol] - E,
wmy, WM

ol - (B AN S A B

I- (jihA—lM,;l + %’A”Me‘l)-

(5.199)
(5.200)

(5.201)
(5.202)

(5.203)

Having derived €,, we now can consider different configurations of éo, to simplify the

algebra [12,29,49,50]. As done before, By perpendicular and parallel to the interface will

be analyzed.

5.3 Dispersion Relation with EO Perpendicular to the Interface

This case is derived by substituting § = 0° in the above matrices [50]. Thus, M, and

M}, become

2
-2 0 0

T

M, = 0 1 31 Xe| >
0 X, 1
%2 0 o

M, = 0 1 —5X

0 iX, 1

(5.204)

(5.205)



Qes - We need A1,

where X = =<

and Mh_1 are

> 0 0
1-—% k2
—1 .
Me = 0 1 —jiXe |
I-X2 1-X2
0 JXe 1
L 1-X2  1-X2 |
= 0 0
1-—FkZ
—1 .
Mh = 0 1 JXn
1-X7 1-X7
0 —JjXh 1
L 1-X2  1-X2 |
Then, A = I 4 et D1 4 2he ot wwith Y2 = T and %2 =T, is given as
- - -
1ool |[Ep 000 —#, 0 0
l—w—gk’% 1_ﬁk§
A=10 1 ol +| o e DX | +| o lh DX
1-X2  1-X2 1-X2  1-X7
001 0  —LeXe _ile 0  DuX, il
L 1-X2  1-X2 | L 1-X7  1-X?
which after adding the matrices, gives
_ ap -
1 4 {letmn) 0 0
_fr
w2
A= jTe iTh LeX. _ LpXy
0 1+ T-x2 T 1-X7 1-X2 1-X?
FhXh _ I'eXe jre jrh
L 0 1-xX7  1-X2 1+ 1-X2 + 1-X2 |
In a more simpler form eq. (5.209) can be written as
Agy 0 0
A= 0 Ayy Ayz ;
0 —A,. Ay

M1, and M h 1 to get to a final expression for €p-

e
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M—l

e

(5.206)

(5.207)

(5.208)

(5.209)

(5.210)
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the inverse of which is

éz 0 0

-1 _ A Ay

A7 =10 Agyﬁlgz _AgyiAgz ) (5.211)
0 A A

2 v 2 2 o 2
Ayy+Ayz Ayy+Ay2

(4)2 _ _ UJ2 _ _
Now, LA~ 'M; 1 and B A~ M, ! can be evaluated as

1 B% k2 i WP;
B2 1_67Tk2
w2 —w%k§+j(re+f‘h) w2 5
re 4—1 -1 _ Whe .
w2 A Me - 0 2Ayy 5 _ 2Ayz 5 0 w2 —jXewpe |
A2 +AZ, Agy+AL. 1-X2 uﬂ(l;XE?)
A, Ay, . 2 “pe
0 Yz vy JXEwpe )
L Ay +AY Ay A3 | 0 w2(1-X2) 15X§ ]
(5.212)
and
_ 2 -
_ 9 b “ph
1—B—Tk2 :;2 0 0
w2 T 0 O —
82 . 1_ﬁ7Tk2
w2h 1—T€k%+‘j(re+rh) w2 T 2
p —1asr—1 _ “ph . 2
FA Mh - 0 2Ayy . _ 2Ayz . 0 ﬁQ ]thpfg
Az +AZ, AZy+AL, 1-X7 wQ(IQ—Xh)
A A 2 “ph
’ TAR Wea || o FtE 2
- 4L w?2(1-X32) 1-x2
(5.213)

Every element of the A~! matrix has been written apart from A, which has been explicitly

written out since it has wave vector dependence. Then, the permittivity tensor is

- Whe 121 wgh a1
ép(kgyw)=1——5A"" M, —FA M, . (5.214)

w2

The nonlocal permittivity tensor has a similar form to the case when By # 0 and

Vp=0,ie.,
€xz(kz;w) 0 0
ép(w;w) = 0 S (5.215)
0 ey e

The procedure to find a dispersion relation will be similar to that used in the previous

sections.
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The vector wave equation can be written as
. . N 00 9] d .
VXV x E(Tw) = w2u060/ / dy'dz'/ dz'é,(|z — 2'[;w) - B(F;w). (5.216)
—o0 J —o0 0

To get to an algebraic equation from the above vector equation, let the spatial Fourier
transform be first defined for the infinite coordinates [47], in the form of a two-dimensional

transform as

E(st)—/ / E*(z;w)ed *ovtk=2) g di, (5.217)

and the spatially dependent permittivity kernel G, (|z — z'|), with the Weyl approximation
[25,47,62] as

] o o0 1 : ! ! . !
Gy (e — ') = = / / L ity o) ke (5.218)
il

where w, = ﬂvz — k; — k2). Also, E* is just a notation which tells that the fields have
been two-dimensionally Fourier transformed and is not the conjugate of a field quantity.

Simplifying the vector equation through the identity V x V x A = V(V - A) — V24,

we get

V(V - E(z,y, zw)) — V2E(z,y, z;w) = w’ oo
/ / dy'dz’' / dz'éy(|lz — 2'[;w) - E(z,y, 2 w). (5.219)

We can then apply the above mentioned two-dimensional Fourier transform on E and the
Weyl approximation formula for the kernel G of the tensor element €., to get the three

components of the wave equation as

d
= By (x, ky, kzsw) + jhy B (w, ky, ko w) + kB (2, ky, ke w))

dw(d

(d2 k:2 k2 E:(x,ky, ko w) = w M0€0/ §(x — 2B (2!, ky, ks w)da!

Jxk:%/ e k=, ,
E ky, ks w)d 5.220
+ A2 0 W, :):(x7 Y 27“)) €L, ( )
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d
= jky (%E;(a:, ky, k.;w) —i—jkyE;(a;, ky, koyw) + k. EX(x, ky, k2 w))
d2 * * *
(d2 k2 kz)Ey(kayakz;w) :k%(Enyy(fE,ky,kz;W)+€yZEZ(SU,k3y,kz;W))7
(5.221)
and
A o ok
z = ]kz(%Ex(% kya kz;w) + ]kyEy(xv kya kz?”) + ]szz(xa kya k; w))
d2
~(5 - ki — kD) EL(, ky, ks w) = kg (€2y By (2, ky, bz w) + €22 BL (0, ky, bz w),
(5.222)

where the partial x differentials are now total derivatives, since the other spatial and tem-
poral dependencies have been taken care of through the use Fourier transforms. Also, the
triple integral on the right hand side of y and z components has not been written since
the permittivity elements are local spatially. The first integral on the right hand side of
the & component is just k:g, but the second function has an x dependence in the kernel.
Since the integral cannot be evaluated analytically, we need to operate upon the kernel in
such a way that gives us a delta function. This can be done if we multiply ewle | b
% + w% [24,47]. This gives
2 e~ Jwylz—2'|

w2)(—————) =2mjd(x — 2). (5.223)

(2 o

Using this operation on eq. (5.220), we can then get rid of the integral to get

d? d  d
(%+w2)(dl‘(d E*(I ky7k27w)+]k E;, (x ky7k37w)+]k E; (I ky7k;27w))
d? 2 2 2 Xk
—(d2 — ki — k2 4+ k) Ep(x, ky, b w)) = OE*(:L' ky, ks w). (5.224)

The above derivation, in a sense, means that the following field form has been assumed
E(xz,y, z;w) = E*(x)edkvytk=2=w1) and to get to an algebraic equation, we need a solution

in x that is a valid surface wave mode. We already have a solution which is of the form
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E*(z) = Ege ** [32]. Substituting this form back into the wave equations, we would get
the desired algebraic form for a surface wave. So, the wave equations can be written in

algebraic form as

= (a®+ w,%)(—a(—oonx + jkyFoy + jk.Eo,) — (a® — k:z — k2 + k) Eo,)
_ Xk (5.225)
- o 0xy \9-
§ = jky(—aFEos + jkyEoy + jk:Eo.) — (o® — k} — k2) Eoy = k§ (eyy Eoy + €y:Fo:), (5.226)

2 = jko(—aEo + jkyEoy + jk.Fo:) — (o — ki — k2)Eo: = kjezy(Eoy + €2 Fo.),(5.227)

and only the constants Eo are needed to be found. Having derived these equations, now we
can assume propagation in y or z directions to simplify the equations further. Therefore,

Voigt(k L By) and Faraday (k || By) geometries will be analyzed in the next two sections.

5.3.1 Voigt Geometry with By Perpendicular to the Interface and ﬁp #0
When k L éo, for Voigt geometry, we have the liberty of choosing the propagation

direction, since both k, and k. are perpendicular to the steady magnetic field [12]. Staying

with the continuity of the analysis done previously, the propagation direction is assumed in

y direction. Therefore, in the wave equation derived in egs. (5.225), (5.226), and (5.227)

&= (a®+ wg)(—a(—aEOx + jkyEoy + jk.Eoz) — (a* — k; — k2 + k) Ey,)
_ XM (5.008)
— o 0x> .
9 = jky(—aEoz + jkyEoy + jk.Eo.) — (@® — kj — k2 Eoy = ki (eyy Foy + €y2E0.), (5.229)

2 = jk.(—aEo + jkyEoy + jk.Eo:) — (o — ki — k2)Eo: = kjezy(Eoy + €22 Fo-),(5.230)
substituting k, = 0, we get

&= (o + w?)(—a(—aFo + jkyEoy) — (& — k] + k§) Eoz)

= —% 2 Eos, (5.231)
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9 = jky(—aEos + jkyEoy) — (042 - k;)Eﬂy = k(%(ﬁnyOy + €y2Eoz), (5.232)
and
2= —(a® — k) Eo. = kj(ezyEoy + €::Eoz). (5.233)

Homogenizing the equations by combining terms with the same coefficients EO, we get three

algebraic equations

]62

(0 + w?) (k2 — k2) + X0 By, — jkya(a® + w?)Eyy = 0, (5.234)
2w

jkyaEo + (o + kjeyy) Eoy + kieyzEo. = 0, (5.235)

kgezyEoy + (o — kI + kje..)Eo. = 0. (5.236)

We can see from egs. (5.234), (5.235), and (5.236) that all the field quantities are related
because of cross terms in the permittivity tensor. Having found these equations, they can
be reduced to two by substituting one of the coefficients in terms of the other two [12].

From eq. (5.236), we have

Ey. = Kiezy (5.237)
R ke, ‘
Substituting eq. (5.237) into eq. (5.235), we get
jkyaEoe + (02 + kieyy) Eoy — ke cy: Eoy = 0, (5.238)
v W a2 k2t ke,
= jhya(a® — k2 + kjezz) Eox + (0% + kfeyy) (o — k2 + Kie.)
—kesyeyz] Eoy = 0, (5.239)

which, along with the x component of the wave equation,

2 ,
(0% +w?) (k2 — k3) + é 01Eg, — jkyala® +w?) By, = 0, (5.240)

™
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gives us two linear algebraic equations, which can be solved for through the procedure

adopted before.

Writing the algebraic equations as

where

A(Oé)EQx+B(Oé)EQy = 0,

C(a)Eoz + D(a)Eyy = 0,

2 24/1.2 2 ng
(Oé + w’y)(ky - kO) + ?7
—jk:ya(a2 + w,2y),
jk:ya(a2 — k; + kge..),

(a2 + k%eyy)(oz2 — ki + k%ezz) — kéezyeyz,

(5.241)

(5.242)

(5.243)
(5.244)
(5.245)

(5.246)

equating the secular determinant of the matrix equation gives the number of roots on the

x dependence, i.e.,

Although, the actual values of the roots are not known

(5.247)

(5.248)

till now, one can predict their

number by looking at the power of o in AD and BC'. Since A has a power of 2, B of 3, C

of 3, and D of 4, AD — BC' will be a polynomial equation of power 6 in «. The solution for

Ey; and Ep, can then be either

Eo, = Y FB(a),

EO?J - = Z F’”LA(O‘I)a

(5.249)

(5.250)
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or
Ep, = Y FiD(w), (5.251)

Eoy = =) FiC(a). (5.252)

Going with the first solution, i.e., eqs. (5.249) and (5.250), the full solutions for E;; and

E, are given as

Eu(z,y;w) = ZFiB(ai)e_o‘ixej(kyy_“t), (5.253)

Ey(z,y;w) = —ZFiA(ai)e*a”ej(kyy*‘”t), (5.254)

and using eq. (5.237), we get

ke ez ik y—
E(x,y;w) = Z o /cg j_ykgezzFiA(ai)e i o] (kyy—wt) (5.255)
; y

In medium 2, i.e., free space, we need Ey3 and E.2, the functional forms of which are

Ep(z,y;w) = Eyye Poellky—wt) (5.256)

Eo(z,y;w) = Elze_ﬁxej(kyy_“’t), (5.257)

where [ is the positive root of the wave equation V2E, +]€(2]67»E_;2 =0,ie., 0= \/(kg —k3e,).
The third component, F,s is determined through the use of the divergence equation V-Ey =
0, which gives

B, = =2 Eyy,. (5.258)

So, knowing the three electric field components in the substrate and in free space, the
remaining magnetic field components in the substrate and in free space can be readily
found. To find a unique dispersion relation, we have to have eight conditions for eight
unknowns (Fi, Fy, F3, Fy, Fs, Fg, E1y, and E1,). We have eight boundary conditions in total

(two on tangential electric fields at z = 0, two on continuity of tangential electric fields
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at x = d, two on continuity of tangential magnetic fields at x = d, and the continuity of
normal D and B) [52]. Finding the determinant of an 8 x 8 matrix will not be easy and
finding the roots of the resulting transcendental equation will also be hectic. So, as done
before, noting that a; = —a9, a3 = —ay, and a5 = —ag, the number of unknowns can
be reduced to five. We can then use the electric field tangential boundary conditions at
x = 0, continuity of tangential electric fields at © = d, continuity of tangential magnetic
fields at = d, and the continuity of normal B , at © = d can be used. Since there are
more boundary conditions than the number of unknowns, we have some redundancy [12,31].
Therefore, only tangential field boundary conditions will be utilized.

Going back to the field solutions in the substrate, i.e.,

Ex(z,y;w) = ZFiB(ai)e_o‘”ej(kyy_m), (5.259)
Bp(z,yiw) = — Y FiA(a)e el Ryt (5.260)
kb ey

FA(o)e el (byy=wt) (5.261)

2 _ 1.2 2
o% ky—i—koezz

Ea(z,yw) = >
i
With the mentioned simplifications, egs. (5.259), (5.260), and (5.261) are reduced to

Eun(z,y;w) = [Fi(B(ar)e” ™" + B(—ap)e™”)

+F3(B(ag)e” " + B(—a3)e™?)

+F5(B(as)e” " + B(—as)e)]el vt (5.262)
Ep(z,y;w) = —[Fi(Alar)e™™" + A(—an)e™)

+F3(A(az)e” " + A(—a3z)e™”)

+F5(A(as)e™ " + A(—ag)e®s®)]ed kv =wt) (5.263)
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and

2
kgezy
2 2

2
kgezy
2 2

Eq(z,y;w) = [Fi( A(aq)e” M + A(—aq)e*?)

2
kgezy
aj — k; + kie..

2
kezy
aj — k; + kie..

Fy( Alaz)e™ + A(—ag)e®®)

2
kgezy

+F
oS k2 + k2e..

Aag)e”*

2
kg€zy
p) 2
ai — szj + kg€

A(—a5)e®s®))ed kuy=wt), (5.264)

From the above equations, we can derive the three magnetic field components in medium

1, with the help of the curl equation V x By = jwuoﬁ 1, the components of which are

T = jkyEOZ = ijOHOxa (5265)
9= aky, = jw,U/OHOyv (5266)
Z2= —OéEoy — jkyEOm = jwwuoHos, (5.267)
or in simple form, as
ky
Hy, = ——Ey,, (5.268)
WHo
Q
Hy, = - Ey., 5.269
o Jwpo” (5:269)
1
Hy, = ——(aFE iky Eoz)- 5.270
0z oo (aEoy + jkyEoz) ( )

The full solutions can be written using egs. (5.268), (5.269), and (5.270) as

2
kgezy
2 2

2
ey

A(ap)e” M + A(—ay)e™™)

Wl a% — kZ + k%ezz
2
kgezy
2 2
az — k‘g + kge..

2
kgezy

+F:
3(a§ — kg + k:gezz

A(az)e” 3% +

A(—ag)e*?)

k2e
—|—F5( 5 0~2y

Alas)e” 457
ai — k; + kie.. (a5)

2
kgezy
2 2

A(—az)e®s?))ed kvy=wt) (5.271)
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alk‘gezy
Jwpo(a? — kg + kie..)

Hyi(z,y;w) = [Fi( Alay)e~ T

n —Ozlk%ezy
jwpo(af — k2 + kje..)

A(—ay)e*t?)

agkgezy
Jwpo(ad — k2 + kie..)

+F3( Aag)e 3

2
—azkiezy

+— A(—a3)e™**
jwhio(a3 — k; + kie..) (—as) )

askdesy
Jwpo(a? — k; + kie.)

+F5( Alas)e™ "

2
_Oé5kofzy

+= A(—ag)e®®)]ed Fuy—wt) 5.272
Jootolak — k2 + K2ess) (—as)e®?)] (5.272)

and

1
Ha(@yiw) = =22 l(Fi(and{an)em = ard{=an)e™)

+F3(asA(az)e” " — asA(—asz)e™™)

+F5(asA(as)e” " — as A(—as)e™™)
+iky(F1(B(an)e” ™" + B(—ay)e™'")
+F3(B(as)e” " + B(—as)e™*) + F5(B(as)e” *5*

+B(—a5)e®?)))] el kvy=wt) (5.273)

In the above equations, care needs to be taken while substituting the coefficients which have
« dependence.
Using the same Maxwell’s curl equation V x Ey = jw,ugﬁg in medium 2, the magnetic

field components on the free space side can be found similarly [2,8]. They are

Hlx - WElza (5274)
0
Hy, = B, (5.275)
jwho
m. = PPk (5.276)
: Jwto 7 '
2 2
~B2+k
. = Ot (5.277)
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since E1; = %Ely in the third equation. Having found the coefficients in terms of E;, and

F ., the full solution for the magnetic field components is given as

k

Hpo(z,yiw) = —LEpe P7edkuy=wt) (5.278)
WHo
Hyp(z,y;w) = jwﬁuOElze_BIej(kyy_wt), (5.279)
2 1.2
—p*+k :
Ho(z,y;w) = MElyeﬁzeJ(kyy”t). (5.280)

Having found all the fields in medium 1 and 2, we can apply the aforesaid boundary condition

on Ey; at the ground plane (z = 0) and at the interface (x = d) to get

—[Fl (A(Oq) + A(—a1)) + F3(A(as) + A(—ag)) + F5(A(as) + A(—O{5))] =0, (5.281)

—[F1(A(an)e™ 9 + A(—ay)e™?) + Fy(A(as)e 3 + A(—az)e®?)

+F5(A(as)e” + A(=a5)e®)] = Erye™™, (5.282)
k‘26 k:26
Ia 0Czy A —a1d 0€zy Al— ard
1( 2 kjg + kgezz (041)6 + k‘2 n k‘oezz ( 011)6 )
kZe k2e
F 0Czy A —asd 0€zy Al— asd
+ 3( k2+k0€zz (043)6 + k2+k0622 ( 053)6 )
kofzy —asd koezy asd _5d
+F5( Yy Afas)e 4 — YR A(—a5)e™?) = Eye™P, (5.283)
0+=2 0€zz
O‘lkofzy —aud ozlkoezy o
F A 1 A(— 1
a3k0€zy —Oégkioezy

+F35( A(ag)e_a3d + A(—a3)6a3d)

]w,uo(a3 k2 + k‘oezz) jw,uo(oz3 k2 + koezz)

O‘5ko€zy —asd
Fy Alas)e™
(quo(% kj + kie:z) (2]
—a5k06zy asd p —Bd
A(—as)e®s) — Epe % 5.284

+]W,U/O(a5 k2 +k06zz) ( a5>6 ) jw,U/O 1€ ( )

1
_]WM [(Fi(aA(aq)e 4 — ozlA(—ozl)eald) + Fg(agA(ozg)e_an — agA(—a3)6a3d)

+F5(a5A(a5)e*a5d — a5A(—a5)ea5d) + jky(F1(B(a1)67°‘1d + B(—oq)eo‘ld)

+F3 (B(Oz3)€7a3d + B(—Oz3)€a3d>

2 2
R

+F5(Blas)e % + B(~a5)e®)))] = (5.285)
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In the above derivations, it has been assumed that both the semiconductor and free space
are nonmagnetic (they have the same permeability, 1o, which gets cancelled). The above
equations can then be written in matrix form, so that the determinant of the matrix gives

a dispersion relation

(A1 A; A 0 o |[A]
Ji Js Js e—Pd 0 F3
Ky K3 K 0 —ePd Fs | =0, (5.286)
Ly Ly Ls 0 — e P By,
2 2
My Mz My —Sle-od 0 | |B]
where
A = A(al) + A(—al), (5287)
Az = Aasz) + A(—a3), (5.288)
Ay = A(a5) + A(—O[5), (5289)
Ji = Alar)e % 4 A(—aq)e™, (5.290)
J3 = Alaz)e % + A(—az)e*, (5.291)
Js = Alas)e” % + A(—as5)e™, (5.292)
Ky = Kijezy [A(r)e™ " + A(—ay)e®] (5.293)
a? — k% + kie.. ’ ’
K3 = ey [A(az)e™ 4 + A(—az)e®] (5.294)
ol — k‘fj + kZe.. ’ ’
ke,
K S [Alas)e™ " + A(—ag)e ], (5.295)

a2 — kg + kie..
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2
arkgezy

= jwpo(a? — k2 + k2e..) [A(ar)e™ ! — A(~ar)e™ ], (5.296)
Y 2z
043]€2€Z . o
b= T3 yr R2en Alas)e = A(—az)e™ ), (5.297)
Y
a5k[2)62y P ond
b = A * = A—ag)e™, 5.298
5 joio(a? — k2 + kgézz)[ (as)e (—a5)e*?] ( )
and
1
M, = _jUJMO [OélA(Oél)e_oqd — OélA(—al)eo‘ld —|-jky(B(Oé1)€_a1d (5.299)
+B(—ay)e*d)],
1
M3 = _jwMO [ClsA(Oé?,)e*asd — a3A(—a3)ea3d —i—jky(B(ag)efO@d (5.300)
+B(—az)e*9)],
1 —Qs as . s
Ms = o s A(as)e ™% — s A(—as)e™ + jk, (B(as)e (5.301)

+B(—as)e™)].

The secular determinant of eq. (5.286) will give us a dispersion relation. Also, since all the
field components are present and are interdependent, this mode is a hybrid mode as shown

in fig. 5.5.

5.3.2 Results for Voigt Geometry
When the dispersion relation eq. (5.286) was input into the GA toolbox, it did not
give any result. There might an issue with the resolution or the complexity of the equation.

Further tests will have be done to ensure that GA runs well.

5.3.3 Faraday Geometry (k || By) with B, Perpendicular to the Interface
For the surface wave analysis, this geometry is of no use, since k I .é(], but By = By,
implying that no traveling waves exist in the x direction [12,49]. So, as done previously,

this geometry needs no further analysis.
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Fig. 5.5: Depiction of a hybrid mode.

5.4 Eo Parallel to the Interface
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Before starting the derivation of the wave equations, the form of the permittivity tensor

€p needs to be found. We have for an arbitrary orientation of EO, the matrices My, and M,

as

1— 5%]{;2

w2z

JQ“*‘ siné

1— ﬁ%k?

w? Ve

]Q(e
w

sind

]Q“” cosb

_ 9

12¢e 050
w

_&

JQCh sinf

19
— Lok ~ch cos0)

e gind

VAL ch cosh

(5.302)

(5.303)



141

For the case under consideration, § = 90°. With this in mind, M}, and M, matrices can be

reduced to
2
1-%k2 0 jX,
M, = 0 1 0 |, (5.304)
-3 X, 0 1
i 2
1- %82 0 —jX,
M, = 0 10 | (5.305)
jXe 0 1
where X = Qf)h and X, = Q;e' We want to find the tensor €,, which is given by the
equation
Wi, ) w2 )
~ — e —
&p(kyiw) = —w—’;Mh = w’; Mt (5.306)

We need to have the inverse of M, and M. They are

1 0 JXe
_ 1 2
M7t = Aloo1- Br_x2 o |, (5.307)
2
_le 0 1-— %k%
and
1 0 —iXp,
_ 1 )
Mt = o 1-GR-xz 0 | (5.308)
. & 2
th 0 1-— 02 kx

Ag=1-— i—%k% — X2 is the determinant of the matrix of species s in eqs. (5.307) and (5.308).
When A; is multiplied into the whole matrix, element ¢, for example, has an extra term
X2, which is the square of the ratio of the cyclotron frequency to the applied frequency,
both the species, i.e., the holes and the electrons will have a different root v, when they are

inverted, implying that the permittivity tensor would have a different form from Agarwal
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2

5+ to get rid of

et al. [47]. So, manipulating the wave equations with the operator % + w
the finite integral in x would be a difficult task, since both the species would have their own
~. This would require that both the electron and hole masses be equal at RF frequencies
of interest. The masses can be assumed to be equal approximately either only at Fermi
velocities (vys) or at RF frequencies. Both approximations cannot be taken into account
together. So, this case will not be analyzed further, since we want to keep the motion of

holes and electrons at RF frequencies to be as different as possible, implying that m. # mp,

at RF frequencies.
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Chapter 6

Conclusions and Future Work

6.1 Conclusions

Throughout the course of the thesis, emphasis has been put on the derivation of a dis-
persion relation that is both mathematically and physically valid, apart from being unique.
Many configurations were studied starting from the most general to the more specific. Chap-
ter 3 dealt with deriving dispersion relation for isotropic behavior of a semiconductor, in
which it was found that the form of the permittivity forces the use of TE/T M decompo-
sition. In the fourth chapter, a steady magnetic field was added to the fluid momentum
equation, which rendered the permittivity of the substrate to be a tensor. Different configu-
rations and geometries such as Voigt and Faraday were considered with different orientations
of By and the respective dispersion relations were found. Chapter 5 considered the semi-
conductor medium as being effected both by anisotropy due to éo and spatial dispersion
due to ﬁp # 0. The main procedure that was used throughout utilized the perturbation

theory, which is a useful tool when dealing analytically with nonlinear equations.

6.2 Future Work

This thesis, although very abstract and theoretical, has many future ramifications.
Most of this work is a buildup to more complex models of plasmas, as the fluid equations used
to derive the permittivity for a semiconductor are scalable to space plasmas. As mentioned,
surface waves can exist where there is an interface between two different mediums. These
can exist in micro and sub-micro level active devices and can also exist in space such as in
ionosphere and magnetosphere. Using magnetohydrodynamics (MHD), similar models of
permittivity can be found for space plasmas and surface waves can be predicted using this

modelling [5,6,67]. These modes are of special importance in the bow shock region of the
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earth and the sheath region, since different modes can trigger different response in these
regions from the interaction with the solar wind as shown in fig. 6.1. The knowledge gained
during the course of this thesis will help in studying surface waves on a larger and more

scale in future.
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Fig. 6.1: Solar wind bow shock interaction and plasma sheath region.
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